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Abstract

In recent years upwind differencing has gained acceptance as a ro-
bust and accurate technique for the numerical approximation of the one-
dimensional shallow water equations. In two dimensions the benefits have
been less marked due to the reliance of the methods on standard oper-
ator splitting techniques. Two conservative genuinely multidimensional
upwind schemes are presented which have been adapted from flux balance
distribution methods recently proposed for the approximation of steady
state solutions of the Euler equations on unstructured triangular grids. A
method for dealing with source terms, such as those introduced by mod-
elling bed slope and friction, is also suggested and results are presented for
two-dimensional steady state channel flows to illustrate the accuracy and

robustness of the new algorithms.



1 Introduction

In recent years, many advances have been made in the numerical solution of
hyperbolic systems of conservation laws in one and more dimensions [14, 12, 1].
Of particular interest has been the prediction of discontinuous solutions to the
equations, which can occur when the system is nonlinear.

In the case of the numerical solution of the shallow water equations traditional
methods, such as those of Preissmann, Abbott [5] and McCormack [9] rely on cen-
tral differencing and are well known to require special treatment before a realistic
numerical approximation of discontinuous flows can be obtained. More recently,
the concept of upwinding has been adopted from the field of gas dynamics for the
modelling of shallow water flows [11, 3]. This has proved to be highly successful,
particularly in one dimension, in which high order upwind schemes have been
constructed which capture discontinuities sharply and smoothly. This is achieved
without the addition of artificial viscosity which is normally required to stabilise
central difference schemes in the vicinity of high flow gradients. Furthermore, the
upwind discretisation arises naturally from the physical interpretation of hyper-
bolic systems of equations, also giving a framework in which boundary conditions
can be applied easily. The upwinding approach is therefore ideal for the modelling
of transcritical and supercritical flows.

The practical advantages of upwind schemes in higher dimensions are less
clear. Historically, they have been applied to the two-dimensional shallow water
equations via the use of standard operator splitting techniques, e.g. [3], which
by implication involves the application of one-dimensional methods to a multi-

dimensional system of equations, albeit in two independent directions. Recently



though, multidimensional upwind schemes have been developed for the numerical
solution of the Euler equations of gas dynamics [24, 18, 21, 16] which can equally
well be applied to the shallow water equations. These schemes are conservative,
upwind, cell-vertex finite volume methods based on the concept of fluctuation dis-
tribution [20] and are applied on unstructured triangular grids. They differ from
most standard finite volume schemes in that the underlying representation of the
flow is not piecewise constant within each grid cell, as is usual, but continuous
piecewise linear with the unknowns stored at the nodes of the grid, more akin to
a standard finite element approximation. The resulting schemes are designed to
mimic the evolution of the approximate solution within each triangular grid cell,
whereas previous upwind methods concentrated on the Riemann problems aris-
ing at the discontinuities in the approximation (e.g. at cell edges), an inherently
one-dimensional process.

Multidimensional upwind schemes are constructed from three distinct ele-
ments: a consistent, conservative linearisation of the system of equations, the
decomposition of the resulting discrete system into simple (mainly scalar) com-
ponents, and the subsequent evolution of the decomposed system using scalar
and matrix fluctuation distribution schemes. In this paper attention is focussed
on the linearisation and decomposition stages of the algorithm, both of which d-
iffer slightly from those devised for the Euler equations [18, 16]. The distribution
of the components is also described but this step remains unchanged from the
solution of other systems and further details can be found in [8].

Multidimensional upwind schemes for the solution of the shallow water equa-

tions have already appeared in [10, 17] but those schemes were not conservative.



In this paper a conservative formulation is presented, together with two alterna-
tive decompositions of the system of shallow water equations and a method of
incorporating source terms such as those arising from the consideration of bed
slope and friction. Results are presented to illustrate the quality of the numerical

solutions obtained for steady state problems.

2 The Governing Equations

The shallow water equations can be used to describe the motion of ‘shallow’ free-
surface flows subject to gravitational forces. The system can be obtained from the
depth-averaged Navier-Stokes equations and the resulting homogeneous system
represents the conservation of mass and momentum in the flow. The structure of
the system is very similar to that of the Euler equations. The effects of bed slope
and friction on the flow are modelled by the inclusion of source terms on the right
hand side of the system which modify the momentum conservation equations.
In conservation form the unsteady shallow water equations [5], which are used
for the construction of multidimensional upwind schemes even when steady state

solutions are sought, are given by

U+E+G, = q, (2.1)
in which
h
U= hu (2.2)
hov



are the conservative variables and the corresponding flux vectors are

hu hv
E=1 hu? 422 and G huv : (2.3)
huv hv? + %
The source terms can be written
0
q gh(spx — si) | o (2.4)
gh(sby — sty)
where the bed slope terms are defined by
Shx —g—; and Spy = —g—;, (2.5)

in which z is the height of the bed above some nominal zero level, and the friction

slopes are given by Manning’s formula,

n2uv/u? + v? novu? + v?
Sfx h—4_7 Sty — h—i7 (26)

in which n is Manning’s roughness coefficient.

The quasilinear form of the system (2.1) will also be required later. This is

given by the equations

U, + Auvl, + Bul, = q,

(2.7)
where the conservative flux Jacobians are
0 1 0
or
Ay U = —u?+ 2u 0 (2.8)
—uv v ou



and

0 0 1
oG
BU = @ = —Uuv U ) (2-9)
—v24+c 0 2o

in which ¢ = /gh is the gravity wave speed or wave celerity. Further details
about the mathematical aspects of the shallow water equations can be found in

23],

3 A Conservative Linearisation

An appropriate linearisation of the shallow water equations is required so that the
decomposition and distribution stages of the algorithm give rise to a conservative
scheme. Many different conservative linearisations have been constructed for the
Euler equations, see for example [7, 2], but it is the most robust of these, based on
Roe’s one-dimensional linearisation using a set of parameter vector variables [19],
which is generally used for practical calculations. This linearisation is adapted
here to give an analogous discrete form of the shallow water equations.

Consider the two-dimensional homogeneous system,

in which the conservative variables U and fluxes F, G are given by (2.2) and (2.3)
respectively. For a given cell in a triangular discretisation of the computational

domain the flux balance is defined by

oy = — [ [ (B+G,) dedy

- ﬁA(E’ G)-d (3.2)



in which dni represents the inward pointing normal to the cell boundary. The

numerical approximation to @y is defined to be of the form

oy = —5a(E+G,)
= -5 (Av L+ By, . (3.3)

where Sa is the cell area and ~ indicates a discretised quantity. The precise
definition of the discrete form of the flux balance will be described below.

Multidimensional upwind schemes update flow variables stored at the nodes
of the grid via the distribution of the discrete form of the flux balance, i; of
(3.3), within each cell. Conservation requires that the overall contribution to the
nodes depends only on boundary conditions, so for a linearisation such as that
represented by (3.3) to be conservative the sum over the whole flow domain of the
i; should reduce to boundary contributions alone. It follows immediately from
(3.2) that a linearisation is conservative if i; = @y for each grid cell, and the
resulting scheme is conservative as long as the whole of each discrete flux balance
is distributed to the nodes of the grid.

In keeping with the linearisation of the Fuler equations, the discrete flux
Jacobians in (3.3) are sought in a form which allows i; to be readily decomposed
by the methods described in Section 4 below, i.e. the Jacobians are evaluated

consistently from some cell-average state, Z say, so that

— or — oG

The construction of a conservative linearisation of this form is aided considerably



by assuming that the components of the parameter vector

vary linearly in space within each cell, ¢f. Roe’s parameter vector for the Fuler
equations [19]. A consequence is that VZ is locally constant and so the conser-

vative flux balance can be written as

o = — [ (E.+G,) dedy

_ (// 5 0 dy) (// 92 e dy) (3.6)

in which
Vhu Vh 0
or
a7 = | 29(Vh)® 2vVhu 0 (3.7)
0 Vho Vhu
and

Vho 0 Vh
= 0 Vhv Vhu : (3.8)
20vh)? 0 2Vhv

Note that only two entries in the above Jacobian matrices - the (2,1) entry in %

and the (3,1) entry in

Q>|Qv
N2

- are not linear in the components of the parameter
vector Z.

In the case of the Euler equations it is possible to choose Z so that each entry
in the corresponding Jacobian matrices is a linear function of its components
[19]. Hence, the integrals in (3.6) can be evaluated exactly in terms of a single

cell-averaged value of Z and this leads to a conservative linearisation satisfying

10



(3.4) [7]. The nonlinear terms in (3.7) and (3.8) mean that the linearisation of
the shallow water equations cannot be constructed in precisely the same manner.
In previous work [10, 17] non-conservative linearisations have been used, in which
the flux balance (3.3) is evaluated consistently from an appropriate average state,
but in the present work a conservative form is sought.

A conservative linearisation of the shallow water equations is achieved by
evaluating the integrals in (3.6) exactly. This does not immediately give rise to
linearised flux Jacobians of the form (3.4), so instead a component of (3.6) is
isolated which does have this form and which therefore can be decomposed using
the second stage of the algorithm, described in Section 4. Hence the numerical

flux balance (3.3) is split into two parts, taking the form

— OF - 9G_- N
oy = — Sa (8—5 Z.+ zy) — Sa(S2Zo+T4Z,) . (39)
(2)

The overbar indicates the consistent evaluation of a quantity solely from the

cell-average state given by

_ 13

Z-1yu. (3.10)
as well as the corresponding discrete gradient (evaluated under the assumption

of linearly varying 7)

w

= 1

7 = > it (3.11)

QSA =1 -
in which Z, are the values of the parameter vector variables at the vertices of the
cell and 7i; is the inward pointing normal to the edge opposite vertex ¢ scaled by

the length of that edge.

The flux balance (3.9) can also be written simply in terms of the conservative

11



variables since

= Vhu Vh 0 (3.12)
Vho 0 VA

is linear in the components of Z. It then follows that the discrete gradient of the

conservative variables can be written

=

=
Il
| =
—
Y —
QJ‘ [ub)
IN[|=
<
N
=
&

Z (3.13)

and that, from (3.9), the discrete conservative flux balance (3.3) is given by

oy = —S5a (%E+%Qj) — Sa(Sul, +TuT,)
= @y +qg (3.14)
in which
qy = —Sa (SuT, +TuT,) . (3.15)

Thus, the two components of the flux balance (3.9) reveal themselves to be (1)
@y evaluated at the cell-average state (3.10) and (2) a small ‘source’ term q_.
The source term arising from the linearisation above can be evaluated quickly

since the ‘Jacobians’ are the simple sparse matrices

0 0 0
07, g(
v= oS =100 (3.16)
0 0 0
and
0 0 0
07 g(
Ty = — Ty = = 3.17
v= 55T =000 |; (3.17)
1 0 0

12



where
= g LR e () 629

These are derived from the difference between integrating (3.6) exactly and ap-
proximating it using a one point quadrature rule. The size of the source q; is
therefore negligible in smooth flow but may have an effect at discontinuities.

In the following section the decomposition of @ in (3.14) is described. Source
terms arising from both the linearisation and the consideration of bed slope and

friction are considered separately in Section 6.

4 Two Optimal Decompositions

The decomposition stage of the algorithm dictates how the first component of
the flux balance, ®; of (3.14), within each triangle of the grid is divided up into
simple elements. In one dimension a complete decoupling of the system into scalar
components is uniquely available through the transformation of the equations into
characteristic variables, but in higher dimensions there are many possible ways
to decompose the system.

The most successtul decompositions of the Euler equations utilise a precon-
ditioned form of the equations. Two preconditioners have been developed in the
literature [18, 16], both of which are generalisations of the van Leer-Lee-Roe ma-
trix of [25]. This was originally constructed to reduce the condition number of
the system and accelerate convergence of the numerical algorithm to the steady
state but here it is used to facilitate the construction of an optimal decomposition

of the system in the sense that the equations of the decomposition are maximal-

13



ly decoupled. The corresponding analysis of the shallow water equations closely

follows that of [18, 16, 25] and the resulting preconditioners are described here.
For the sake of simplifying the algebra, the homogeneous part of the sys-

tem (2.1) is considered in terms of the streamwise variables, ¢ and 7, and the

symmetrising variables Q, defined by

q 00

where ¢ = v/u? + v?2 is the speed of the flow and 0 = tan~! (%) its direction. The
symmetrised form of the shallow water equations are now preconditioned by a

matrix P, and the resulting system written in the form

Q+P(ALQ +B3Q) =0, (4.2)

in which the new Jacobians are the simple symmetric matrices

g ¢ 0 0 0 ¢
A% =1 cq o0 and B% =1loo0o0]- (4.3)
0 0 ¢ c 0 0

The superscript (and later subscript) S indicates that the streamwise coordinate

system is being used.
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4.1 Decomposition 1 (HELW)

Following the analysis of Mesaros and Roe for the Euler equations [16], the first

preconditioning matrix suggested here is given by

eF? el
e “pn
L (4.4)
- q _E ﬁ—l—(‘: 0 9 .
0 o £

where ' = £ is the local Froude number of the flow,
p = +/|F?—=1], £ = max(F,1) (4.5)

and ¢ is a function of the Froude number such that £(0) = % and £(F) =1 for

£ > 1. These restrictions on ¢ ensure that the decomposition is not sensitive
to the flow angle in the limit as ¥ — 0 [26] and that the transition of the
preconditioner through the transcritical region is smooth. Here, as in [26] ¢ is

taken to be the C; function

% for F < %
e(F) = ¢ 27/ 4 82 18F 43 for L < F <2 (4.6)
1 for F > %

so that the first derivative also varies smoothly. The matrix P in (4.4) is, in fact,
precisely that of [26] with the Mach number replaced by the Froude number and
without the involvement of the entropy equation. The variable « has simply been
introduced so that (4.4) is correct for both subcritical and supercritical flow.
The preconditioned system (4.2) is decomposed by transforming it into a set

of characteristic equations,

W, +A{ W, +B{W, =0, (4.7)

15



where the characteristic variables W are defined by

2 Oh L oh + Fqdo
oWy, = q 00 and  IW, = | 2Lgn_pgas |, (43
10h + F dq $0h + F 0q

for subcritical and supercritical flow respectively. The corresponding transforma-

tion matrices are given by

2.0 0 g0 F

awsb_ awsp_

og ~ |00t and o A (4.9)
1 F 0 1 F 0

and their inverses, and the resulting characteristic flux Jacobian matrices can be

calculated easily using

A 0Q
S el — S_—
A% = GgPAYgy

9
and  BY, — %PB%% (4.10)

for both subcritical and supercritical flows.

Note that the choice of variables given by (4.8) changes across the transcritical
region. When the flow is supercritical the steady equations are hyperbolic and
the choice of variables defined by OW,, in (4.8) uniquely leads to the system
being completely decoupled into scalar components. However, in the subcritical
case only one equation can be decoupled, leaving a second component which
manifests itself as a 2 x 2 elliptic subsystem, the form of which depends on the

choice of characteristic variables, defined here by OWg, in (4.8). The shallow

water equations cannot be decoupled further in subcritical flow.

The complete decoupling of the equations in supercritical flow allows the sys-

16



tem (4.7) to be written in the form of three scalar advection equations, i.e.
WE+ X VsWE = 0, k=1,2.3, (4.11)

in which the advection velocities in the streamwise coordinate system are

T

2 1
o= o =17 and X3 = L (4.12)

ol
ol

S S S
Hence the first component of the flux balance in (3.14) takes the form
N 3 — —
Oy = —Sa > (M- VeWH)uf (4.13)
k=1
where every term on the right hand side of (4.13) is evaluated consistently from
the cell-average state defined by (3.10) and (3.11), and tf; is the &' column of
the matrix
ou 0Q

— _=p1 =
Ry = ag P W - (4.14)

This matrix transforms the components of the flux balance corresponding to the
characteristic equations back into components of the conservative flux balance.
Hence (4.13) represents a consistent decomposition of @ of (3.14), the compo-
nents of which may each be distributed using a simple scalar scheme such as that

described in Section 5.1 below.

In the case of subcritical flow the choice of characteristic variables defined by

OWg, in (4.8) leads to Jacobian matrices in the system (4.7) given by

—ef 0 0 0 ¢ 0
Ay = 0 B 0 and By =100 (4.15)
0 0 ¢ 000

17



Hence the characteristic equations take the form of a single scalar advection
equation, which is precisely the same as the k = 3 equation defined by (4.11) and

(4.12), together with a 2 x 2 elliptic subsystem, so @y, of (3.14) is written

o —ef8 0 Wt 0 ¢ Wt
by, = —5a (ﬁj, ﬁj) +
0 5 )\ we 1o\ w?
¢
—Sa (A2 VsW) i) (4.16)

cf. the supercritical decomposition (4.13). The scalar component is treated as it
was in the supercritical case but the elliptic nature of the second term suggests
that an alternative to the upwind distribution scheme of Section 5.1 should be
sought. Consequently the central distribution scheme proposed in [16], which
involves no further decomposition of the elliptic component, is used and this is
described in Section 5.2. Note though, that the choice results in a discontinuity in
the distribution at the transcritical line and a loss of positivity in the subcritical
region, both of which are detrimental to the robustness of the scheme. This
scheme will be denoted ‘HELW’ due to the Hyperbolic/Elliptic nature of the
subcritical decomposition and the Lax-Wendroff style distribution of the resulting

elliptic component.

4.2 Decomposition 2 (HESUPG)

Another preconditioner which leads to a maximal decoupling of the shallow water

equations corresponds to that developed by Paillere et al. for the Euler equations

18



[18] and takes the form

e 0
PZé - 254100 | (4.17)
0 0 b%
where
b = max(e, [FTo1]), x = —b (1.15)
max (F, 1)

and € is a nonzero constant which typically takes a value of 0.05. This matrix
is again derived by following the analysis of the Euler equations [25], the result
being that the Mach number is replaced by the Froude number and the entropy

equation disappears.
The decoupling of the system proceeds as in the previous decomposition, lead-
ing to a set of characteristic equations (4.7) in new variables W, now defined by

9L 9h + Fq 00
OW = | 2<ph— Fqip | - (4.19)
20h+ I 0q

independent of the flow speed, ¢f. (4.8). The corresponding transformation matrix

is given by aaﬂ(sp in (4.9).
The difference between the two decompositions lies in the treatment of the
system for subcritical and transcritical flows (F? <1 + €*). The decision to keep

the same characteristic variables in both subcritical and supercritical flow leads

to Jacobian matrices in the transformed system (4.7) which are given by

xvt xvr~ 0 é 0 0
Ay = v~ xvt 0 and By = [ ¢ -5 0] (4.20)
0 0 1 0 0 O

19



where

F?—1452 F?—1-52
vt = —;I_ﬂ and v = —26 : (4.21)
203, 203,
It is easy to see that in the supercritical region v~ = 0, the system is complete-

ly decoupled, and the decomposition (and subsequent distribution) reduces to
precisely that given for supercritical flow in Section 4.1.

In the subcritical case the system is again decomposed into a single, indepen-
dent scalar component and a pair of coupled equations, but rather than regarding
the latter as a 2 x 2 subsystem it is instead treated as in [18], as two separate
scalar equations with source terms. As a consequence, the decomposition of ®;

of (3.14) takes the form
__ 3 — —
By = —Sa Y (A VsWh 4 ), (4.22)

k=1

in which tf; is the k" column of the matrix Ry (4.14), newly defined from the P

of (4.17) and the W of (4.19),

- vt - vt . 1
X . 0
ﬁe g ﬁe S g
and
g5 = xv" Wi, g5 = xvW; and ¢ =0. (4.24)

The distribution of the decoupled component of this second decomposition is
once again carried out using the scalar upwind scheme of Section 5.1 below. It
is possible to use the same method for the coupled components, with an appro-
priate modification (described in Section 5.2) to ensure that the scheme remains
linearity preserving [18] in the presence of source terms. However positivity is
lost as a consequence, so when the Froude number is close to unity and the ad-
vection velocities associated with each component of the nonlinear system are

20



very closely aligned, the distribution provides very little cross-stream diffusion
and as a result lacks robustness. The actual scalar scheme used here is the SUPG
scheme suggested in [18] and described at the end of Section 5.2. As in Section
4.1 the favoured distribution of the flux balance is discontinuous for transcritical
flows. This approach will be denoted ‘HESUPG’ due to the Hyperbolic/Elliptic
subcritical decomposition and the distribution of the elliptic component using an

SUPG-type scheme.

5 Flux Balance Distribution

5.1 Distribution of Decoupled Scalar Components

Each homogeneous scalar component which results from the above decomposition

can be modelled by an advection equation,
u+ fot+g, =0 or ut—l—x-ﬁu:(), (5.1)

v 55 g\t . )
where A = (%, %) defines the advection velocity.
Multidimensional upwinding for the numerical solution of the scalar equation

(5.1) involves the construction of a time-stepping scheme which calculates the

fluctuation,

6 = —//X-ﬁudxdy
A

— ). di 5.2
§ uX-ai, (5.2)

within each cell and updates the solution at each time level by adding fractions
of this quantity to the nodal values of u (see [8]). In (5.2) A is the boundary of
the cell and dni represents the inward pointing normal to the boundary. Steady

21



state solutions of (5.1) are calculated by repeating this update iteratively in order
to approximate the solution in the limit as ¢t — oo.

The vector X in (5.2) may not be constant, in which case a conservative
linearisation of the scalar advection equation (5.1) can often be constructed by
treating it as a special case of the system linearisation discussed in Section 3 [8].
A conservative linearisation of this form can be constructed if a variable, z say,

bu Of

can be defined so that when z varies linearly in space the derivatives 3%, 5% and

g—g can all be integrated exactly over any triangle by quadrature.

Assuming such a z exists and does vary linearly in space within each cell, the

discrete fluctuation in a cell can be written
b = —SA\-Vu, (5.3)

cf. the discrete flux balance in (3.3) and the decomposition of (4.13). The discrete

gradient is defined to be

=" 1 du -
Vu = g//Aa dedy Vz, (5.4)

where Vz is evaluated exactly asin (3.11), so that the linearised advection velocity

j is defined by

M dedy
a fng—dedy7

>y

(5.5)

in which f: (f,9)*. The most important consequence of choosing z to have the
above properties is that a and i can be calculated exactly, so qg = ¢ and the
linearisation is conservative.

The distribution of the discrete fluctuation of (5.3) to the grid nodes combined

with an explicit forward FEuler discretisation of the time derivative in (5.1) leads

22



to a nodal update of the form

At :
ultt = w4 — Z aloj, (5.6)
Si U

where S; is the area of the median dual cell for node ¢ (one third of the total
area of the triangles with a vertex at i), o is the distribution coefficient which
indicates the proportion of the fluctuation ¢; to be sent from cell 5 to node 7, and
UA; represents the set of cells with vertices at node ¢. It can be seen from the
second expression for ¢ in (5.2) that the sum of the fluctuations over the whole of
the grid reduces through internal cancellation to boundary contributions alone.

Therefore a nodal update of the form (5.6) leads to a conservative scheme as long

as the whole of each fluctuation is distributed to the grid nodes, i.e.
Sal =1 V5. (5.7)

For the sake of simplicity and compactness, a cell is only allowed to contribute
a proportion of its fluctuation to its own vertices. The distribution coefficients

ozf are chosen so that the resulting scheme has the following four properties:

e Upwindedness - the fluctuation within a cell is only sent to the downstream
vertices of that cell, i.e. vertices opposite inflow edges for which Xt > 0,

where 7 is the inward pointing normal to the edge.

e Positivity - every nodal value of u at the new time level in (5.6) is a con-
vex combination of nodal values of u at the old time level, so the scheme
cannot produce new extrema in the solution at the new time-step, spurious
oscillations do not appear in the solution and the scheme is stable for an

appropriate time-step restriction.
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e Linearity preservation - the exact steady state solution is preserved when
this varies linearly in space, so no update is sent to the nodes when a cell
fluctuation is zero and the scheme is second order accurate at the steady

state on a regular mesh with a uniform choice of diagonals [8].

e Continuity - the contributions to the nodes, afqﬁj (5.6), depend continu-
ously on the data, avoiding limit cycling as convergence is approached and

improving the robustness of the scheme.

Linearity preservation should also be satisfied by the decomposition, so that no
update is sent to the vertices of a cell when its flux balance is zero and the higher
order accuracy possessed by the linearity preserving scalar scheme is retained by
the overall algorithm. The property is obviously satisfied by the two decompo-
sitions described here because the columns of the matrix Ry (4.14) are linearly
independent.

A simple distribution scheme with all of the above properties is the so-called
PSI scheme [8]. It is most easily described by considering a single triangular
cell in isolation. If, according to the linearised advection velocity, i of (5.5), the
triangle has a single downstream vertex, at node ¢ say, then that node receives
the whole fluctuation, so

At~

ol =y 5.8
uz uz —I_ SZ¢7 ( )

while the values of u at the other two vertices remain unchanged. In the case
of a triangle with two downstream vertices, at nodes 2 and j for example, the

fluctuation is divided between these two nodes. The update due to this cell’s

24



fluctuation can therefore be written

At
b=y Ty
uZ uZ —I_ SZ ¢Z b

with = uf 4+ S_j¢f ; (5.9)
where ¢7 + ¢7 = ¢ for conservation. In the PSI scheme [22]

¢; = ¢i— L(6i,—¢))
qﬁ; = ¢]_L(¢j7_¢i)7 (510)

where

o~ o~
— —

6= —shd(u ), 6 =~ — ), (50])

and L denotes the minmod limiter function,

(sgn(x) + sgn(y)) min(|z], [y]) - (5.12)

[N

Liz,y) = %(1 + sgn(zy))

The PSI scheme is positive for a restriction on the time-step at a node ¢ given by

At < 5 (5.13)

~ Y
.

Soa, max(0, 3A - i)

and is used in the overall algorithm for the distribution of the homogeneous scalar

components which arise from the decompositions of Section 4.

5.2 Distribution of Coupled Components/Subsystems

The elliptic nature of the 2 x 2 subsystem which results from the decomposi-
tion of the shallow water equations in subcritical flow suggests that an upwind
distribution strategy is less appropriate than for the scalar components. Two
schemes are described here for the distribution of this component, one for each
decomposition, following the different distributions suggested for the correspond-
ing decompositions of the Euler equations [16, 18].
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In the first decomposition (HELW) the two coupled equations are modelled
by the system

u+Au, +Buy, =0, (5.14)

in which A and B are defined explicitly by

—ef 0 0 ¢
A = and B = , (5.15)
0 g 10
and
B Oh
ou = | "* : (5.16)
q 00

Under the linearisation of Section 3 the component of @y (4.16) corresponding

to equation (5.14) takes the form
¢ = —Sa (AL +BT,) . (5.17)

This quantity is distributed in a similar manner to the fluctuation in (5.2), the
difference being that the distribution coefficients af now take the form of matrices

which, in order to ensure conservation, must satisfy
Yol =L Vi, (5.18)
where d is the dimension of the subsystem (5.14).
In [16] a Lax-Wendroff type scheme (which is linearity preserving and contin-

uous but not positive) is suggested for the distribution of é The coefficients of

the scheme are written

: 1 At

where 7; = (ni,,n;,)" is the scaled inward pointing normal to edge ¢ of the
triangle. This scheme is used here in the distribution of the elliptic subsystem

which arises from the HELW decomposition in subcritical flow.
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The second approach (HESUPG) equates the coupled subsystem with a pair

of scalar advection equations with source terms of the form
w+ A Vu = q, (5.20)

in which u, X and q are defined by the first two entries in (4.19), (4.23) and (4.24)
respectively. In [18] the quantity

—

by = —Sa(X-Vu—q), (5.21)

is distributed for each of the two equations using a scheme which is equivalent to
a mass-lumped streamline upwind Petrov-Galerkin (SUPG) finite element scheme
with additional artificial viscosity [4].

The distribution coefficients for this linearity preserving and continuous but

non-positive scheme are given by

- - ' .22
Oéz 3 —I' TQSAJ K QSAJ 9 (5 )
in which
h h 5
- ol 2 o feend) (5.23)
IX] IVu|+h

The constants Cy and Cy are both taken to be 0.5 [13], h is a typical local length
scale, e.g. the length of the longest edge of the cell, and qg is defined in (5.3). This
scheme is used here for the distribution of the coupled equations which result

from the subcritical HESUPG decomposition.

6 Source Terms

Source terms appear in the linearised shallow water equations both as a result
of modelling bed slope and friction (2.1) and from the linearisation (3.14), and
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these terms must be included in the updating of the solution.
The simplest method of treating the momentum sources, ¢ in (2.1), is to
calculate them pointwise at each node and then add them to the conservative

variables once the flux balance distribution has been completed, so
Uit = Uy +6U + At g, , (6.1)

in which 60U is the update indicated by the distribution of the decomposed flux
balance. However, it is more appropriate to the schemes presented here for all of
the sources to be incorporated within the flux balance distribution itself. This is
the obvious way to treat the linearisation source terms since they are inherently
cell-based quantities.

One way of achieving this is to include the source terms within the decompo-

sition, so the characteristic equations of (4.7) become
W, + AW, + By W, = Ri'g,,, (6:2)

where g is the sum of the momentum and linearisation source terms consistently
evaluated from the cell-average state Z. The two types of source term can be
considered separately but are combined here for simplicity.

The effect of g, , on the flux balance distribution can be illustrated simply by
considering a scalar component of the decomposition. A characteristic equation

taken from (4.11) now has the form
Wi+ X VaWr = gl (6.3)

where ¢f; is the & component of the vector Rﬁlgtot, and the quantity which is

distributed to the nodes of the grid is now
gﬁ; = —SA (Xg . 65Wk — qév) . (64)
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A positive distribution scheme does not remain positive under this modification
but the linearity preservation property is retained by calculating the distribution
coefficients precisely as in the homogeneous case but then using them to distribute
the quantity q?q The modified updates are then transformed into increments of
the conservative variables using the matrix Ry (4.14) as before. The source terms
which now appear in the elliptic subsystem can also be treated in this manner
for both the matrix and scalar distributions.

A third method of treating the source term g _ is to distribute it separately
from @y, and the simplest way to do this is via a symmetric distribution in which
one third of g, within a cell is sent to each of its vertices. All three ways of

incorporating the source terms are considered in the following section.

7 Results

Both algorithms described in the previous sections (HELW and HESUPG) have
been used to solve numerically a wide variety of steady state test cases for the two-
dimensional shallow water equations. In all cases the linearisation source terms
are distributed separately from the rest of the flux balance by a simple central
scheme since this strategy proves to be more robust than an upwind distribution
and there is negligible difference between the results. The momentum sources,
when they appear, are distributed in an upwind manner as part of the flux balance
for the purposes of accuracy, except when robustness becomes an issue in which
case they are considered separately and evaluated on a pointwise basis.

The boundary conditions are applied very simply by referring to the theory of

characteristics. This determines the number and form of the physical conditions
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which should be imposed at a chosen point on the boundary. One condition must

be applied for each positive eigenvalue of the matrix

CU = AUnx—I—BUny, (71)

where 77 = (n,,n,)T is the inward pointing normal to the boundary of the com-
putational domain. In the case of the shallow water equations these eigenvalues

are given by

M=u-n, A=tu-nitc and As=uU-1—c. (7.2)

Thus, when the component of the flow normal to the boundary is supercritical
either the whole solution is specified (at inflow) or none of it (outflow). For
subcritical inflow two conditions are specified (total head and tangential velocity
component) while for subcritical outflow a single piece of information, the depth
of the flow, is set to a prespecified freestream value. At a solid wall only A; is
positive and this is accommodated by setting the normal velocity component to

Z€ro.

7.1 Oblique Hydraulic Jump

Few standard steady state test cases exist for the homogeneous two-dimensional
shallow water equations, but there are some simple problems for which exact
solutions have been calculated. One such example [3] is supercritical flow through
a frictionless channel with a flat bed containing a wedge inclined at an angle 6
to the direction of the flow at which an oblique hydraulic jump is induced by

the interaction of the flow with the front of the wedge. The angle § which this
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Figure 7.1: The grid (left) and local Froude number contours (right) for the
oblique hydraulic jump test case. The asterisk indicates the point at which flow

values have been sampled.

discontinuity makes with the direction of the freestream flow is defined by

) L hy [l
Sll’lﬂ = Fu m h—u—l—l 5 (73)

where the subscripts u and d indicate values upstream and downstream of the
jump, respectively.

In the case chosen here, the slope of the wedge is taken to be # = 8.95° and
its leading edge is positioned 1m in to a 4m x 3m rectangular domain. The

upstream flow conditions are given as h, = 1m, u, = 8.57ms™! and v, = Oms™!

(so F,, = 2.74).

The resulting flow is purely supercritical and is divided into two regions by a
hydraulic jump. Upstream of the discontinuity the initial (freestream) conditions
prevail at the steady state, while on the downstream side the exact solution is
given by hy = 1.5m and |iy| = 7.9556ms™!, so F; = 2.074. The jump itself is at
an angle # = 30° to the inlet flow.

The computation has been carried out on the 1175 node, 2231 cell grid shown
in Figure 7.1 with the upper and lower boundaries both being treated as solid
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Figure 7.2: Convergence history for the oblique hydraulic jump test case.

walls. This figure also shows the local Froude number contours of the steady
state solution calculated for this test case (both the HELW and the HESUPG
schemes are the same for supercritical flow). The hydraulic jump can be seen to
be captured sharply at the correct angle and a discontinuous water surface devoid
of oscillations is obtained. The values of the flow variables downstream of the
jump (sampled on the outflow boundary at the point indicated by the asterisk in
Figure 7.1) are hy = 1.5001m and |iy4| = 7.9506ms™" (F; = 2.073), very close to
the exact values.

The convergence history for this calculation pictured in Figure 7.2 shows that
the numerical solution converges rapidly to machine precision. The monitor used
is the root mean square of the nodal updates to the conservation of mass equation,

given by

RPTI_pn
Zf\;nl ( 2 h:l z)
CFL N,

RMS = (7.4)

Only local time-stepping is used here to accelerate convergence. In [18] it was
shown that the use of implicit and characteristic time-stepping techniques would

both significantly reduce the cost of reaching the steady state in the case of the
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Euler equations. Neither technique is used here but it is expected that both could
be used to similar advantage.

Note that a CFL number of 0.7 has been used here but in the subsequent
test cases, all of which have regions of subcritical flow, the CFL number is taken
to be 0.2 which proved to be the highest value which could be taken which was
stable for all of these cases. This seems to be because of the discontinuity in the
distribution at the critical line and the nonorthogonality of the eigenvectors of

the preconditioned system at low Froude numbers (described in more detail in

[6])-

7.2 Symmetric Constricted Channel Flows

The domain for these test cases represents a channel of length 4 metres and width
1 metre with bumps of the same shape and size in the centre of either wall of
the channel. The bumps are one metre in length and are defined such that the
breadth of the channel is given by

T(r — x.)

B = By — 2B} cos? ( ) for |le —a.| < % , (7.5)

T
where By = 1m is the breadth of the straight channel, B} is the height of each
bump, x. = 2m is the position of the centre of the constriction and z; = 1m is its
length. In this particular case B}, is taken to be 0.04m. The grid on which the
results have been obtained consists of 2114 nodes and 4054 cells and is shown in
Figure 7.3.

For the first constricted channel test case the freestream Froude number is
specified to be F,, = 0.5 while the depth is set at h,, = 1m and the flow is
perpendicular to the boundary at the inlet. The resulting steady state solution
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Figure 7.3: The grid for the symmetric constricted channel flow test cases.

S=N

Figure 7.4: The local Froude number contours for the symmetric constricted

channel flow test case with F, = 0.5 using the HELW (top), HESUPG (middle)

and Lax-Wendroff (bottom) schemes.
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is completely subcritical and therefore symmetric about the centre of the con-
striction (the narrowest point of the channel) since the friction and bed slope are
both taken to be zero.

It can be seen from Figure 7.4 that the numerical solutions obtained using
the multidimensional upwind schemes differ little from the result produced by
a Lax-Wendroff distribution scheme applied to the complete system without de-
composition, also shown in the figure. The results from the HESUPG scheme
show a very slight asymmetry, indicating that the HELW scheme is the more ac-
curate of the two for this type of flow. This is probably because a Lax-Wendroff
scheme is used to distribute the 2 x 2 elliptic subsystem which arises in subcrit-
ical flow rather than the more diffusive SUPG scheme. The advantages of the
upwind schemes over Lax-Wendroff become clear when discontinuous flows are

considered.

The freestream Froude number is now increased to F., = 0.71 to produce
a steady transcritical flow which includes a hydraulic jump downstream of the
narrowest point of the channel. All other parameters remain the same. The
pictures of the local Froude number contours, shown in Figure 7.5, indicate that
the discontinuity is captured very sharply by both upwind schemes, within two
or three cells right across the channel. The jump is sharper and slightly further
downstream when the HELW scheme is used, further evidence of its less diffusive
nature, but this is at the expense of small oscillations on the downstream side of
the jump.

An increase in the diffusive component of the distribution coefficients (5.19) for
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Figure 7.5: Local Froude number contours for the constricted channel flow with

F.. = 0.71 for the HELW (top) and HESUPG (bottom) schemes.
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Figure 7.6: Comparison of the breadth-averaged local Froude number for the

constricted channel flow test case with F,, = 0.71.
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the subcritical elliptic subsystem would reduce the oscillations, but not without
smearing the discontinuity as well. Although the HESUPG scheme, with its
greater inherent numerical diffusion, does this automatically, neither treatment
is ideal and the modelling of transcritical flows requires further consideration.

The results shown in Figure 7.6 illustrate the effect of the linearisation source
terms on the solution. The values of the breadth-averaged local Froude number
are plotted along the length of the channel for the HELW scheme. The small os-
cillations downstream of the jump are rendered almost invisible by the averaging
procedure and the solutions are very close to those produced by the HESUPG
scheme (not plotted here) although the latter predicts the one-dimensional dis-
continuity to be very slightly further upstream.

The numerical results shown are for a conservative and a non-conservative
formulation in which the linearisation sources are simply ignored. Close inspec-
tion reveals that the discontinuity is predicted to be about half a cell’s width
further downstream by the non-conservative scheme. On a grid in which the
cell edges are aligned with the discontinuity the discrepancy in jump position
between the conservative and non-conservative schemes can be as much as one
cell. The non-conservative formulation predicts the jump to be further away
from the exact position predicted by one-dimensional theory for an open channel
of varying width, the third solution shown in Figure 7.6. Thus it is important to
enforce conservation for precise positioning of the discontinuity even though an
adequate solution may be obtained in this case without conservation. Note also
that the averaged conservative numerical approximation passes from subcritical

to supercritical flow at the centre of the channel (its narrowest point) as it should
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Figure 7.7: Convergence history for the symmetric constricted channel flow test

case with £, = 0.5.

do.

Figure 7.7 shows the convergence histories for the subcritical solutions pre-
sented in this section. It can be seen that in the subcritical case, although conver-
gence is still slow without the use of acceleration techniques, both upwind schemes
(particularly HELW) converge much faster than the Lax-Wendroff scheme. In the
transcritical case convergence is generally very slow and in some cases machine

accuracy is not achieved.

7.3 Sloping Channel Flows with Friction

Although essentially one-dimensional this test case can be used to validate the
treatment of the momentum source terms on the two-dimensional triangular grid.
It is one of a family of exact steady state solutions of the one-dimensional shallow
water equations with bed slope and friction included which has recently been
constructed for straight open channels [15].

The particular case chosen here is of flow in a rectangular channel, 1000m

long and 10m wide. Manning’s roughness coefficient is taken to be 0.02 and the
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Figure 7.8: Comparison of the breadth-averaged local Froude number for the

quasi-one-dimensional rectangular channel test case.

bed slope is given in terms of a hypothetical depth function h by

4\ dh (2h +10)5
Shx — 1_T ——|—0167~4 and S = 0, 76
" ( gh3) dx (10h)5 " =
where
(3)5 (%— éexp (—2%)) for 0 < o < 500

W=

B

SRS

)

(14 Shoy avexp (<20 (5555 — 3)) + dexp (s — 1)) (1)

for 500 < = < 1000,
in which a; = —0.348427, ay = 0.552264 and a3 = —0.555580. The depth of
the steady state solution is given by A = h and the discharge is taken to be
20m®s~!. The resulting flow is supercritical at inflow and subcritical at outflow
with a discontinuity half way along the channel, at * = 500m.

The two-dimensional solutions have been obtained on a 1004 node, 1500 cell

grid in which all of the triangles have an aspect ratio of approximately one, and
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the breadth-averaged local Froude number predicted by the two upwind schemes
is shown in Figure 7.8, together with the exact solution. The three solutions are
almost indistinguishable and even the HELW scheme exhibits no small oscillations
on the subcritical side of the jump.

Both sets of results presented have been obtained using an upwind distribution
of momentum sources evaluated on a cell by cell basis. Close examination of the
solutions reveals that this method of treating these source terms leads to the
best approximation of the exact solution, although the differences would not be
visible in the figure. It should be noted though that convergence to the steady
state is slightly better if the sources are incorporated at the nodal update stage,
indicating greater robustness. In actual fact none of the schemes converge to

machine accuracy in this transcritical case so no convergence histories are shown.

7.4 Spillway Flow

The final problem represents shallow water flow in a spillway and provides a
genuinely two-dimensional test case. The flow is through a channel 10m wide
with a right angled bend half way along its length. The inner and outer corners
of the bend are taken to be arcs of concentric circles with radii 10m and 20m
respectively, and there is 30m of straight channel both upstream and downstream
of the bend. The flow is supercritical at both inflow and outflow and the inflow
conditions are such that A = 1m, u = Oms™" and v = —5ms™!. The slope of
the channel is of magnitude 1 in 5 along the straight sections and varies linearly
across the channel around the bend from 1 in 5 on the outer curve to 2 in 5 on

the inner curve. Manning’s roughness coefficient for the flow takes the value of
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Figure 7.9: The grid (top) and local Froude number contours (bottom) for the

spillway test case.
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Figure 7.10: Convergence history for the spillway test case.

0.012.

The calculation has been carried out using the HESUPG scheme on the grid
shown in Figure 7.9 (which is made up of 3310 nodes and 6294 cells) above
the local Froude number contours of the resulting steady state solution. On
the evidence of the previous test case, the momentum sources were calculated
on a nodal basis and incorporated in the update after the distribution step for
maximum robustness.

The hydraulic jumps in the solution are captured very sharply, across a max-
imum of two cells, and without spurious oscillations, despite the extreme nature
of the flow in the region of the corner. Overall, the scheme appears to predict
qualitatively correct flow features. The flow is completely supercritical so the
HELW scheme gives precisely the same solution. Figure 7.10 shows that in this

purely supercritical case the convergence to the steady state is again rapid.

42



& Conclusions

Two alternative genuinely multidimensional upwind schemes have been presented
for the numerical solution of the two-dimensional shallow water equations on
unstructured triangular grids. Techniques which were originally developed for
the solution of the Euler equations have been adapted for the approximation of
the shallow water equations and a conservative formulation of the algorithm has
been presented. A method of treating general source terms, appropriate for use
with multidimensional upwinding, has also been suggested.

Both schemes presented here have been shown to produce high quality results
for both subcritical and supercritical steady state flows and have the ability to
capture discontinuities very sharply. Of the two, the HELW scheme is the less
diffusive and as a result, slightly less robust. It produces sharper jumps and
more accurate subcritical approximations, but at the expense of small oscilla-
tions downstream of transcritical discontinuities. These could be smoothed by
adjusting the Lax-Wendroff distribution appropriately, with a consequent smear-
ing of the discontinuity, but both schemes require further study to improve the
modelling of the transition between supercritical and subcritical flows.

The treatment of the momentum sources also merits attention since it is still
unclear which is the best method to use for their distribution. The most robust
treatment proved to be to consider the sources on a nodal basis but distributing
cell-averaged source terms in an upwind manner appears to be more accurate.
It is clear though that the linearisation sources are necessary for the precise
positioning of the hydraulic jumps although in many cases adequate numerical

solutions can be obtained using a non-conservative formulation.
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Multidimensional upwinding is still undergoing improvements for steady state
flows, even though the resulting numerical solutions are now of a high quality for
all flow regimes. However, it remains to construct a scheme which produces

approximations of comparable accuracy to time-dependent flows.
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