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Abstract

The purpose of this thesis is to investigate the scattering of a train of small amplitude
harmonic surface waves on water by undulating one-dimensional bed topography.

The computational efficiency of an integral equation procedure that has been used to
solve the mild-slope equation, an approximation to wave scattering, is improved by
using a new choice of trial function. The coefficients of the scattered waves given by
the mild-slope equation satisfy a set of relations. These coefficients are also shown to
satisfy the set of relations when they are given by any approximation to the solution
of the mild-slope equation.

A new approximation to wave scattering is derived that includes both progressive and
decaying wave mode terms and its accuracy is tested. In particular, this approximation
is compared with older approximations that only contain progressive wave mode
terms such as the mild-slope approximation. The results given by the new
approximation are shown to agree much more closely with known test results over
steep topography, where decaying wave modes are significant. During this analysis, a
new set of boundary conditions is found for the mild-slope equation and the
subsequent results give much better agreement with established test results.

Finally, the full wave scattering problem over a hump, that is, a local elevation in an
otherwise flat uniform bed, is examined. Green's theory is used to convert the problem
into an integral equation and a variational approach is then used to obtain
approximations to the coefficients of the scattered waves. The results are used to
further test the accuracy of previous approximations to wave scattering.
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Chapter 1

Introduction

A long-standing but persistent problem in the area of water wave theory is the
determination of the effect of bed topography and obstacles on a given wave
field. An example of a practical problem faced by coastal engineers is to predict
the amplitude of waves in harbours, where both man-made breakwaters and the
shape of the sea bed affect the wave behaviour. Such problems involve the scat-
tering, diffraction and refraction of waves and are mathematically formidable for
linearised theory, even with relatively simple bed and/or obstacle geometries.
The work presented in this thesis is solely concerned with the effect of bed
topography on an incident wave train. We do not address problems where an
obstacle, such as a barrier, affects an incident wave train, except for mentioning
them in this introduction and noting the solution methods used. The effect of
variations in the still-water depth on an incident wave train is examined using
linearised theory. We prescribe the incident wave train and the deviation in the
still-water depth, and seek the additional waves, the scattered waves, caused by
this deviation. A typical problem requires the determination of a velocity poten-
tial satisfying Laplace’s equation within the fluid, a mixed boundary condition
on the free surface, and a given normal velocity on rigid boundaries. If the fluid
domain extends to infinity, a radiation condition is required to ensure uniqueness.
This boundary-value problem is well known and is formally presented in Chap-
ter 2. We shall refer to the problem of finding a solution of the boundary-value
problem as the full linear problem. Analytic solutions of the full linear problem

are rare for any deviation from the constant water depth case, that is, for any



deviation from a flat sea bed. Problems where analytic solutions exist are usual-
ly for a limited selection of straightforward geometries which include horizontal
and/or vertical boundaries.

In Chapters 3 and 5 we are faced with solving second-kind and first-kind
integral equations respectively. Many problems in water wave theory, where an
incident wave train is influenced by bed topography and/or obstacles, can be
reduced to integral equations. It is useful to review some of these two-dimensional
and quasi-two-dimensional wave scattering problems here.

The two-dimensional scattering of surface waves by fixed vertical barriers has
seen much attention over recent decades. In water of infinite depth, that is, water
deep enough that the bed has no significant effect on surface waves, Dean [13]
considered the case of a submerged semi-infinite barrier, whose upper edge was a
finite depth below the surface. His solution procedure used the reduction method,
which consists of replacing the velocity potential by another function which is
chosen to simplify the boundary conditions. Dean showed that the reflected wave
is small, unless the edge of the barrier is very near the edge of the surface, when
the wave motion is no longer oscillatory and there is a rapid flow over the barrier
when a crest arrives. Ursell [58] solved this problem, and its complement in which
the barrier extends from above the free surface to a finite depth, by an integral
equation procedure for which exact solutions were found. In water of finite depth,
these two problems become more difficult and have been solved numerically by
Mei and Black [4] using a variational method employed by Miles [39] when he
considered wave scattering due to an infinite step.

The problem of two submerged, semi-infinite barriers placed an arbitrary dis-
tance apart was addressed by Jarvis [23]. He found expressions for the coefli-
cients of the reflected and transmitted waves in terms of four definite integrals.
Jarvis evaluated these integrals by numerical approximation and showed that to-
tal transmission could be achieved at certain wavelengths. Evans and Morris [18]
considered the complementary problem of two surface piercing barriers immersed
to a given depth by a quite different, integral equation, procedure. Approximate
solutions were found by using Ursell’s [58] exact solution for a single barrier as a

trial function in the integral equation. Their analysis revealed that total trans-



mission or total reflection is possible. This approximation method proved less
accurate when the ratio of barrier separation to barrier length became small.
Newman [43] addressed this case, by a different approach which involved match-
ing solutions both near the two obstacles and in the far field. Newman also found
that both total transmission or total reflection is possible.

Another problem of much interest concerns the flow around vertical barriers
containing gaps. Tuck [57] considered the problem of a thin, semi-infinite imper-
meable barrier extending downwards from the fluid surface and having at some
depth a small gap. He constructed an approximation to the transmission coef-
ficient under the assumption that the gap was small. Porter [47] considered the
same problem using a reduction method and an integral equation procedure and
his analysis showed that both approaches relied on the same basic step. Porter
calculated several reflection and transmission coefficients without needing to make
any restrictions on the gap width. A more general problem of this form, where an
arbitrary number of thin barriers (one above the next, with the uppermost barrier
allowed to intersect the free surface and the lowest allowed to extend infinitely
far into the fluid) are allowed to oscillate with the same frequency as the incident
wave, was considered by Porter [48]. The resulting boundary-value problem was
converted into an integral equation, from which the amplitudes of the scattered
waves could be readily determined. The case of two parallel semi-infinite barriers
that pierce the free surface and extend downwards throughout the fluid having at
some depth a small gap, was addressed by FEvans [17] using an integral equation
approach. The numerical results again showed the possibility of total transmis-
sion or total reflection occurring for an infinite number of configurations of barrier
spacing, gap width and incident wavelength.

The more general problem for surface waves in deep water incident on an
arbitrary number of evenly spaced, identical, thin vertical barriers, each contain-
ing arbitrarily positioned gaps was addressed by Porter [49]. Expressions for the
transmission and reflection coefficients were derived by approximation methods
for two special cases. The first was for each barrier containing a single smal-
| gap and the second was for the separation between adjacent barriers greatly

exceeding the wavelength. In both cases it was found that there existed band-



s of wavelengths for which total transmission of the incident wave is possible,
and the insertion of an additional barrier resulted in an infinity of wavelengths
corresponding to zero reflection.

These problems with barriers that contain gaps become more difficult when
the water is not assumed to be deep, as the motion is then also affected by the bed.
Macaskill [34] considered the reflection of water waves by a thin vertical barrier
of arbitrary permeability in water of finite depth. An integral equation for the
horizontal fluid velocity was derived by an application of Green’s theorem and
was solved by collocation methods. A serious problem for the solution process to
overcome involved the numerical difficulty of evaluating a Green’s function given
by an infinite series. We are faced with the same problem in Chapter 5.

In Porter [50], there is a general discussion about the refraction/diffraction
problem for vertical-sided breakwaters of finite depth, in relation to Green’s the-
ory and integral equation methods. Examination of several special cases for the
class of problems where the breakwaters are straight, parallel walls containing
gaps showed that the resulting integral equations are conducive to straightforward
numerical solution techniques. Indeed, a very efficient computational method
which solves the problem of diffraction of a plane wave train through a gap in an
infinite straight breakwater, and the complementary problem of diffraction by a
finite strip, was given by Chu and Porter [11]. The solution procedure involved
the conversion of known first-kind equations for these problems into second-kind
equations which are much more amenable to numerical techniques. This was an
early example of the use of the technique of invariant imbedding in water wave
theory.

For all the problems discussed so far, the geometries have involved vertical
boundaries in water of infinite or constant depth. Allowing the water depth to
vary increases the difficulty of the problem, and consequently exact solutions are
exceedingly rare for such problems. The exceptions to this are limiting cases such
as shallow water, where the wavelength is assumed to be much larger than the
water depth.

Lamb [28] derived an exact expression for the reflection coefficient for the

problem of waves incident on a vertical step in shallow water. Bartholomeusz [1]



considered the same problem without the shallow water assumption. By matching
eigenfunction expansions, Bartholomeusz derived a first-kind integral equation for
the horizontal fluid velocity. After transforming this equation into a second-kind
integral equation for which extensive theory exists, Bartholomeusz showed that
the solution reduced to that obtained by Lamb [28] in the shallow water limit, so
giving a verification of this theory.

Newman [42] considered the propagation of water waves over an infinite step,
where the vertical part of the step extends down to infinity. By matching so-
lutions for the two fluid regions at the cut above the step, Newman derived an
integral equation for the horizontal velocity component on the cut. Newman
recast this integral equation as an infinite system of equations and solved it by
truncation. Miles [39] considered the more difficult problem of a finite step which
Bartholomeusz [1] solved in the shallow water limit. Miles used a variational
technique to obtain approximate solutions of the first-kind integral equation for
the horizontal fluid velocity. By taking the limit of the vertical part of the step
to infinity, Miles found that his results showed excellent agreement with those
obtained by Newman.

Allowing the depth profile to vary smoothly, rather than changing abruptly
as in the case of a step, creates further difficulties in the wave scattering problem.
As far as is known, the only analytic expression for the velocity potential in a
problem of this type has been given by Roseau [53]. He obtained an explicit
solution for the reflection and transmission of waves across a shelf of a special
profile which asymptotically joins two regions of constant, but unequal, depth.
According to Wehausen and Laitone [59], a proof of the existence and uniqueness
of a velocity potential in a general problem of this type had yet to be given.
Evans [16] addressed this problem in considering the transmission of water waves
over a shelf of arbitrary profile. He used Green’s theorem to derive a second-
kind integral equation for the velocity potential. The associated Green’s function
which Evans derived is very complicated and the kernel of the integral equation
was given in terms of the normal derivative, on the shelf, of this function. By
suitably restricting the shelf profile, Evans was able to prove that the velocity

potential exists and is unique, except possibly for certain discrete values of the



parameters of the problem corresponding to trapping modes over the shelf. The
complexity of this integral equation is well illustrated by the fact that no one has
so far found a suitable numerical method to solve it.

Fitz-Gerald [20] investigated wave scattering by a region of varying depth.
He used a Fourier transform procedure to convert the boundary -value problem
satisfied by the velocity potential into a pair of integro-differential equations.
The required solution was then given by a linear combination of the solutions
of the integro-differential equations. Fitz-Gerald was able to prove the existence
and uniqueness of the velocity potential in two limiting cases and presented the
associated asymptotic results.

The propagation of long waves over water of slowly varying depth for the two
and three-dimensional cases was treated by Harband [22]. Asymptotic expressions
were found for the scattered long waves under the assumption that the water is
shallow compared with the wavelength.

Finding an accurate solution of the full linear problem of water wave scatter-
ing due to an arbitrary varying bed has proved so difficult and computationally
expensive that various types of approximation to this problem have been pro-
posed which can be solved accurately. One of the earliest and most widely used
approximations is that of linearised shallow-water theory, in which the vertical
structure of the fluid motion is ignored. A derivation of this approximation from
first principles can be found in Stoker [55] and one example of its application is
given by Lautenbacher [30], who considered the run-up of tsunamis on Hawaiian
islands. Lautenbacher used Green’s theorem to convert the governing differential
equation into an integral equation and then found approximate solutions of the
integral equation by using a numerical (finite difference) technique.

In water where the depth is not assumed to be shallow, one of the earliest
approximations to the full linear problem was given by Eckart [15]. He derived
his approximation by converting the full linear problem for the velocity poten-
tial into an integro-differential equation. Eckart showed that this equation was
approximated by a partial differential equation by discarding a presumably s-
mall integral, ‘without examining the justification of this approximation’. Eckart

showed that his approximate equation reduces to the linearised shallow-water e-



quation in the shallow water limit. Through this work, Fckart also discovered a
useful approximation to the root of the well known ‘dispersion relation’, a tran-
scendental equation which connects the deep-water wave number to the wave
number in finite water depth. Eckart did not pursue his approximation to the
full linear problem further possibly, according to Miles [40], because he had ob-
tained a rather unsatisfactory approximation to the group velocity in his 1951
lecture notes.

A more recent and very popular approximation of the full linear problem was
given by Berkhoff [2] & [3], whose ‘combined refraction-diffraction’ equation has
now become known as the mild-slope equation. There have been many subse-
quent derivations of the mild-slope equation, which typically approximate the
vertical structure of the motion and restrict the bed slope to be ‘small’ or ‘mild’
in a sense to be described later. The derivation given by Berkhoff [3] is a clarifi-
cation of the original derivation given in Berkhoff [2]. However, the mathematical
approach used in Berkhofl [3], which is a perturbation procedure in terms of two
small parameters, is still not rigorous. Smith and Sprinks [54] gave a more math-
ematically sound derivation of the mild-slope equation, by expanding the vertical
dependence of the velocity potential in terms of an orthogonal set of functions
and removing the dependence on the vertical co-ordinate by integration over the
depth. The final step of their derivation still requires physical intuition to justify
the neglect of terms on the basis that the bed slope is ‘small” or ‘mild enough’.
Other derivations of the mild-slope equation have been given by Lozano and Mey-
er [32] and Massel [35], but perhaps the most elegant was given by Miles [40].
He uses a variational approach which, through a suitable choice of trial func-
tion, can be used to generate the linearised shallow-water, the Fckart and the
mild-slope equations. Miles [40] goes on to compare the mild-slope and Eckart
equations through the calculation of reflection from a gently sloping beech and
of edge-wave eigenvalues for a uniform slope. He finds that Eckart’s equation is
inferior to the mild-slope equation for the amplitude in the reflection problem,
but is superior in the edge-wave problem.

Another test of the accuracy of the mild-slope approximation was given by

Booij [5], when he considered the problem of wave scattering due to a talud as its



steepness was varied. Booij compared the amplitude of the reflected wave given by
the mild-slope approximation with values he computed using full linearised theory.
From his results, Booij suggested that the mild-slope approximation gave results
in ‘good agreement’ with those he had computed using full linearised theory
for talud gradients up to one third. The results Booij [5] computed using full
linearised theory have been well used by authors proposing new approximations
to the velocity potential, because, as far as is known, these are the only published
estimates of the reflection coefficient for the full linear wave scattering problem
over a bed of varying depth.

The numerical methods that have been used to solve the boundary-value prob-
lem resulting from the mild-slope approximation are mainly finite difference (for
example, Ebersole [14], Li and Anastasiou [31]) and finite element (for example,
Berkhoff [2], [3] and Booij [5]) methods. An alternative solution method was
given by Chamberlain [7], who converted the mild-slope boundary-value problem
into a second-kind Fredholm integral equation. Through a powerful variational
method which used problem-dependent trial functions, Chamberlain was able to
find solutions that were machine accurate. The maximum trial space dimension
required to achieve this accuracy was only six for all the problems he considered.

Wave tank experiments have also been carried out as another means of testing
the accuracy of approximations, such as the mild-slope, to the velocity potential
satisfying the full linear problem. One such set of wave tank experiments was
conducted by Davies and Heathershaw [12], who measured the scattering of water
waves by a finite patch of small amplitude ripples set in an otherwise horizontal
bed. It was found that the mild-slope approximation gave a poor estimate of
the peaks in the reflected amplitudes that arise in ripple bed problems when
the water wave number is approximately twice the ripple wave number. Such
peaks in the amplitude are known as Bragg resonance peaks. Improvements
have therefore been sought to the mild-slope approximation, by attempting to
improve the mild-slope approximation itself and by finding new approximations
to the velocity potential.

To overcome this deficiency in the mild-slope approximation, Kirby [26] p-

resented a model in which the depth profile was expressed in terms of a slowly



varying (mild-slope) component onto which a rapidly varying component of small
amplitude is superimposed. Kirby then used a vertical integration procedure to
derive what is now called the extended mild-slope equation. He verified that it
gave much better agreement with the experimental data at the Bragg peaks for
ripple bed problems than the mild-slope approximation. However, this improve-
ment to the mild-slope approximation is only valid for ripple bed problems.

A further improvement to the mild-slope equation, which is valid over arbi-
trary depth profiles, was given by Chamberlain [6]. He followed the same proce-
dure which Lozano and Meyer [32] used to derive the mild-slope equation. In other
words, Chamberlain approximated the vertical structure of the velocity potential
and removed the dependence on the vertical co-ordinate by integration over the
depth. Chamberlain does not make the further assumption that the bed slope
is mild, and consequently finds a new approximation to the velocity potential.
Chamberlain and Porter [9] formalised the derivation of this new approximation,
giving derivations using a variational approach and a Galerkin approach. They
named the resulting equation the modified mild-slope equation, and showed that
it reduced to the mild-slope equation when the bed slope is assumed to be mild.
Chamberlain and Porter [9] also show that for ripple bed problems the modified
mild-slope equation subsumes the extended mild-slope equation too. They found
that the results given by the modified mild-slope equation are in better agree-
ment with the full linear results for Booij’s [5] talud problem than those given
by the mild-slope equation. Chamberlain and Porter also found that in ripple
bed problems, the results from the modified mild-slope equation gave excellent
agreement with the experimental data at the Bragg peaks. Indeed, Chamberlain
and Porter [10] use the well-known symmetry properties between the coefficients
of the reflected and transmitted waves to obtain results for the modified mild-
slope equation over any number of ripples from knowing the results for just one
ripple. These symmetry properties were first derived for the full linear problem
by Kreisel [27] and Newman [41] and Chamberlain [8] derived them for the mild-
slope approximation. Chamberlain and Porter [10] show that these symmetry
properties are an intrinsic part of the problem rather than of its exact solution,

in the sense that they are automatically satisfied regardless of the accuracy of the



solution.

Massel [36] also uses a Galerkin approach to derive an approximation to the
full linear velocity potential that included decaying wave mode terms too. He
named the resulting system of second-order differential equations the extended
refraction-diffraction equation. In this paper, Massel only gives solutions when
the decaying wave mode terms are neglected, leaving the solution of the full
problem incorporating decaying modes to a subsequent paper which has yet to
appear. The system of second-order differential equations derived by Massel [36]
reduces to a single equation when the decaying wave mode terms are omitted,
which turns out to be the modified mild-slope equation. Massel noticed that this
equation reduced to the mild-slope equation on the assumption that the slope of
the bed is mild and also showed it was superior to the mild-slope equation for
Booij’s [5] talud problem and for ripple bed problems.

Other approximations of the full linear problem that include decaying wave
mode terms have been given by O’Hare and Davies [45] and Rey [52]. Both sets
of authors use a similar approach to derive the approximation to the velocity
potential. The common approach involves approximating the bed profile as a se-
ries of horizontal shelves separated by abrupt vertical steps. The well-known flat
bed infinite series representation of the velocity potential is used to represent the
potential over each horizontal shelf. Continuity of the velocity potential and its
horizontal derivative is imposed throughout the depth at the ends of each shelf,
which gives a matrix system to be solved. This approximation can be compu-
tationally expensive as a large number of steps are required to obtain reliable
results. In O’Hare and Davies [45], the approximation assumes that the steps are
sufficiently far apart that the decaying modes generated at one step are negligible
at neighbouring steps. O’Hare and Davies applied their approximation to ripple
bed problems and noted that the results were in good agreement with known
wave tank data. In a subsequent paper, O’Hare and Davies [46] compared their
approximation against the extended mild-slope equation (Kirby [26]) for ripple
bed problems. They found that their approximation provides a more explicit
formulation of the problem and gave better agreement with the wave tank data

than the extended mild-slope equation, but was much more computationally ex-
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pensive. In Rey [52], the series of steps which approximates the depth profile is
subdivided into smaller subsystems called patches. In each patch, the decaying
modes generated at one step are not assumed negligible at neighbouring steps
in the patch. However, the decaying modes generated in one patch are assumed
negligible at neighbouring patches. This seems to be a superior approximation to
that used by O’Hare and Davies [45]. Rey [52] goes on to test his approximation
on Booij’s [5] talud problem, finding good agreement with the full linear results
computed by Booij. He also found that his results were quite different to those
given by the mild-slope approximation, even for taluds with gradient less than
one third, for which Booij [5] had claimed were in good agreement with the full
linear model. Rey [52] also tested his approximation on ripple beds, finding good
agreement with wave tank data.

After re-establishing the well-known full linearised equations for the scattering
of waves by varying topography in Chapter 2, we go on to state the mild-slope
equation and briefly review the integral equation procedure that Chamberlain [7]
used to solve it.

Noting that coastal engineers require only about three decimal place accuracy
in solutions of water wave problems, we go on, in Chapter 3, to improve the com-
putational efficiency of Chamberlain’s integral equation solution method. This
is done by using a new choice of trial function and seeking solution accuracy to
three decimal places rather than the machine accuracy achieved by Chamberlain.
We also reinvestigate Fckart’s [15] approximation and the symmetry properties
of the coefficients of the reflected and transmitted waves.

The purpose of Chapter 4 is to derive a new approximation to the full linear
velocity potential that includes both progressive and decaying wave mode terms
and test its accuracy. We compare this new approximation with older approxima-
tions that only contain progressive wave mode terms, such as the mild-slope and
the modified mild-slope approximations, as the steepness of the depth profile is
varied. We investigate if the new approximation is better for steeper bed profiles
as the steeper the bed profile the more significant the decaying wave modes be-
come. In the course of this analysis a new set of boundary conditions is found for

the modified mild-slope and mild-slope equations. The subsequent results give
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much better agreement with the results that have been obtained using full linear
theory and those found by Rey [52] than the results obtained using the original
boundary conditions.

In Chapter 5, we consider the full linear wave scattering problem over an
arbitrary hump. The term hump is used to describe a local elevation in an
otherwise flat uniform bed. Using Green’s theory, the boundary-value problem for
the velocity potential is converted into a second-kind integral equation. Initially,
an approximation in this equation is tried, but it proves to be rather inaccurate.
It is found, however, that the second-kind integral equation for the potential can
be converted into a first-kind integral equation for the tangential fluid velocity.
The kernel of the first-kind equation is much easier to evaluate numerically than
that of the second-kind equation. A variational approach is then used to obtain
approximations to the coefficients of the reflected and transmitted waves which
are second-order accurate compared to the approximation of the solution of the
integral equation. These results are then used to test the accuracy of the new
‘decaying mode’ approximation derived in Chapter 4 and also to test the accuracy
of the modified mild-slope and mild-slope approximations.

A summary of the work presented, together with conclusions and suggestions

for future research concludes this thesis.
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Chapter 2

Background Fluid Dynamics

In this chapter we present the linearised equations satisfied by the velocity poten-
tial for the irrotational flow of an incompressible, homogeneous fluid over a bed
of varying depth. It is assumed that the fluid occupies a region which extends to
infinity in every horizontal direction. The fluid is also bounded below by a bed
of given permanent shape and above by a free surface whose shape is sought. A
harmonic time dependence is removed from the velocity potential ®. Separation
solutions of the boundary-value problem satisfied by the time independent part
of ® are examined in the special case where the depth is constant.

However, analytic solutions are rare when there is any departure from the
constant depth case. Therefore, three vertically integrated approximations of
these equations are then considered: the well-known mild-slope and shallow water
approximations, and the less familiar Eckart approximation.

Some of the subsequent work in this thesis revolves around solving integral
equation forms of the one-dimensional mild-slope, Eckart and shallow water e-
quations. This chapter therefore concludes with a review of an integral equation
procedure which requires only 2- or 3- dimensional trial spaces to give excellent

approximations to the solutions of these vertically integrated models.

2.1 The linearised boundary-value problem

Let x and y be horizontal cartesian co-ordinates and z a vertical co-ordinate

measured positively upwards with the undisturbed free surface at z = 0. Let
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the fluid velocity at time ¢ and a given point (z,y,z) in the fluid be denoted
by ¢(x,y,2,t). Assuming the fluid motion starts from rest, with gravity the

only external force acting, then ¢ is necessarily irrotational. It follows that there

exists a velocity potential ®(z,y, z,1) such that ¢ = —V® where V = (88—90, aa—y, 88—2).
The assumption of the fluid being homogeneous and incompressible reduces the

continuity equation to

V.g:()

and hence ® satisfies Laplace’s equation,
Vo =0, (2.1)

in the fluid.

The bed is assumed to be fixed and impermeable and is defined by
z = —h(z,y), as depicted in Fig.2.1. As the fluid cannot flow through the bed,
the normal derivative of the velocity potential on the bed must be zero, giving

rise to the boundary condition

0P
o= 0 onz = —h(x,y) (2.2)
where % denotes the outward normal derivative on z = —h(z,y).
Z y Free surface of

the fluid
X

z=0

h(x,y)

N T T

Figure 2.1: Vertical cross section of the fluid domain.

By considering the Stokes derivative % = % +q . V which denotes differenti-

ation following the motion of the fluid, this boundary condition may be rewritten

14



as a so-called ‘kinematic boundary condition’ as follows. On any fluid boundary
given by f(x,y,z,t) =0 we have

Df _

=0 (2.3)

as otherwise there would be a finite flow of fluid across the boundary (Lamb [28]).
The bed is defined by z = —h(x,y) , so substituting f = z + h(x,y) into (2.3)

delivers
0P
5, +Vh. VO =0 on z=—h(z,y), (2.4)
z
where V = (aa_xv %) is the gradient operator with respect to the horizontal co-

ordinates only. Comparing equations (2.2) and(2.4) shows that

9 Z4Vh.V (2.5)
On (14 (Vhp)E |

where the denominator appears on the right hand side so that the outward unit

normal, n, given by

IS S
(14 (Vh)2)2

satisfies the requirement |n| = 1.

(has Py, 1)

n=-

Similarly, equation (2.3) must hold at the free surface given by z = n(x,y,1).
Substituting f = z — 5 into (2.3) gives
0 od
a—z:——Z—I—VCI).Vn on z = 1. (2.6)
A further condition at the free surface is delivered by considering Bernoulli’s

equation for unsteady, incompressible, homogeneous flows, namely

p 00 1,

g_Zr _Z.2_ t 2.7

o= o ol 9z + f(1) (2.7)
where p is the pressure, p the constant density and ¢ the acceleration due to

. 0P
gravity. Now, as ® is defined by ¢ = —V®, f() can be absorbed into o and

similarly, assuming that surface pressure is constant, then on z = 5 the left-hand

side of (2.7) can also be absorbed into 8_61)

TR reducing (2.7) to

) 1
aa—t:gn—|—§q2 onz=m. (2.8)
Equations (2.6) and (2.8) are linearised by expanding about z = 0 and ne-

glecting second-order terms, yielding, respectively,

9o oy

iy onz=20 (2.9)

15



and

0o
E_gn onz=0. (2.10)

On eliminating n from (2.9) and (2.10) we obtain the final boundary condition

of the linear boundary-value problem, which is given by

Vo = 0 —h <z <0,
o® 10%*®
L2 = 2.11
6z+g8t2 0 onz=10, ( )
d
g—+Vh.V<I> =0 on z = —h(z,y),
z

2

together with a radiation condition imposed as 2* + y* — oo. If we write

® = &, + &, where ®; represents the incident wave field, then the radiation

2 + y? = oo. Evans

condition causes ®; to represent only outgoing waves as x
[16] has shown that when the bed is given by a shelf of arbitrary profile, then
the solution ® of the above problem is unique except possibly for certain discrete

values of the parameters of the problem which correspond to trapped modes over

the shelf.

2.2 Time-independent solutions

A harmonic time dependence can be removed from the velocity potential ® by

setting

(I)(l’,y,Z,t) = ¢1($,y72) cos(at)—l—gbz(:z;,y,z) SiH(O't)
= Re(é(z,y,2)e™ ), (2.12)
where ¢(x,y,z) = ¢1(x,y,2) + 1 ¢2(x,y,2), ¢ = /=1, and o is an assigned
angular frequency.

Defining v = 0?/g, it follows that if ® satisfies (2.11) together with a radiation

condition then ¢ satisfies

Vie = 0 —h <z <0,
@_1/ = 0 onz=20, (2.13)
0z
%+vh_v¢ = 0 on z = —h(z,y),

0z
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together with a radiation condition.

The free surface elevation may be recovered by combining equations (2.10)

and (2.12) to give

T](x7y7t) = Re{_%¢(x7y70)e_igt} (214)

2.3 Separation solutions

We have already noted that analytic solutions of (2.13) are rare. However, assum-
ing that ¢ is independent of y, then in the flat bed case where h (the undisturbed
fluid depth) is the constant hg, separation solutions of (2.13) are easily found.

These can be combined to give the general solution

dla,z) = i n()w,(2) , (2.15)
where

do(x) = Coe™* 4 Do %% | ¢, (2) = Ce P 4 D, P (n € N),

cosh (ko(z + ho)) cos (B(z + ho))

wo(z) = cosh (koho)  wn(2) = cos (B%hy) (n € ),
and where kg is the real, positive root of the relation
v = ko tanh (koho) (2.16)
and B? (n € IN) are the real, positive roots of the relation
— v = B tan (B2ho) (2.17)

arranged in ascending order of magnitude.

Once an incident wave has been assigned, the arbitrary constants C,, and
D, (n+1 € IN) are specified. As already mentioned, the radiation condition
enforces that ¢ is bounded as |#| — oo, causing the constants to be chosen so
that, Vn € IN, |¢,] — 0 as |¢| — oo. Thus, the terms ¢,w, (n € IN) are called
the decaying or evanescent modes (see for example, Mei [37]). Therefore ¢guwy is
the only mode which propagates as a wave throughout the domain and is thus

called the progressive wave mode.
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Denoting the wavelength by A, then using the fact that A\ = 27 /kq allows
(2.16) to be rewritten as

a\? g\ 2
— ] ==—tanh [ —h
(ko) a7 ()\ 0) ’

where o/kqy is the wave speed. An interpretation of this equation is that waves
of different lengths travel at different speeds. In other words they are dispersive,
and hence (2.16) is known as a dispersion relation.

The following approximations to the full linear problem for ¢ use the assump-
tion that the evanescent modes are negligibly small V& € (—oo , oo) when h is

suitably restricted.

2.4 Approximations to time independent ve-
locity potential ¢

As previously stated, analytic solutions for the time-independent velocity poten-
tial ¢ satisfying (2.13) for any departure from the constant depth are rare. This
naturally leads to the pursuit of an approximation to ¢. As discussed in Chapter
1, the mild-slope approximation to ¢ is very well-known, with many authors using
various procedures to establish the approximation. The mild-slope approxima-
tion to ¢ suitably restricts the depth profile  so that the decaying mode parts of ¢
are assumed to be negligibly small. Thus the mild-slope approximation to ¢ seeks
to approximate the propagating mode of ¢. This is achieved by approximating its
dependence on the z co-ordinate, and discarding terms of O(V?h, |Vh|?) on the
basis of the mild-slope assumption |Vh| < kh (Meyer [38]), where h = h(x,y)
is the undisturbed fluid depth and k = k(x,y) is the local wave number satisfying

the local dispersion relation,
v = ktanh (kh) . (2.18)

Omitting the details of a derivation here, the mild-slope approximation to ¢
is given by
¢(x7y72) = gbo(:z;,y)w(z,h) ) (219)
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where

cosh (k(z + h))

wleh) = = (2.20)
do satisfies the differential equation
V.uV o+ k*ugy =0 , (2.21)
where
u(h) = /_Oh W dz = %tanh(kh) (1 + %) , (2.22)

and the differential equation (2.21) satisfied by ¢g is known as the mild-slope
equation .

In Chapter 4, a variational approach similar to Miles [40] is employed, in
which a variational principle and an n term trial function are used to obtain an
approximation to ¢ that includes the decaying wave mode terms too. It will be
shown that if a one-term trial function is used in this variational principle, and
terms of O(V?h, |Vh|?) are neglected, then the mild-slope equation is derived.

It should be noted that under the further assumption that kh < 1, so that
tanh(kh) and sinh(2kh) are approximated by their arguments, the mild-slope

equation (2.21) reduces to
V.hVoy + vdo =0 . (2.23)

This is another well-known equation — the linearised shallow water equation —
which can, of course, be derived from first principles using the shallow water ap-
proximation (Stoker [55]). However, forming (2.23) as a limit of (2.21) is justified
as the assumptions of the shallow water approximation imply mildness of slope.
Jonsson et al [25] give some detail as to what constitutes ‘small kh’, and show
that (2.23) is valid if kh < 7/10.

Another vertically integrated approximation to ¢ was proposed some forty
years ago by Carl Eckart [15], in which the linearised boundary-value problem for
¢ given by (2.13) is transformed into an integro-differential equation. Here the
integral term is assumed small (without justification) in some cases, and is thus
discarded. After neglecting third and higher derivatives of the depth function £,

an approximation for linear gravity waves in water of variable depth h = h(z,y)
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is arrived at in the form
V.auVey + kugy=0, (2.24)

where Re(goe™?") is an approximation to the free surface shape,

1 — e—2uh
h)y = — 2.2
u(h) S (2.25)
k* = v*coth(vh) , (2.26)

2,
and v = U? is the deep water wave number.

Eckart’s equation (2.24) also reduces to the linearised shallow water equa-
tion under the same assumption as in the mild-slope case. Eckart notes that
(2.26) actually approximates the root of the dispersion relation (2.18) to within
4% for all values of kh. However, he seemed to be discouraged from further de-
velopment of his approximation due to the unsatisfactory approximation to the
group velocity he obtained. Recently, Miles [40] has shed new light on Eckart’s
approximation, deriving (2.24) as well as (2.21) and (2.23), via an elegant vari-
ational procedure. Miles notes that the direct calculation of the group velocity
from Eckart’s dispersion relation (2.26), gives an approximation to the ratio of
group velocity to phase velocity within 1% of the exact value for all values of
kh. Miles also notes that while the mild-slope approximation conserves wave
energy, FEckart’s approximation does not (except in uniform depth). Also, on
a gently sloping beach, Eckart’s approximation is inferior to the mild-slope ap-
proximation in predicting the amplitude of the reflected wave. However, in the
calculation of edge wave eigenvalues over a beach of uniform (and not necessarily
small) slope, Eckart’s approximation is superior to the mild-slope approximation.
We will return to Eckart’s approximation in Chapter 3 where it will be compared
to the mild-slope approximation. Some ideas will then be proposed to improve
the Eckart prediction of the amplitude of the reflected wave.

Most numerical methods used to solve the mild-slope equation (2.21) have
been based on either finite difference (for example, Ebersole [14], Li and Anas-
tasiou [31] ) or finite element methods (for example, Berkhoff [2], Booij [5] ).
Efficiency of methods and accuracy of solution are obviously of considerable
importance. Chamberlain [7] has used a different approach in which the one-

dimensional mild-slope equation is converted into two integral equations, the
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solutions of which are approximated by variational techniques. For a specified
incident wave, this procedure can calculate highly accurate approximations of the
coefficients of the resulting transmitted and reflected waves, and of the free sur-
face shape, with only 2- or 3- dimensional (problem-dependent) trial spaces. As
work in the following chapters uses this integral approach, it is convenient to give
a brief description of Chamberlain’s solution method for 1-dimensional scattering

problems.

2.5 The 1-dimensional mild-slope equation

Let © and y be horizontal cartesian co-ordinates as defined in section 2.1. The
class of depth profiles now considered is such that 4 is independent of y and varies

only in some finite interval of x, so that

ho ‘v’:liﬁ(),
hy Ve>1,

h(z) =

where hg and hq are constants for a given problem, and h(z) is assumed to be
continuous on (—oo,00). In the case of a localised hump in the bed, kg and h; are
equal; they may, however, be unequal when the bed profile is that of a localised

% %

hy

M/

x=0 x=1

Figure 2.2: Vertical cross section of the fluid domain.

talud, as depicted in Fig. 2.2. In the wave motion, it is assumed that the crests
are parallel to the y axis — this implying that ¢g = ¢o(z).

The mild-slope equation is now scaled using the non-dimensionalisation pro-
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cess outlined by Chamberlain [7], which may be summarised as follows. Let

i o= %
Uz) = hiou(zac),
(&) = hioh(m;),
bo(#) = —soulld)

The following account discards the accents from these definitions in the pursuit
of a simple notation. In the above circumstances, the mild-slope equation (2.21)

may be written as

d doq 5 B
where
tanh (k7 H ) 2xTH
Ulx) = 2KT ( + sinh (QIQTH)) ’

and k£ = k(x) (= k(x)l) — the dimensionless localised wave number — is the positive

real root of

ao’t = rtanh (k7 H) | (2.28)

and where o and 7 are two dimensionless parameters given by

ol
Vgho 7

This scaling process will be used throughout this text.

T:ho/l.

Qg =

The process of converting the differential equation (2.27) and its boundary
conditions into an integral equation is made much simpler by converting (2.27)

into normal form. This is done by introducing a new variable ( defined by

Uz
(o) = dnlal| o (2.29)
Then ( satisfies
"+ K’C = pC, (2.30)

where, for the rest of this chapter, the prime denotes differentiation with respect

U"(x) U'(x) ’ 2 2
o= g~ () +e - o)

to x,
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and where the notation kg = £(0) (and &1 = k(1)) is used.

The coefficients appearing in the differential equation (2.30) are uniquely de-
fined once H, ag and 7 are assigned. The only remaining information necessary
is the choice of incident waves. On the flat bed for # < 0, the non-dimensional
mild-slope equation (2.27) reduces to ¢} + ro*do = 0. Similarly, on the flat bed
for x > 1, (2.27) reduces to ¢ + k12¢9 = 0. Therefore, we suppose in general,
that there are two incident waves with known coefficients A* propagating from
r = Zoo respectively. This will result in two outgoing waves, with unknown
coefficients B*, propagating towards z = oo respectively. Hence, on the flat
beds, we take

A~ e"oT 4 BT g <0

po(z) = . .
Ate ™ 4 Bte™s Ygp > 1,

and using (2.29) we see that the corresponding form for ( is

A~ eitor | B—e~iRow Vo <0,

‘le) = (ATemime 4 Breiae) % Vo> 1. (2.31)

We use jump conditions at = 0 and « = 1 (as H' is allowed to be discontinuous

at the ends of the varying bed) to eliminate B¥ between ¢ and (', yielding

C'(0) + ikoC(0) = 2ikoa ,

o (2.32)
C'(1) —ikoC(l) = —2ikpe " b,
where
a =c14((0) +es((1),
b = et esC(0) + (1) .
The complex numbers ¢; (7 = 1,...,6) are given by
Cc1 = A” 5
tU'(04)
Q= ———~+—+,
4/430U(0)
C3 = 0 5
k1 | U(1) (2.33)

— A-l— i(ﬁo—ﬁl)_
“ ‘ ko \ U(0)

C5:0

ZU’(l—) Rg — R1 iko
= (4/<;0U(1) LT A

23



where the terms involving " are the consequences of allowing slope discontinuities
in Hat x = 0,1. Greater detail of the derivation of these boundary conditions and
the merit of writing them in the form of (2.32) can be found in Chamberlain [6].

Linearity allows superposition of solutions corresponding to waves incident
from the left with solutions corresponding to waves incident from the right. This
removes the need to solve the problem with two incident waves. By removing one
incident wave, the amplitude of the remaining incident wave may be set equal to
unity, without loss of generality. Accordingly the two reflection and transmission

coefficients, denoted by R and T, for this problem are defined as follows.

B~ Bt
IfA+:0th€H Rl:; and TIZF

Bt B~
IfA_:()then RQZF and TQZF

The subscripts distinguish between waves incident from the left(1) or the right(2).
Now we define (; to be the solution of (2.30) and (2.32) for an incident wave from
the left (requiring AT = 0 in (2.32)). (; is defined to be the solution for an
incident wave from the right (requiring A~ = 0 in (2.32)). Using the equations
(2.31), the reflection and transmission coefficients can now be defined in terms of

¢; (7 = 1,2) in the following way.

If AT =0:
Am (2.34)
T Gi(D)e™ | U(0)
A Uy
If A= =0:
Ry — G(L)e™™ | U(0) _ 2
AT\ U 7 (2.35)
(2(0)
T2 — T .

The outgoing wave coefficient Bt comprises of two parts — that part of A~
transmitted beyond the talud and that part of A" reflected back from the talud.
We can make a similar statement about B~, and these resulting relationships can

be summarised as

Bt Ty Ry A~
B~ Ry T At
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The matrix on the right-hand side of this equation is called the scattering matrix.
Clearly, as soon as the reflection and transmission coefficients have been found,

then BT can be determined for any A*.

2.6 Integral equations and variational princi-
ples

A variation of parameters procedure shows that the boundary-value problem for

(¢ given by (2.30) and (2.32) is equivalent to the integral equation

. A ) 1
C(x) = aetror 4 he=iror — 1 [ cimole=tl () (1) dt (2.36)

2Kg Jo
With some simple algebra, this integral equation can be rewritten in terms of the

integral equation with a real-valued kernel,

C(x) = Meor 4 Ne—imov 4 2170 /01 sin (kole — t]) p(t)C(2) dt (2.37)
where
M = i — (bs + bsC(0) + bsC(1))
N =b— (by 4 b,¢(0) 4 bsC(1))
by = %(cl + ),
by = %(cz—l-c5—1) ,
by = (es + co),
by = %(cl + e R0 |
bs = g(c2 4 cse72r0)
bs = L(cs + coe™ 0 — e7R0),
and where
by (0 + BuC(1) = 1 [ g0 e (2.38)
b 4 byC(0) 4 baC(1) = 4%0 /0 Lot (1) C(8) dt (2.39)

Full details of this derivation can be found in Chamberlain [6].
The equation (2.37) can be written as an operator equation in the Hilbert

space L4(0,1), with inner product
1
()= [ s(0gtd) d .
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on defining two self-adjoint operators L and P by

(L)) = 5 [ sin (ol = ) ) d

and
(PO() = p(z)¢(2) .

Then ( € Ly(0,1) satisfies
(=Mf*+Nf~+LPC,

where

f:l: _ e:l:iﬁoac

and since p is bounded and L is a compact operator, then L P is also compact.

It follows that if there exists a solution ¢ € L4(0,1) of this operator equation,
it determines the desired function () of (2.37). This issue and others which arise
from using Hilbert space methods can be found in Porter and Stirling [51].

A summary is now presented of the approximation method employed by
Chamberlain [6] for integral equations of the form (2.37) where the function ( is
sought. The apparent difficulty posed by the free term, where end-point values of
the unknown function ¢ are contained in the constants M and N, is circumvented

by exploiting linearity. It can be shown that
((x) = (M + N)xa(z) + (M — N)xa(z) (2.40)

where the functions y; (j = 1,2) are the solutions of real-valued integral equa-

tions, that can be expressed in operator form as

AXJ = fj (] = 172) ) (241)

where A = I — LP (I being the identity operator) and the free terms f; (j = 1, 2)
are given by
fi(x) = cos (ko)
and
folz) = sin (kox) .
It follows that once y; and y, are determined, the unknown function { can

also be determined through (2.40) once the end-point values ((0) and ((1), and
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thus the coefficients in (2.40) have been found. Also, on finding ¢(0) and ((1),
then the reflection and transmission coefficients are known through (2.34) and
(2.35).

On substituting the above equation (2.40) for ( into the right hand side of
equations (2.38) and (2.39) and rearranging them, it can be shown that ((0) and

((1) are determined by solving the rank 2 system of equations

by bs o By B, cs —by cg— b C(O)
bs b B, B co —bs 3 — by (1)
()G ) G)
= — + 2 .
by B, B g — by

(2.42)

in which
By = %(An + Ajz) and B, = %(An + 20412 — Asza)
and
1 1 .
A]k = 2—/ Xj(t)p(t)fk(t) dt = —(vapfk) (jvk = 172)
Ko Jo 2K0

Stationary principles are used to generate approximations to the inner prod-
ucts Aji (J,k = 1,2) with upper and lower bounds by firstly ensuring that the
function p is entirely one-signed. This allows the non-self-adjoint operator A in
the integral equations (2.41) to be replaced by a self-adjoint one. In general, p
does not possess this property, but can be made to do so by adding to it or sub-
tracting from it a known quantity. This process requires a slight change in the
boundary conditions (2.32) which causes the definitions of the ¢; (j = 1,...6) in
(2.33) to be amended. Full details of this device are in Chamberlain [6]. With p

one-signed, a new self-adjoint operator S can be defined by

(S) (@) = s(@)x(z) ,

where

and

A =sgn(p) (that is A = £1) .
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Then the integral equations for x; (j = 1,2) given by (2.41) can be rewritten as

A)%j = Sf] (] = 172) ) (243)
where
Xi = Sx; (j=1,2)
and
A=1-)\SLS .

Clearly Ais self-adjoint and as S is bounded, SLS is a compact operator.

It is easy to show that the functionals

Jo : Ls(0,1) > R (k=1,2),
J3 : LQ(O,l) X LQ(O,l) — R

given by

Ji(p) = 2(p.Sfi) — (Ap.p) (k=1,2), (2.44)
Js(pr.p2) = (Sfiop2) + (p1, Sfa) — (Api, p2) (2.45)

have stationary values

(X1, 5f2) = Alxa, Pfo)
respectively. Problem-dependent, N-dimensional trial functions p; and ps given

by

N
Pr=_ al(LP)" fi (k=1,2) (2.46)
n=1
are used to approximate y; and Y, respectively, for some ¢* € IR (n=1,...,N).

Substituting p; and py in the above functionals generates approximations to the
inner products Ajx (7, k = 1,2) which are second-order accurate compared with
the approximations to the unknown functions y; and ys. The unknown con-
stants, a®(n = 1,...,N), are chosen so as to make the functionals (2.44) and
(2.45) stationary within the N-dimensional trial spaces (see Chamberlain [6] for
details). To clarify the notation, we shall denote the functions py (k = 1,2) deter-
mined by the first functional (2.44) as & (k = 1,2) respectively, and the functions
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pr (k= 1,2) determined by the second functional (2.45) as py (k = 1,2) respec-
tively.
The further assumption that there exists b > 0 such that Vp € L5(0,1),

blpll* < (Ap,p) < alpl® . (2.47)

where the existence of an a > 0 is guaranteed since A is a bounded operator,

establishes the following upper and lower bounds on the inner products of interest:

Ti(ér) —HA&—kaH (R S i) < Jul8e)+ HAfk—kaHz (k=1,2) (2.48)

and

Glpin, p2) — Rpa, p2) < (X1, 5f2) < Gpas p2) + R(p, p2) (2.49)

where the functionals G and R are given by

171 1 n n
Gl ) = Jslpaas i) + 5 (5 + ) G = S o, A = S12)

and

1/1

Ripo) = 5 (5 = =) [ Am =S [~ 5]

An excellent derivation of these upper and lower bounds may be found in Porter
and Stirling ([51],pp.254-257,261-263). Approximations to ¢ and b can be found
in Chamberlain [6]. Disappointingly, the approximation to b can be negative in
certain cases, resulting in just a stationary approximation to the inner products
with no upper and lower bounds.

The implementation of the solution process follows by firstly assigning H, oy,
7 and the direction of the incident wave. Then, after ensuring p is one-signed (by
adjusting it to make it so if necessary) and choosing the dimension of the trial
space, the trial functions given by (2.46) are generated and the approximations
J1(&1), Jo(&2) and Js(pq, p2) to the inner products (x;, Pfi) (j,k = 1,2) are
calculated. Upper and lower bounds to the inner products are also calculated if
b > 0. Then the rank 2 system (2.42) is solved to give the approximations to
¢(0) and ¢(1). Finally (2.34) and (2.35) are used to deliver approximations to the
reflection and transmission coefficients, and when 6 > 0, upper and lower bounds
on the reflected and transmitted amplitudes are also found. The approximation

to (, and thus the free surface shape, can then be found through (2.40).
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Chamberlain [7] has shown that 2- or 3- dimensional trial spaces can result in
the determination of approximations to the reflection and transmission coefficients
to machine accuracy.

This integral approach can also be used with the linearised shallow water e-
quation and Eckart’s equation with certain modifications. Chamberlain [6] has
done this for the linearised shallow water equation, and the necessary modifica-
tions required to use this integral approach to solve Eckart’s equation are given

in Chapter 3.
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Chapter 3

Further development of

Chamberlain’s theory

In this chapter some extensions to the work appearing in Chamberlain [7] & [8]
are presented. A new computationally cheap integral equation solution method
is developed for the three model equations mentioned in Chapter 2, namely the
mild-slope equation, Eckart’s equation and the linearised shallow water equation,
over a range of parameter values. This method uses the approximation methods
discussed in section 2.6 but with a new choice of trial functions. Eckart’s equation
is further investigated and improvements to it are suggested. Finally, the sym-
metry properties of the solutions of the three model equations are studied, and
an unexpected property is discovered that any approximations of the solutions

still possess the symmetry properties.

3.1 Introduction to approximation methods

This section begins by illustrating the interest in solving the model equations
over a continuous range of their parameters for a specified bed shape. Booij [5]
provided some experimental evidence concerning the accuracy of the mild-slope
approximation to the velocity potential ¢ satisfying (2.13). As a part of that
paper, a talud problem was considered and a graph (see Fig.3.1) was presented
of reflected amplitude (|R]|) given by the mild-slope equation against Wj, a pa-

rameter which denotes the length of Booij’s talud. In terms of the notation used
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in Chapter 2, the dimensionless parameters of the mild-slope equation are given
in terms of W, by ag = W,/v/0.6 and 7 = 0.6/W, (See Chamberlain [6] p.114
for details). Booij computed |R| using full linearised theory and superimposed
it onto his graph, observing that the two sets of results coincide for talud slopes

with gradient < 1/3 (that is, for values of W > 1.2).

T T
H + .
+
107" .
o
— Mild-slope approximation
+  Full linear
-2
10 ‘ ‘ ‘ ——
107 10°
W

Figure 3.1: Reflected amplitude over the depth profile H(x)=1-2/32(0< 2 < 1).

In the absence of any analytical estimates of the accuracy of the mild-slope
approximation, experimental evidence, such as this provided by Booij, has become
invaluable.

Another property coastal engineers are interested in is the wave number at
which, for a given shape of bed, a significant part of the wave is transmitted.
An easy way to find this information is to solve the model equations over a wide
range of wave numbers and present the results graphically, as in Fig.3.1.

So, it is obvious that there exists much interest in finding solutions of our
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three model equations over a range of their parameters. From Chapter 2, we
know that in a fluid, of undisturbed depth H = H(x), the non-dimensional mild-

slope equation is given by

4 (U%) + 1 Ude =0, (3.1)

dx dx
where
tanh (k7 H ) 2kTH
_ - 2
Ul 26T ( + sinh (QIQTH)) ’ (3:2)
and & = k(x) is the positive real root of the dispersion relation
ao’t = wtanh (k7 H) . (3.3)

The integral equation method, given in section 2.6, can be used to solve the mild-
slope equation for a wave incident from = = 400 on a given depth profile for
some ag and 7 and gives extremely accurate approximations to the coefficients
of the resulting reflected and transmitted waves. These coefficients are defined
in Chapter 2, and are denoted by Ry and Ty (k = 1,2), where the subscripts
distinguish between waves incident from @ = —oo (1) and = oo (2). The integral
equation method involves using variational principles to generate approximations
to the inner products (x;, Pfr) (4, k = 1,2) and approximations to the solutions
Xk (k=1,2) € L3(0,1) of the integral equations

(I —LP)xx = fr (k=1,2). (3.4)
Here, the operators L and P are defined by

(1)) = 5 [ sinlmale —t)x(@) de and  (P)@) = ple(e) s (35

with ko = £(0), the solution of the dispersion relation (3.3) at = 0, and p = p(x)

given by ,
p(z) = gUEg - (;U((z))) + k2 k3(2), (3.6)

where, for the rest of this chapter, the prime denotes differentiation with respect

to @ and the functions U and « are defined by (3.2) and (3.3) respectively. The
free terms fi, (k' =1,2) in (3.4) are defined by

fi(x) = cos (ko) and fo(a) = sin (ko) . (3.7)
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The results presented in Fig.3.1 were obtained by using the integral equation
method to find extremely accurate approximations to Ry and Ty (k = 1,2) given
by the mild-slope equation at 170 values of o and 7.

In Chapter 2, we used maximum principles to generate approximations to
(xk, Pfr) (k= 1,2) and approximations & (k = 1,2) to the unknown functions
Xt (k= 1,2) respectively. A stationary principle is also used to generate an
approximation to (x1, Pf2) and approximations u; (k = 1,2) to xx (k = 1,2)
respectively. We also saw that when the operator A is bounded above and below

— that is ¥p € Ly(0,1),

blpll* < (Ap,p) < alpl® ,

where b > 0, then we can find upper and lower bounds on our approximation-
s to (xj, Pfr) (4, k = 1,2). The maximum error in the estimates of |Ry| and
|T%| (k = 1,2) can then be calculated. We have also shown in Chapter 2 that
the approximations to the inner products (v;, Pfr) (j,k = 1,2) and therefore
the approximations to Ry and Ty (k = 1,2) are second-order accurate compared
with the approximations to the unknown functions y; and ys. In other words,
requiring the maximum error in |Rg| and |T%| (k = 1,2) to be O(107®) is approx-
imately equivalent to requiring the maximum norm of the residual errors (that is
?5105{”(] — LPY. — fell, (I — LP)uy — fe||}) to be O(10™*). Examples illus-
traéing this can be found in Porter and Stirling ([51] Chap. 8).

For the results presented in Fig.3.1, at values of ay and 7 where our approx-
imation to b is greater than zero, extremely accurate approximations to Ry and
Ty (k = 1,2) are such that the maximum error in |Ry| and |T;| (k = 1,2) is
O(107®) for all values of ag and 7. In the case where our approximation to b is
negative, then we do not have any upper and lower bounds on our approxima-
tions to (x;, Pfe) (j,k = 1,2). However, we still know that the approximations
to these inner products (and hence to Ry and Ty (k = 1,2)) are second-order
accurate compared with the approximations of y; and ys. Therefore, at values
of ag and 7 where no upper and lower bounds exist, we use the fact that the er-
ror in |Rg| and |Ty| (k = 1,2) is approximately O(ir:l??%{H(]—LP)fk AT
(1 — LP)uy, — kaZ}) Hence for the results presented in Fig.3.1, where no
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upper and lower bounds exist, extremely accurate approximations to Rj and
Ty (k = 1,2) are such that ilg&f)g{”(]— LPY — fill, ||(I = LP)ug — fill} is
O(10™*) for all values of ag and T

In future, whenever we specify the accuracy in the approximations to the re-
flection and transmission coefficients of any of the model equations, we shall just
give the maximum error in |Rg| and |Tx| (k = 1,2). In the case where the upper
and lower bounds do not exist, this will imply that ir:l?)g{"(] — LP)&, — ka27
(1 — LP)uy, — kaz} is the same order of magnitude as the maximum allow-
able error in |Ry| and |Ty| (k = 1,2). This will not be mentioned again in the
next sections, but it is the policy employed whenever the approximation to b is
negative.

Many coastal engineers would consider approximations to the reflection and
transmission coefficients generated by Chamberlain’s method as too accurate for
applications. Instead, approximations that are correct to two significant figures
(2.s.f.) would be considered quite adequate. So we now arrive at the following
question: can the accuracy of the Chamberlain solutions be relaxed, enabling less
accurate solutions of the model equations to be generated over a parameter range
at a much reduced computational cost?

Sections (3.2) and (3.3) show that this is indeed possible for all three model
equations of interest. We shall concentrate on developing the new approximation
method to solve the mild-slope equation. Once this has been completed, the
minor changes required for the method to encompass the other model equations,

the Eckart equation and the shallow water equation, will be given.

3.2 A one-dimensional trial space approxima-
tion

3.2.1 Outline of method

Chamberlain’s method, summarised in Chapter 2, solves the mild-slope equation
by converting it into an integral equation. The solution of the integral equa-

tion was found through a rank two system of equations, once approximations
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to the solutions y; and x2, of the real-valued integral equations (3.4) and to
the inner products (v;, Pfr) (j, & = 1,2) had been obtained. For convenience,
we shall recap the variational method used to obtain approximations to yi, Y2
and (v, Pfi) (j,k = 1,2), as this is where we shall seek to make computational
savings.

Now, with the p function one-signed, we define a new self-adjoint operator S
by

(Sx)(@) =/ Ap(x)x(x) ,

where A = sgn(p) (that is, A = £1). The integral equations for x; (k = 1,2)

given by (3.4) can be rewritten as
A = She (k=1,2),

where Y, = Sy and A=1-\SLS.
The functionals Ji, : L2(0,1) — IR (k=1,2)and J3: L[2(0,1)xL3(0,1) = R
given by

Ji(p) = 2(p.Sfi) — (Ap.p) (k=1,2), (3.8)
Js(pr,p2) = (Sfi,p2) + (p1, Sf2) — (Apy, p2) (3.9)

have stationary values
(Xks Sfr) = Mxw, Pfr) (k=1,2),

()A(th?) = A(X17Pf2)

respectively. Problem-dependent, N-dimensional trial functions p; and ps given

by

N
Pr=_ al(LP)" fi (k=1,2) (3.10)
n=1
are used as approximations to y; and y, respectively, for some a* (n=1,...,N).

We generate approximations to the inner products (v;, Pfx) (4,k = 1,2) by sub-
stituting p1 and ps into the functionals given by (3.8) and (3.9). The approxi-
mations to (v;, Pfr) (j,k = 1,2) are second-order accurate compared with the
approximations p; and py to the unknown functions y; and ys. The unknown

constants, a®(n = 1,..., N), are chosen so as to make the functionals (3.8) and
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(3.9) stationary within the N-dimensional trial spaces. We shall denote the func-
tions pr (k = 1,2) determined by (3.8) as { (k = 1,2) respectively, and the
functions py (k = 1,2) determined by (3.9) as uy (k = 1,2) respectively.

As already noted, the Chamberlain solutions, &, and u; (k = 1,2), are very
accurate approximations to the solutions y; and y» of the integral equations (3.4),
but they also require considerable computer time to determine. The integral
equation solution method we have used to solve the mild-slope equation at each
value of ag and 7 employs this expensive process of generating the Chamberlain
solutions. Instead of this, we shall use the Chamberlain solutions at a chosen
ap and 7 to approximate y; and ys in the neighbourhood of oy and 7. In the
present circumstances, we only need to consider problems where 7 is either fixed
or is a function of ag, as in the problem considered by Booij [5] given in section
3.1, where 7 = V0.6 /. In the following we shall only refer to the value of ag at
which we are solving the problem, and we shall not mention 7 as we automatically
know its value once «y 1s assigned.

A superscript is now introduced into our established notation to denote the
value of ap at which each operator, function and functional is evaluated.

We introduce the 1-dimensional trial functions
pr = il (k=1,2) (3.11)

as approximations to {° and y5° , for some r; € R (k =1,2) determined so as
to make the functional (3.8) stationary. Therefore, substituting (3.11) into (3.8),

we see that
T (pr) = JE0(ri) = 2r (€70, S f0) — vk (A%ogle, &°)  (h=1.2)

regarded as a function of ry, is stationary where

dJge
drk

=0 (k=12).

Hence the constants ry, (k= 1,2) are given by

(&, s )
(Angie, &)

Ty =
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and the approximations to the inner products (Xgo, Pdof,fo) (k=1,2) are

(ao Soiofdo)z
(Asogge, &)

Jo(pr) =

respectively.
To find an approximation to the inner product (Xfo, Pdofzdo), we use the

1-dimensional trial functions

Qe = Vepy (k=1,2) (3.12)

as approximations to x5° and \5°, for some v, € IR (k = 1,2) determined so as
to make the functional (3.9) stationary. Therefore, substituting (3.12) into (3.9),

we see that

I3 (q1,42) = J5°(31.72)
=7 (SO F, 150) o (150, SUf°) — e (Aopge, ps?)

is stationary where )
0.J35°

67k

=0 (k=1,2).
Hence the constants v; (j = 1,2) are given by

(5% f, w5
(Aaolul ’ ;u2 )

T =

and

(5o, S 15°)
(Aaolh . B )

and the approximation to the inner product (Xfo, peo fzao) is

Y2 =

(S fio, uge) (uso, S f5°)
(Aaolh T ) ‘

J5 (g1, q2) =

The approximations to y5° and y5° given by (3.11) and (3.12) are very much
quicker to compute than the N-dimensional Chamberlain solutions, given by
(3.10), when N > 1. It is clear that the approximate solutions (3.11) and (3.12)
will not be accurate enough if |dy — apl is too large. So, where the error exceed-
s a given tolerance, we choose a new g, find the Chamberlain solutions there,

and then the approximate solutions (3.11) and (3.12) in its neighbourhood. This
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process, of solving the mild-slope equation over a range of values of «g, can be
continued in such a way as to minimise the number of Chamberlain solutions
required. Remember, from section 3.1, that the tolerance in the error will be
given by the maximum allowable error in the amplitudes of the reflection and
transmission coefficients.

We note that after this new choice of trial functions has been used to generate
the approximations to 5%, v5° and (X?O,Pdof,fo) (j,k = 1,2), we revert back
to the same stage in the integral equation procedure given in Chapter 2 to find
the resulting reflection and transmission coefficients.

Now we are in a position to use this method. It is implemented by firstly
assigning the depth profile H, the tolerance in the error, the initial and final
values of ap and the increment to be added to g to give the next «ag at which
a solution is to be found. Chamberlain’s method, outlined in Chapter 2, is used
to solve the mild-slope equation at the initial ag, to give the extremely accurate
solutions, remarked about in section 3.1. The increment is then added to aq and
we now use the new 1-dimensional method to generate the solutions at this ay.
The solutions are then checked to make sure the error is within the user specified
tolerance. We carry on in this manner until the error exceeds the given tolerance,
and at this ap we use Chamberlain’s method again to generate extremely accurate
solutions. Then at the next oy we revert back to the new 1-dimensional trial
functions to generate the solutions again, and we carry on in this manner until

solutions of the mild-slope equation have been found over the desired g range.

3.2.2 Results

Solutions of the mild-slope equation can be obtained using this new 1-dimensional
trial space method in a greatly reduced computational run-time compared with
using solely Chamberlain’s procedure at each successive ag. However, the ag
range over which these ‘cheap’ solutions can be obtained has an upper limit,
Qmax- This means that whatever the tolerance specified in the error of the ‘cheap’
solutions, the new method still has to use Chamberlain’s procedure to generate
the solutions at all the desired solution points ag, where ag > amax. Therefore no

more computational savings are possible at these ag. The value of .y decreases
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as we increase the tolerance in the error (and so increase the accuracy) of the
‘cheap’ solutions. Also, for a fixed tolerance in the error, we find that the value
of amax varies from one depth profile to another.

Consider, for example, the solution of the mild-slope equation (MSE) for the
test problem of Booij [5], mentioned in section 3.1, for an incident wave of unit

amplitude from the left. Here the depth profile is given by

H(:z;)zl—%x 0<x<1).

In section 3.1, Chamberlain’s method was used in generating extremely accurate
solutions of the MSE for this problem with «aq taking values between 0.05 and 8.5
at intervals of 0.05 (with 7 given at each value of ag by 7 = \/ﬁ/ao) to produce
the results seen in Fig.3.1. This required the use of a 3-dimensional trial space
for ap < 2 and a 6-dimensional trial space for ag > 4. The total CPU run-time
required to generate all these results was 51m 55s. It should be noted that the
same Sun 1 workstation was used to generate all the CPU run-times for all the
methods used in this chapter.

The new method is now used to solve this problem for the mild-slope equation
over the same «ag range. We choose the tolerance in the error to be a minimum
of 2.s.f. accuracy in |Ry| and |Tk| (k = 1,2). The new method produces ‘cheap’
solutions at the 29 values of g in the range [0.05, 1.45]. For all ag > amax = 1.45,
our new method has to use Chamberlain’s method to generate the solutions.
Fig.3.2 depicts the amplitude of the reflected wave, generated by both methods
over the ag range from 0.05 to 1.45, against W (the parameter used by Booi]
[5] in his corresponding graph), where W, = v/0.6cp. As one would expect with
these prescribed tolerances in the error, there is practically no difference in the
two sets of results. The new method uses Chamberlain solutions at 5 values of
ag, which are

ap = 0.05, 0.95, 1.2, 1.4 and 1.45 ,

to generate results over the o range from 0.05 to 1.45. Thus the number of
Chamberlain solutions required to generate the results is reduced from 29 to 5,
that is, by a factor of 6. This significant decrease in the number of Chamberlain

solutions required is reflected in the decrease of the CPU run-times. The total
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— MSE: New 1-D method
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10° 10

Figure 3.2: Reflected amplitude for the depth profile H(x)=1—2/32 (0<x < 1).

CPU run-time to generate these results by Chamberlain’s method is Tm 39s.
The total CPU run-time required by the new method is 3m 54s and so the total
CPU run-time has been reduced by 49%. This large reduction in CPU run-times
is not as significant as the reduction in the number of Chamberlain solutions
used, because at the values of ap where Chamberlain solutions are not used, the
solutions generated by the new one-dimensional trial functions still have to be
calculated there.

Similar results were found in tests with other bed profiles. So the new method
produces solutions accurate to 2.s.f. in a greatly reduced CPU run-time over an
ag range where the largest ag value is still small (< 2).

However, if solutions of the MSE, that are accurate to 2.s.f., are desired over a
range of ag where the initial ag > apayx, then clearly the new method achieves no
computational savings. In order to resolve this problem, we need to understand
the reason why the new method cannot generate accurate enough solutions at
Qg > Qmax-

Chamberlain [7] notes that the dimension of trial space required to achieve

a constant level of accuracy rises as ag increases. This happens because ||P||
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and hence ||LP|| increase with g, making more terms in the trial functions
pr (k= 1,2) given by (3.10) (and consequently larger trial spaces) necessary
to be assured of the desired accuracy. Correspondingly, the new approximation
method has to resolve the problem via Chamberlain’s method at more frequent
intervals for larger a. This occurs because as «aq increases, ||P|| increases and

0

hence p(x) and the solutions, x7° and Y3°, of the integral equations (3.4) change

more rapidly from one value of ag to the next. Fig.3.3 depicts the approximations,
1% and £5°, to the solutions x7° and x5° of (3.4) from the previous example at
two different values of ag. At the smaller value of ag, the £5° approximation has
a zero, whilst at the larger «g, both approximations have zeros and the position
of the zero in the £5° approximation is different from that in the smaller ay case.
Thus, it is easy to understand why there is a maximum value of ay = ay.x for
which at any dp > dg > amax the trial approximations lefo and 02535, where

C; (j = 1,2) are some constants, will be a poor approximation to v and ySe.

Hence the minimum practical trial space dimension is two.

3.3 A two-dimensional trial space approxima-

tion

3.3.1 Outline of method

The one-dimensional trial space method described in section 3.2 used Chamber-
lain solutions at a chosen ag to approximate the solutions of the integral equations
(3.4) in the neighbourhood of ag. The two-dimensional trial space method uses
Chamberlain solutions at two particular choices of o, denoted by dg and apg (with
ap < ofo), to approximate v and y5° at the intermediate values oy, that is at

do € (ap, o?o) . So we use the two-dimensional trial functions
Pr = TR+ skéR (k=1,2) (3.13)

as approximations to x$° and \3°, for some r; and s, € IR (k =1,2) determined

so as to make the functionals (3.8) stationary. Therefore, substituting (3.13) into
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Figure 3.3: Comparison of Chamberlain solutions at two values of ag
the functional (3.8), we see that
Jeo(pe) = T (ks i)
= 2 (&, SUOL) + s (60, ST (k=12
— [17 (A%, &) +2msi (AR, 6°) + 57 (Ame, )]

regarded as a function of ry and s (k = 1,2), is stationary where

0J;, _ 0 and 0J;,

= k=1,2).
8rk &sk 0 ( 7)

Hence the constants r and s (k = 1,2) are given by the rank two system,

(dvoge, ) (Asg gg ) (g S0 fio) (k=1,2).

(g, g0) (g, g7) J\ s )\ (68 sos2)
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The approximation to the inner products (Xgo, peo f,?o) (k= 1,2) are therefore
given by J°(pr) (k =1,2) respectively.
To find an approximation to the inner product (Xfo, Pdofzdo), we use the

two-dimensional trial functions

G = PpE A+ Ol (k=1,2) (3.14)

0

as approximations to x$° and \5°, for some ~; and 6, € IR (k =1,2) determined

so as to make the functional (3.9) stationary. Therefore, substituting (3.14) into
the functional (3.9), we see that

T3 (a1, a2) = (1,72, 61, 62)
= o (SPLL p) + b (SPLT )
o (i ST 4o (i, 5 L0)
- [7172 (A ps, p5) +16; (Aopg, ps)
8172 (A%opgo, pgo) + 618y (Ao, /@:0)] :
regarded as a function of 4, and & (k = 1,2), is stationary where
0J5°

~0 d
O o 6%

01" (k=1,2).

Hence the constants 77 and é; are given by the rank two system,

(Ao, ) (Aps® ) Y [ ) _ [ (50, we)

(Ao?olufo7 Iug:o) (AOZO,M?ZO, Iug:o) 8 (Soio flO?O7 Iug:o)

and the constants 7, and 6, are given by the rank two system,

(Ao, ) (A, wi) ) [ 2 (i 1)
(Aopi, ) (A%, pg0) )\ o (i, S0 15°)

The approximation to the inner product (Xfo, Pdofzdo) is therefore given by
J5°(q1,q2). Once approximations to y5°, v5° and (X?O,Pdof,fo) (J, k = 1,2),
have been obtained, we revert back to the same stage in the integral equation
procedure given in Chapter 2 to find the resulting reflection and transmission

coeflicients.
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Clearly, the approximations to y5° and y5° given by (3.13) and (3.14) are
very much quicker to calculate than the N-dimensional Chamberlain solutions,
given by (3.10), when N > 1. We shall refer to the solutions generated by the
trial functions (3.13) and (3.14) as the ‘cheap’ solutions. It is obvious that the

(o3

approximations (3.13) and (3.14) to x5°, v5° will not be accurate enough for all
do € (ap, ofo) if (ofo — dp) becomes too large. We recall from section 3.2, that as
ap increases, || P|| increases and so p(x) and the solutions of the integral equations
(3.4) vary more rapidly from one value of ag to the next. Therefore the length
of the interval (dp, ofo), where the error in the ‘cheap’ solutions found at the
intermediate doy € (d, ofo) is within the specified tolerance, will decrease as ajy
increases.

The worst approximations to the functions y5°, y5° and the inner products
(Xfo, Pdof,fo) (j, k = 1,2) will occur when dy has a value close to the mid-point
of the interval (do, ofo). Therefore a check is made to see whether the error in
the ‘cheap’ solution at ap = l(do + ofo) is within the specified tolerance. If the

2

error at ag = %(do + ofo) is within the given tolerance, then the trial functions
(3.13) and (3.14) are used to generate the solutions at all the dy € (ap, ofo). In
the unlikely case that the error in one of these ‘cheap’ solutions does exceed the
tolerance, we proceed as if the error in the ‘cheap’ solution at the mid-point of
(do, ofo), that is, at dp = %(do + ofo), has exceeded the given tolerance.

If the error in the ‘cheap’ solution at ag = %(do + o?o) exceeds the given
tolerance, the Chamberlain solutions at ag are saved and a new set of Chamberlain
solutions are found at ag = %(o?o + ofo), and we check the error in the ‘cheap’
solution at the mid-point of the interval [do, 3(do +ap)]. This process is repeated
until an interval [ag, o] has been found in which the error of the ‘cheap’ solution
at all the intermediate ay is within the specified tolerance. We now move onto the
next interval [af, af*], where the Chamberlain solutions are known at «p = a
and the value of aj* has to be chosen. If we suppose we know the Chamberlain

solutions at values of aq given by

2)

of < oV < g <. <™ < ap

then we choose af* = ag(!) and the whole process starts again. If no Chamberlain

solutions are known at values of cg > «f, then g is chosen according to the size
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of the maximum error in all the ‘cheap’ solutions found in the previous interval
[ao, aj]. We use the following ‘rule of thumb’ to choose af*. If the maximum
error in the ‘cheap’ solutions found in the interval [ag, o] is 2 (or more) orders
of magnitude smaller than the specified tolerance, then of* is chosen so that the
length of the interval [of, a5*] is greater than the length of the interval [ag, of).
It the maximum error is the same order of magnitude as the specified tolerance,
then a3 is chosen so that the length of the interval [af, af*] is less than the
length of the interval [ag, af]. Otherwise ag”* is chosen so that the length of the
interval [af, ag]is equal to the length of the interval [ag, af]. The Chamberlain
solutions are then found at of* and the whole process starts again.

We clarify this situation in the following example. Fig.3.4 depicts a typical

situation. In this case, the errors in all the ‘cheap’ solutions found in Interval

Interval 1 Interval 2 Interval 3 Interval 4

' Error in ‘cheap’ solution |
' at mid-point exceeds

|

' the tolerance

|

3 Interval 2A Interval 2B 3

| ! : . ! . .

' Maximum error in the ' Maximum  : Maximum ' MaXimum error in

| L | . 3 . | . |

1 ‘cheap’ solutions is rerrorinthe  errorinthe . the ‘cheap’ solutions

| ‘cheap | ‘cheap | is the same order

| solutions is ! solutions is | . |
: , of magnitude as the |

1 3orders of 3 ordersof I

' 1 order of magnitude

i
i less than the tolerance
|

| | .
' magnitude | magnitude tolerance
 less than the : less than the |
| tolerance ! tolerance
| :
; > i e Y 1 0
1) 2) (3) (6)
o, o, o, o, o, a,

Figure 3.4: An example situation depicting the values of ap at which Chamberlain

solutions are found.

1 are within the specified tolerance. No Chamberlain solutions are known at
ag > ap® and the maximum error of all these ‘cheap’ solutions is 1 order of
magnitude less than the tolerance. Therefore, the next value of «g at which
Chamberlain solutions are found is chosen so that the length of Interval 2 is
equal to the length of Interval 1. This value of aq is denoted by ag® in Fig.3.4.
The error in the ‘cheap’ solution at the mid-point of Interval 2 is not within the

tolerance. Consequently, Chamberlain solutions at ap =mid-point of Interval 2
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are found. This value of «ag is denoted by ao® in Fig.3.4. The errors in the
‘cheap’ solutions in Interval 2A are within the tolerance, and as the Chamberlain
solutions are known at ag = ap® > ozo(?’), the next interval is 2B. Here the errors
in the ‘cheap’ solutions are also within the tolerance. No Chamberlain solutions
are known at ag > ap® and the maximum error of all the ‘cheap’ solutions found
in Interval 2B is 3 orders of magnitude less than the tolerance. Therefore, the
next value of ag at which Chamberlain solutions are found, which is denoted by

ao® in Fig.3.4, is chosen so that
length of Interval 2B < length of Interval 3 < length of Interval 2.

Here, the upper bound arises because sufficiently accurate ‘cheap’ solutions could
not be obtained at all values of agp in Interval 2, and therefore could not be
obtained in Interval 3 if it had the same length as Interval 2. The errors in the
‘cheap’ solutions found in Interval 3 are within the tolerance, with the maximum
error being the same order of magnitude as the tolerance. As no Chamberlain
solutions are known at ag > ozo(S), the next Chamberlain solutions are found at
oy = ozo(G), where ap(® is chosen to make the length of Interval 4 less than the
length of Interval 3. The process continues like this until solutions have been
found for the required g range.

We are now in a position to use this method. It is implemented by firstly
assigning the depth profile H, the tolerance in the error, the initial ag range
(do, ofo), the final value of «g, the relationship between ag and 7 and the incre-
ment to be added to «ag to give the next ap at which a solution is to be found.
Chamberlain solutions are then found at ap = dp and at ag = ao and the method
outlined in the last few pages is used to generate solutions of the mild-slope

equation over the desired ag range.

3.3.2 Results

The two-dimensional trial space method works excellently with the mild-slope
equation, in the sense that solutions satisfying a minimum accuracy requirement
can be obtained over an o range, using a small number of Chamberlain solutions,

in much less CPU time than just using Chamberlain’s procedure at each successive
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ap. The problem of the one-dimensional trial space method concerning the small
range of values of ag over which ‘cheap’ solutions could be obtained does not
arise.

Let us consider the example we tested the one-dimensional trial space method
on. Here we seek the solution of the MSE for an incident wave of unit amplitude

from & = —oo over the depth profile given by
Hz)=1--x 0<x<1).

We shall use the two-dimensional method to solve this problem for the 170 values
of ap between 0.05 and 8.5 at intervals of 0.05 (with 7 given at each value of ag
by T = mgo). We again choose the tolerance in the error to be a minimum of
2.s.f. accuracy in |Ry| and |Ty| (k = 1,2). The two-dimensional method produces
‘cheap’ solutions over the g range [0.05,8.5], and uses Chamberlain solutions at

18 values of ag, given by

ao = 0.05,2.0,2.5,3.0,3.7,4.05,4.4, 4.7,
5.0,5.5,6.0,6.5,6.75,7.0,7.4,7.8,8.2 and 8.5 .

Thus, the number of Chamberlain solutions required to generate the results has
been reduced from 170 to 18, that is, by a factor of 9. This significant decrease in
the number of Chamberlain solutions required to generate the results is reflected
in the large decrease of the CPU run-times. The total CPU run-time to gener-
ate these results by Chamberlain’s method is 51m 55s. The total CPU run-time
required by the new method is 34m 48s, which represents a saving of 33%. This
reduction in CPU run-times is not as significant as the reduction in the number
of Chamberlain solutions used, because at the values of ay where Chamberlain
solutions are not used, the solutions generated by the new two-dimensional trial
functions still have to be calculated. The solid, higher line in Fig.3.5 depicts the
reflected amplitude given by the mild-slope equation plotted against the param-
eter W (as used by Booij [5]) generated by both methods. As one would expect
with these prescribed tolerances in the error, there is practically no difference
between the two sets of results.

Now that we have a method that works well with the mild-slope equation, we

are in a position to make slight amendments so that it encompasses the other two
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Figure 3.5: Reflected amplitude over the depth profile H(x)=1-2/32(0< 2 < 1).

model equations. In fact, all that is required is to replace the mild-slope U and &
functions given by (3.2) and (3.3) by the corresponding Eckart and shallow water

ones. Thus in the case of Eckart’s equation we use
1 — e—2(a07)2H

Ule) = 2(apT)?

and

k(x) = \/(a027)2 coth ((ey7)?H) .
In the case of the shallow water equation we use k(x) = ag and U(x) = H(x).
In order to compare the mild-slope and Eckart results, we shall also solve

Eckart’s equation over the talud with depth profile given by

2
H(:z;)zl—gx 0<x<1),
for a wave of unit amplitude incident from * = —oco. We seek the solution of

Eckart’s equation for values of ag between 0.05 and 8.5 at intervals of 0.05 (with
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7 given at each value of ag by 7 = v/0.6a). Using Chamberlain’s method to gen-
erate extremely accurate solutions of Eckart’s equation, with three-dimensional
trial spaces for ap < 2 and six-dimensional trial spaces for ag > 4, has a total CPU
run-time of 49m 37s. The two-dimensional trial space method with the tolerance
in the error set to be a minimum of 2.s.f. accuracy in |Ry| and |T;| (k = 1,2),

uses Chamberlain solutions at 19 values of «q, given by

ao = 0.05,1.5,2.0,2.5,3.2,3.55,3.9, 4.2, 4.5,
5.0,5.5,6.0,6.5,6.75,7.0,7.4,7.8,8.2 and 8.5 .

Therefore, the number of Chamberlain solutions required has been again reduced
by a factor of 9. The total CPU run-time required is 33m 52s, which represents a
saving of 32% in CPU time compared with using Chamberlain solutions at each
value of ag. The dashed, lower line in Fig.3.5 depicts the reflected amplitude given
by the Eckart’s equation plotted against the parameter Wy (as used by Booij [5])
generated by both methods. Again, with these prescribed tolerances in the error,
there is practically no difference in the two sets of results. The difference in the
Eckart and mild-slope results are discussed in section 3.4.

As a different example, we shall solve the shallow water equation (SWE) over

the trench whose depth profile is given by
H(z)=1+2(1 - 2% 0<z<1),

for a wave of unit amplitude incident from * = —oco. We seek the solution of
the SWE for the 200 values of oy between 0.05 and 10.0 at intervals of 0.05.
Using Chamberlain’s method with three-dimensional trial spaces for oy < 2 and
six-dimensional trial spaces for oy > 4, has a total CPU run-time of 58m 58s.
The two-dimensional trial space method with the tolerance in the error set to
be a minimum of 2.s.f. accuracy in |Ry| and |T;| (k = 1,2), uses Chamberlain

solutions at 19 values of ag, given by

ap= 0.05,2.0,3.0,4.0,4.5,5.0,5.7,6.4,6.75,7.1,
7.6,8.1,8.35,8.6,9.0,9.2,9.4,9.7 and 10.0 .

Now the number of Chamberlain solutions required has been reduced by a factor

of 10, and the total CPU run-time is 38m 26s. This represents a saving of 35% in
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CPU time compared with using Chamberlain solutions at each value of ag, which
is slightly higher than that achieved in the mild-slope and Eckart examples due to
the larger decrease in the number of Chamberlain solutions used. From Fig.3.6,

we notice that there is no observable difference in the results, as expected with
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0.1 — New 2-D method

Chamberlain method

0.08

0.06

0.04

0.02

Figure 3.6: SWE reflected amplitude for depth profile H (z) = I4a(1—2?)(0 <2< 1).

the choice in the tolerance of the errors. Similar percentage savings have been
found for all three model equations on all bed profiles tested, with the tolerance
in the error as specified above.

This section has shown that the two-dimensional trial space method signif-
icantly reduces CPU run-times by approximately one third for all three model
equations on all depth profiles tested. Although this is an excellent improvement,

we can do even better as shown in the next subsection.
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3.3.3 Extra computational saving

A further source of computational saving can be effected without compromising
the approximations already described. As already mentioned in this chapter, by
substituting trial functions £,° (k = 1,2) into the functionals J;° (k = 1,2), given
by

TROE0) = 2060, 570 ff0) — (A%ge,g0)  (k=1,2),

we generate approximations to the inner products
(xp, Pfio)  (k=12). (3.15)

Similarly, by substituting trial functions p;° (k = 1,2) into the functional J5°,
given by

JEO(pS0, 15 ) = (U7, 970 f3°) + (S f°, 15°) — (A% i, p5°)

we generate an approximation to the inner product

(x7°, Pefso) . (3.16)

The trial functions £7° (k = 1,2) are determined by making the functionals
J° (k = 1,2) stationary within their respectful trial spaces. Similarly, the trial
functions pp° (k = 1,2) are determined by making the functional J35° stationary
within its trial space. It was noticed that if £° (k = 1,2) were used in the
functional J5° to estimate (x7°, P®° f5°), this estimate was the same, to 5.s.f.,
as that obtained when p3° (k = 1,2) are used in J5°. The previous tests that
we have used to check the accuracy of the reflection and transmission coefficients
revealed that the maximum error in |Ry| and |T%| (k = 1,2) using both choices of
trial function in J5° was the same order of magnitude, with neither choice always
giving the smallest error. Porter and Stirling [51] (p. 154-163) show how to obtain
approximations to the inner products of the form (3.15) and (3.16) and the errors
incurred. However, they did not investigate whether the trial functions generated
by the functionals J° (k = 1,2) gave as good an estimate to (x7°, P f5°)
when substituted into the functional J5°, as the trial functions generated by the

functional J3°.
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It turns out that J35°(£7°,£5°) and J§°(ui®, 43°) correspond to at least 5.s.f.
in all problems undertaken so far for the mild-slope, Eckart and shallow water
equations. However this result still remains to be proved in full generality. As only
very approximate solutions are being looked for here, then the approach of only
using the trial functions £° (k = 1,2) to estimate (X?O,Paof,?o) (J,k = 1,2)
is quite justified. Computationally this device gives a great saving because it
reduces the work load in the ‘cheap’ solution method by nearly one third. We
now test the two-dimensional method with this device incorporated, which we

shall refer to as the streamlined two-dimensional method.

3.3.4 Results

We return to the solution of the MSE for an incident wave of unit amplitude from

x = —oco over the depth profile given by
Hz)=1--x 0<x<1).

We use the streamlined two-dimensional method to solve this problem with «ag
taking values between 0.05 and 8.5 at intervals of 0.05 (with 7 given at each
value of ag by 7 = \/ﬁao)- We again choose the tolerance in the error to
be a minimum of 2.s.f. accuracy in |Ry| and |T%| (k = 1,2). The streamlined
two-dimensional method uses Chamberlain solutions at the same values of ag as
the original two-dimensional method. However, the total CPU run-time is now
reduced to 22m 19s, which represents a saving of 57% in CPU time compared
with using Chamberlain solutions at each value of «y. The reflected amplitude
given by the MSE is depicted in Fig.3.7 and again there is no difference in the
results.

Similarly, if we now solve the above problem for Eckart’s equation instead of
the MSE, then the streamlined two-dimensional method reduces the total CPU
run-time to 22m 58s, which represents a saving of 54% in CPU time compared
with using Chamberlain solutions at each value of ag. Finally , if we now solve the
previous shallow water problem, given in subsection 3.3.2, using the streamlined
two-dimensional method, the total CPU run-time is reduced to 25m 4s. This

represents a saving of 57% in CPU time compared to using Chamberlain solutions
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Figure 3.7: MSE reflected amplitude for depth profile H(x)=1-2/3z (0< 2 < 1).

at each value of ag.

We note that further reduction of the tolerance in the errors of the ‘cheap’
solutions, enabling fewer Chamberlain solutions to be found over the «aq range,
will only effect a small reduction in CPU run-times already obtained with the
2.s.f. tolerance in the error. This is because the major saving in CPU run-time
was achieved by reducing the total number of Chamberlain solutions found over
an «p range by a factor of 9 or 10. In the examples given in this section, the
two-dimensional methods use 20 (or less) Chamberlain solutions to find solutions
of the model equations at 170 (or more) values of ag. Therefore, any further
reduction in the number of Chamberlain solutions used in the two-dimensional
methods will only give rise to a small percentage (< 3%) decrease in the previously
obtained CPU run-times. Also a reduction in the tolerance will make the error

in the ‘cheap’ solutions noticeable in graphical displays of solutions. We do not
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therefore, pursue this issue further.

In conclusion, we can see that this new approach has been very successful,
with very large savings in CPU run-times being achieved without loosing any
observable accuracy in the solutions.

We now turn our attention to Eckart’s equation.

3.4 Eckart’s equation

Eckart’s equation, which gives an alternative approximation to flow over topog-
raphy, has non-dimensional form,
d d
(U%) 42 UGe =0 (3.17)
x

dx

where Re(¢o(x)e™"!) is an approximation to the free surface elevation,

1 — 6—2/\7H

Ulx) = o (3.18)

and & = k(x) is given by

k(x) = Ay/Jcoth(ATH) , (3.19)

with the dimensionless parameters A\, ag and 7 given by

o?l ol ho

2
— =T oy = and 7= —.
g 7 vgho [

The same scaling process used in section 2.5 with the mild-slope equation, has

A=

been employed here to convert Eckart’s equation given in section 2.4 to the above
non-dimensional form.

We notice that the terms in Eckart’s equation (3.17) are all given explicitly and
0 (3.17) is much more computationally attractive than the mild-slope equation
(3.1), in which the wave number & is given implicitly by the dispersion relation
(3.3). An advantage of the explicit nature of (3.17) is reflected in the CPU run-
times for solving the mild-slope and Eckart equations. Consider the example

given in section 3.3.3, where the mild-slope and Fckart equations are solved over
the talud with depth profile H(z) =1 — 22 (0 < « < 1). Using Chamberlain’s

method to solve both equations at 170 values of o and 7, the mild-slope equation
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had a run-time of 51mb55s and Eckart’s equation had one of 49m37s. Miles [40] also
revived Eckart’s equation, when he derived it from a new variational approach.
Miles’ notes that Eckart’s equation conserves wave action but, unlike the mild-
slope equation, does not conserve wave energy (except for uniform depth). Miles
compares the two approximations through the calculation of reflection from a
gently sloping beach of finite offshore depth and finds that Eckart’s equation
is inferior to the mild-slope equation in its prediction of the amplitude in the
reflection problem if the offshore depth is neither shallow or deep. This agrees
with the evidence appearing in Fig.3.5 where the reflected amplitudes of the mild-
slope and Eckart approximations are compared over a talud with depth profile
H(z) = 1 — 22 (0 < 2 < 1). The similarity of the mild-slope and Eckart
solutions, depicted in Fig.3.5 for the depth profile H(z) =1 — 2z (0 < o < 1)
encouraged attempts to improve Eckart’s approximation without compromising
its advantageous explicit form.

The depth profiles of concern here are the ones which vary only in the interval
(0,1), and have flat bed depths Hy = 1 for <0 and H; = Z—f for > 1. Thus, at
each value of ap and 7 in Eckart’s equation, the travelling waves on the left(right)

of the undulating region have wave numbers k§(«§) defined as

ke = M/coth(ATHy) (kK] = Ay/Jcoth(ATHy) ) .

Eckart [15] notes that the positive real root x of the dispersion relation
a = xtanh(x) (3.20)

is approximated by

& = ay/coth(a) (3.21)

with a maximum difference of 5% for any value of a. Thus at each ap and 7, the
wave number of a left (right) incident wave, k§ (k{), is not quite the same as the
correct wave number, £{' (k]'), used in the mild-slope equation, where J' (k7")

is the positive real root of the dispersion relation
a0’ = k] tanh(k]'T Hp) (o’ = & tanh(s'7Hy) ) .

So, in effect, at each value of ag and 7, the mild-slope and FEckart equation are

solving different problems. The difference in the mild-slope and Eckart wave

56



numbers could be resolved by simply using the correct wave number, given by
the positive real root of the dispersion relation (3.3) in Eckart’s equation instead
of Eckart’s approximation to it, which is given by (3.19). However, this device
defeats the advantage offered by Eckart’s equation — that each term in the equa-
tion was explicit. So the issue is whether a new, explicit approximation to the
positive real root of (3.20) can be generated which is more accurate than (3.21).
This is indeed possible.

A direct approach is used in which the solution x of (3.20) is approximated

by adding a small correction term to (3.21). Thus « is approximated in the form
T =29+ 2

where x9 = ay/coth(a) and x1 is a small correction term. Substituting for x in
(3.20) gives
a = (xo + x1) tanh(xg + x1) ,

that is,

tanh(ro) + tanh(z,) ] (3.22)

1 + tanh(ao) tanh(zy)
Then, using the expansion tanh(zy) = x; + O(a?),

a:(:zﬁo—l—xl)[

a(1 4+ tanh(xg) tanh(aq))
= a + atanh(xo) tanh(zy)
tanh(xg) 4 tanh(xy)
1 + tanh(ao) tanh(zy)
tanh(xg) + x1 + O(x?)
1+ [z1 + O(27)] tanh(zg)
= a + [vo tanh®(zo)]x; + O(2?) |

=a+ (zo+ z1) l ] tanh(xg) tanh(zy)

“at o] [tanbaoer + 0t

and
(20 + x1)[tanh(zo) 4 tanh(21)] = 2o tanh(zo) + z1 (2o + tanh(zg)) + O(z7) .
Thus (3.22) becomes
a + [rotanh®(zo)]a1 = wotanh(xo) + @1 (o + tanh(zg)) + O(23) ,

and neglecting second and higher order terms in x; (as 21 is assumed to be small)
gives

a — xotanh(xg)
zo + tanh(zo) — zo tanh®(xg)

1 =
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Thus, the new two-term explicit approximation to (3.20) is given by

T =9+ 2
a — xgtanh(xg)

=0t xo + tanh(xg) — g tanhz(xo)

Y

which simplifies to
x%sechQ(ajo) +a

- zosech®(zo) 4 tanh(zg)

(3.23)

Computations have shown that (3.23) gives the solution x of (3.20) to machine
accuracy for ¢ > 3.1, and for 0 < a < 3.1, the maximum difference is 0.04%. Thus
(3.23) is a new explicit approximation to (3.20) which is a significant improvement
on (3.21).

We shall now replace the function x = k(x) defined by (3.19) by

L { fsech(u) + Ar
r(z) = rH (vsechQ(v) + tanh(v))

(3.24)

where v = v(2) = At Hy/coth(ArH), in Eckart’s equation, and call the resulting
equation the new Eckart equation. We now find the solution of the new Eckart
equation for an incident wave of unit amplitude from @ = —oo over the depth
profile given by

fﬂ@:1—§x O<z<1).

We use the streamlined two-dimensional method to solve this problem with «ag
taking values between 0.05 and 8.5 at intervals of 0.05 (with 7 given at each
value of ag by 7 = \/ﬁao)- We choose again the tolerance in the error to be
a minimum of 2.s.f. accuracy in |Ry| and |Tk| (k = 1,2). The amplitude of
the reflected wave given by the new Eckart equation is depicted in Fig.3.8, along
with the corresponding results from the mild-slope and Fckart’s equations. We see
that the peaks and troughs of the reflected amplitudes predicted by the mild-slope
and new Eckart equations are almost in line. The size of the reflected amplitude
predicted by the new Eckart equation is also an increase on that given by Eckart’s
equation. However, the reflected amplitude given by the new Eckart equation is
still not as large as that given by the mild-slope equation. The difference in results
from both is now due to the difference of the mild-slope and Eckart U functions.
As yet, no approximation has been found, such as the one used in conjunction

with the wave number functions, that can rectify this difference. The new Eckart
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Figure 3.8: Reflected amplitude over the depth profile H(x)=1-2/32 (0< 2 < 1).

equation is therefore an amalgamation of two approximations. The approach
most likely to produce the U corresponding to the new & (3.24) is to use the
variational principle of Miles [40] with the trial function that generates the &
function as given by (3.24). However, such a trial function has not as yet been
found.

Other attempts have been undertaken to overcome the inferiority in the re-
flected amplitude of Eckart’s equation for the problem over a depth profile given
by

In Eckart’s original equation (3.17) — (3.19), the manoeuvre of employing (3.24)
instead of (3.19) to ensure that the Eckart and mild-slope wave numbers are the
same at ag and 7, was replaced by using a variety of artificial bed shapes. An

approach of this type would also affect the Eckart U function (3.18), as it depends
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on the bed shape and so it was hoped that this device would bring the reflected
amplitude into line. The flat bed depths for the Eckart problem in 0 < 2 and
x > 1 were chosen so that the Eckart and mild-slope wave numbers were identical
at each ag and 7 over these flat regions. This guaranteed that at each value of
ag and 7, the mild-slope and Eckart problems had the same incident wave. A
variety of choices of depth profile for joining the two flat bed regions together
were used. However, none of the results over any of the artificial beds caused the
reflected amplitude predicted by Eckart’s approximation to be any closer to that
predicted by the mild-slope approximation than the reflected amplitude obtained
using (3.24) in Eckart’s approximation instead of (3.19).

Employing (3.24) in Eckart’s equation ensures that this approximation has
practically the correct wave number at each value of ag and 7, and thus the
mild-slope and Eckart equations have practically identical solutions over a flat
bed. Currently, this is the best possible improvement to Eckart’s equation, but
it still has an inferior reflected amplitude problem as compared with the MSE.
The discovery of a trial function for the variational principle by Miles [40] which
delivers the x function (3.24) and a new corresponding U function, should remove
this problem.

A final point of interest in Eckart’s approximation is the method by which it
was derived. Eckart obtained his equation (2.24) by firstly transforming the linear
boundary-value problem (2.13) for the time-independent velocity potential ¢ into
an integral equation. He then discarded, without justification, an assumed small
integral and converted the resulting approximate problem back to a differential
equation. It was hoped that an investigation into this method would yield an
error bound between the full linear integral equation and Eckart’s approximate
integral equation. However, the complexity of the discarded term (an integral
whose integrand contained a differential operator amongst its terms) stopped this
line of approach. So an error bound which shows how accurately the mild-slope,
Eckart and shallow water models approximate ¢ still does not exist.

In this section, we have seen that for wave scattering problems, Eckart’s ap-
proximation gives an inferior reflected amplitude compared with that given by the

mild-slope approximation. Currently, the best possible improvement to Eckart’s
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approximation is effected by replacing the s function (3.19) in Eckart’s equation
by (3.24). The new equation still gives a slightly inferior reflected amplitude than
that given by the MSE. The very accurate, explicit approximation (3.23) to the
root of the dispersion relation (3.20) has never been seen before, and is an excel-
lent first term to use in an iteration method to give machine accurate solutions

of (3.20). (See Newman [44] for details of such iterative methods.)

3.5 Symmetry Properties

Here, certain intrinsic properties of a particular type of second-order differential
system, referred to as symmetry properties, are derived. When the second-order
system is specified to be one of the model equations, mild-slope, Eckart or shallow
water, the well-known symmetry properties of the reflection and transmission
coefficients are found. These properties were first derived by Newman [41] for
the full linear problem. More recently, Chamberlain [8] used integral equation
methods to derive these properties for the mild-slope approximation.

Consider the general second-order differential equation in the form

— (Lo)(@) + pr(z)o(x) = m(z) , (3.25)

where the differential operator L is defined by

(Lo)(x) = =(p(x)¢(x)) + q(x)d(x) | (3.26)

and where p, ¢, r and m are continuous, real-valued functions, p is differentiable
and p is a given real parameter; the prime denotes differentiation with respect to

x. Suppose that ¢ satisfies the boundary conditions

aop(0) + bod'(0) = co
ar¢(1) +010'(1) =1,

(3.27)

where the constants a;, b; and ¢; (¢ =0,1) € C.

Now suppose that ¢ satisfies (3.25) together with the boundary conditions

eo(0) + for'(0) = go ,

(3.28)
e (1) + fid' (1) =g1 5
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where the constants e;, f; and ¢; (¢ =0,1) € C.
Then an application of Green’s theorem on [0, 1], that is,

1
0

[ wro—orv) de = [ptov - ve)]

yields

[Fmto -y de = [ptou —ve)]

= p(1) {¢(1)¢(1) [Z—ll - ;—j + %¢(1) - %W)}

(0 {60100) |12 = ] + 2ot0) - 200 (329

If m(x) is set identically to zero, then (3.29) gives relations between the end-point
values of solutions of the differential equation (3.25)

We are considering the scattering of plane harmonic waves normally incident
on a given scaled bed profile H = H(x), that varies only in some finite interval

of x, so that

HO Vo S 0 5
H(x) =
H1 \V/l' Z 1 5
where Hy and H; are constants for a given problem, and H(x) is assumed to
be continuous on (—oo,00). In these circumstances, all three model equations,

mild-slope, Eckart and shallow water, can be written in the general form
(Udp) + &' Ugo =0, (3.30)

where Re(¢o(x)e™"!) is an approximation to the free surface elevation. The
functions U = U(x) and k = k(x) are as previously defined in each of the model
equation cases. The differential equation (3.30) reduces to ¢fj + ko do =0 Va <0
and to &) + k12¢g =0 Va > 1, where rg = £(0) and x; = £(1). Therefore, as in
Chapter 2, we take
A~ e"oT 4 BT g <0
Po(z) = | | (3.31)
Ate ™ 4 Bte™s Ygp > 1,
where AT denotes the prescribed amplitudes of the incident plane waves propa-

gating from 2 = Fo0 respectively and B* denotes the unknown amplitudes of the

62



scattered waves propagating towards © = oo respectively. As already noted in

Chapter 2, the reflection and transmission coefficients for an incident wave from

the left (At = 0) are defined by

B~ Bt
Rl = F and T1 = F (332)
and those for an incident wave from the right (A~ = 0) are defined by
Bt B~
R2 = F and T2 = F (333)

Using the equations (3.31) and enforcing the continuity of ¢¢ and ¢ at © = 0

and x = 1 gives the boundary conditions

#0(0) 4+ tropo(0) = 2AT1ikg ,

3.34
o0(1) —ik1o(l) = —2A%ike ( )

Choosing p, ¢, r and m of the differential equation (3.25) to be the corre-
sponding terms in differential equation (3.30), that is, p = U, ¢ = £*U, r = 0
and m = 0, reduces (3.29) to the identity

o = v {omum| - 2|+ Lo - o)

(3.35)

— U(o) {¢<o>¢<o> ool ) Z—jwm} .

Now the symmetry relations of the reflection and transmission coefficients can
be easily found. Firstly, choose ¢ to be the solution of (3.30) and (3.34) for an
incident wave of unit amplitude from the left (so A~ =1, AT =0) and choose ¢
to be the complex conjugate of ¢. Hence 1 satisfies (3.30) and the constants in
the boundary conditions (3.27) and (3.28) satisfied by ¢ and v respectively are

given by

Gozi/iozgo 5 bozlzfo, COZQi/iO:gO 5 (336)

Glz—ililzgl 5 blzlzfl, 01:0251

and from (3.31) and (3.32) we see that the functions ¢ and 1 have end-point

values

$(0) =1+ Ry =(0) and (1) = Tye™ =2p(1) . (3.37)
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Substituting (3.36) and (3.37) into the identity (3.35) gives
0= U(l) (—QililTlTl) — U(O) (Qilio(Rlﬁl — 1)) 5

which is easily rearranged to give the relation

rU(1)
kol (0)

For the same ¢, choose ¥ to be the solution of (3.30) and (3.34) for an incident

wave of unit amplitude from the right (so A~ =0, AT = 1). This results in the
constants in the boundary condition (3.28) satisfied by 1 to be redefined as

eozilio 5 f():l, 90:0 5

' (3.39)
e1=—tk1 , fLi=1, ¢ =—2tke™™
1 now has end-point values given by
$(0) =T, and (1) = e 4 Rye'™ . (3.40)
Substituting (3.39) and (3.40) into the identity (3.35) gives the relation
rU(D)Ty = koU(0)T5 . (3.41)

Now choose 1 to be the complex conjugate of the solution of (3.30) and (3.34) for
an incident wave of unit amplitude from the right. This redefines the constants
of (3.28) to be the complex conjugate of those defined by (3.39). Similarly, the
end-point values of 1) are just the complex conjugate of those defined by (3.40).
Substituting into the identity (3.35) results in the relation

KlU(l)FQTl == —KoU(O)TQRl . (342)

The final symmetry relation is derived by choosing ¢ to be the solution of
(3.30) and (3.34) for an incident wave of unit amplitude from the right and
retaining the most recent . The constants in the boundary conditions (3.27)

satisfied by ¢ are given by

Gozilio 5 60:1, COZO
a1 = —ilil 5 bl =1 5 Cc1 = —21./{16_”11
¢ now has end-point values given by

(0) =T, and (1) =e ™" 4 Rye'™ .
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Substituting into the identity (3.35) gives the final symmetry relation

kol (0)
rU(1)

|Ry|* + 15> =1. (3.43)

Therefore, the reflection and transmission given by the three approximations
satisfy these symmetry relations, with the x and U functions defined according
to the approximation used.

These symmetry relations can also be derived within the framework of integral
equations using an integral equation form of the identity (3.35) with the same
choices of input functions. Chamberlain [8] has used this approach and it is briefly
reiterated here.

From Chapter 2 we recall the integral equation (2.36), namely,

A IRQT 7 —ikox U ! ik |o— .
(i) = aje™” 4 by — %/0 el o)) dt (5 =1,2),  (3.44)

where the 1,2 subscripts have been introduced to denote incident wave direction
from the left or right respectively. Therefore from Chapter 2 we see that the
constants a; and ?)j (j = 1,2) are defined by

b1 (@'U'(0+)) (1(0) .

4/430U(0)
(3.45)
s ZU’(l—) Rg — K1 .
by = wo (1
! (4/<;0U(1) T o ) erall),
. tU'(04)
_— 0
“ (4,<;OU(0)) @0)
(3.46)
. . U(1) U'(1=) ko — K1\
by = eilro ry) FL 01 .
2= o\ T0) T\ o) T e ) e
It follows that (; € [2(0,1) satisfies
= a;fT+bf+ KP( U=12), (3.47)

where the operators K and P are defined by

(K@) = o= [ emle@yde and  (PO)() = ple)C(x)

N 2/430

65



and all the other constants, functions and operators are as defined in Chapter 2 .
Noting that if ( satisfies the differential equation and boundary conditions that

give rise to the ( integral equation (3.44), namely,
"+ K’C = pC,
and
C/(O) + Z/ioC(O) == 21./{0& 5
C'(1) — ikoC(1) = —2irge"0b
then ( also satisfies the same differential equation and the complex conjugate of

the boundary conditions. Therefore, { satisfies the integral equation (3.44) with

a; and ?)j replaced by a; and ?)j, where

PN (1_ iU’(O+))m7

4koU(0)
(3.48)
~ U'(1=) ko — K1 Ry
by = (1 + TrolU (1) - o )e G(l),
. U'(04)\ ——
2 = (1 B 4/<;OU(O)) 0,
(3.49)

. | U(1) iU'(1=)  ko—#1\ e
by — — i(motnr) FL | D) 1 — 0 (1) .
2= o\ 70 T\ Trm) T T 2e )R

Now suppose that ©»; € L2(0,1) (j = 1,2) satisfies

;= g; + KPy; (1=12),

where g; = a; ft 4 3;f~ for some «; and f3; (j = 1,2) and consider the functional
S given by
_2i505(¢17¢2) = (¢17P§2) - (¢27P§1) .

We denote the adjoint of an operator T' by T*. Then, as P = P*, we see that
1, P(I = K*PYy) = (thy, P(I = K*P)iy)

=
= (P = KP)or. ) = (PU = KP)on, )
=0.

—21'/105(%/)171/)2)
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Substituting @ = 0 and @ = 1 into the integral equation satisfied by ¢; (j = 1,2)

yields
o [P0 de = a5 5, = 0)
o /o1 F7(0)p(t)i(1) dt = a; 4 Be™" — e 0ah;(1)

2/430

and hence it follows that

S(tr,h2) = a1t2(0) = azthi(0) + (Biepa(1) — Barpn(1))e™™ =0 . (3.50)

This identity is equivalent to the identity (3.35) which was derived within the
framework of differential equations. Before the symmetry relations are rederived,
the definitions of the reflection and transmission coefficients, as given previously

in Chapter 2, are restated here for convenience as follows:

Rl = CI(O) -1 ’ (3 51)
T = Cl(l)e_ml % . ‘

_ o—in @ _ e~2im
o= G() U(1) ’ (3.52)

15 = (3(0) ,
where the subscripts 1, 2 distinguish between waves incident from the left or the
right respectively.
Substituting ¢y = (1 (and therefore oy = a1 , 1 = ?)1) and 1y = (; (and

therefore ay = a1, (B3 = 51) in S gives

S(¢1,80) = Gi(0) + Ga(0) — |Ga(0)]? — Z—;|<1<1>|2 =0,

and employing (3.51) reduces this to the symmetry relation (3.38) , namely,

u)

RiP+ 2P =1

| 1| + /ioU(O)| 1|

By the same procedure
S(Clv Cz) =0 1mphes /ilU(l)Tl == /ioU(O)TQ 5
S(Cl,c_z) =0 1mphes KlU(l)FQTl == —KoU(O)TQRl 5

- . . koU (0

S((2,(2) =0  implies | Ry |* + K?UEl; T,> =1
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In the final part of this section, we need to recall the rank two system of
equations defined in Chapter 2. This relates (;(0) and (;(1) (7 = 1,2), the end
point values of the solutions (; (7 = 1,2) of the integral equation (3.44) with
the inner products (x;, Pfx) (j,k = 1,2). The x; (j =1,2) € L3(0,1) are the

solutions of the real valued integral equations

(I = LP)x; = f; (j=1.2),

where [ is the identity operator and the operators L and P are defined by

(L)) = 5 [ sintrole =t (e dt and  (P)(e) = pla)xla)

and where the free terms are defined by fi(x) = cos(kox) and fa(x) = sin(kox).
In Chapter 2 and the first part of Chapter 3 , we have used variational techniques
to approximate the values of these inner products. For convenience we give the

rank two system of equations here, namely,

bg bg . Bl B2 Cs — b? Ce — b3 C](O)
—1
b5 66 B2 Bl Cy — bS C3 — 66 C](l)
(3.53)
b B, B cyg—b
=—| "l T =1y,
b4 B2 B1 C1 — b4
where the values of known constants b; and ¢; (¢ = 1,...,6) are chosen according

to whether (; corresponds to the solution of the integral equation (3.44) for an
incident wave from the left or right, or the complex conjugate of the solution of
(3.44) for an incident wave from the left or right (as seen earlier in this section),

and

B = 3(An + Ap) and By = 3(An + 2iA1 — Az)

and

L PR Gik=1,2).

:%

Now the reflection and transmission coefficients are defined by (3.51) and (3.52)

A]‘k

in terms of (;(0) and (;(1) (y = 1,2) and therefore , through the rank two
system of equations (3.53), in terms of the inner products (x;, Pfx) (5, k = 1,2).

When calculating the reflection and transmission coefficients, it was noticed that
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even by using poor approximations to the inner products (v;, Pfi) (j,k = 1,2),
the resulting reflection and transmission coefficients still satisfied the symmetry

relations. This property is explained by the following theorem.

THEOREM 3.1 The reflection and transmission coefficients defined by (3.51)
and (3.52) satisfy the symmetry relations (3.38), (3.41), (3.42), (3.43) for any
approximation to the values of the inner products (x;, Pfr) (5, k =1,2).

Proof:

The rank two system of equations (3.53) is used to express ((0) and (1), and
thus the reflection and transmission coefficients, in terms of the inner products
(uis PF) Giok = 1,2)

Two approaches can now be used. The direct approach is to invert the rank
two system (3.53), and substitute the complicated resulting expressions for R; and
T; (¢ = 1,2) into the symmetry relations. After some long, but simple, algebraic
manipulation one finds that all the terms containing these inner products cancel.
Therefore, whatever values these inner products take, the resulting reflection and
transmission coefficients, which are defined in terms of them, will always satisty
the symmetry relations.

A second, more illuminating approach follows from rewriting the rank two

system in three parts, which are given by

d; B B p—
O I e I I (j=12), (3.54)
€; By By Bi —e;
where
dj _ by bs C](O) n by (j _1 2) (3 55)
6]‘ b5 b6 C](l) b4
and
, (0
Gy_ B % ¢i(0) n 4 (=12). (3.56)

5]’ €2 C3 Cj(l) 5]
A substitution of (3.55) and (3.56) into (3.54) yields the original rank two system

(3.53). For ease of notation, we write (3.54) as
z; =Wy, (J=12), (3.57)
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where
d; a; —d; B, B
T, = ! y. = o and W= _1 ’
€j Bi—¢; By B

Now as Bj is real, W* = W, where * denotes the conjugate transpose.

It follows that
yorr =y, (iWy,) = (miyiWry,)" = (—iyi Wy )" = (—yjz,)" = —23y,

and so the identity
Yoy + a3y, =0 (3.58)

results. Recapping the above procedure, the two forms of (3.57) have been
used to eliminate the W matrix to give the identity (3.58). The inner prod-
ucts (v, Pfr) (j,k = 1,2) only appear in the W matrix which only occurs in
equation (3.57) of our breakdown of the rank two system. So now an identity
(3.58), very similar to the previous identity (3.50) found in our integral equation
framework, has been derived that relates (;(0) and (;(1) (7 = 1,2) and is inde-
pendent of the inner products. Therefore this identity will always be satisfied no
matter what values the inner products take. Finally the symmetry relations are
found by using similar choices of ; (j = 1,2) in (3.58) to those used earlier. O

One consequence of this theorem is that the symmetry relations can no longer
be used as a method of checking the accuracy of the computed reflection and
transmission coefficients.

We cannot prove from the Green’s identity approach that the reflection and
transmission coefficients given by an approximation to the solution of the bound-
ary -value problem (3.30) and (3.34) automatically satisfy the symmetry relations.
This is because this approach relies on the fact that the right-hand side of the
differential equation (3.30) is zero to derive the symmetry relations. An approxi-
mation to the solution of the BVP (3.30) and (3.34) will not satisfy the DE (3.30)
exactly and so the right-hand side of (3.30) will no longer be zero. Chamberlain
and Porter [10] consider this problem using a different approach. They prove
that for an approximation to the full linear wave scattering problem of the form
(3.30) and (3.34), the reflection and transmission coefficients given by any ap-
proximation to the solution of the BVP (3.30) and (3.34) automatically satisfy
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the symmetry relations. It follows that the symmetry relations are an intrinsic
part of the problem rather than of its exact solution, in the sense that they are
always satisfied whatever the accuracy of the solution.

In this chapter, several extensions to the work appearing in Chamberlain [7]
& [8] have been presented. A new integral equation method has been developed
which solves the mild-slope, Eckart and linearised shallow water equations over
a range of their parameters in less than one half of the CPU time required by
Chamberlain’s [7] integral equation procedure. Eckart’s approximation has been
investigated and improved and, as a by-product, a new, explicit and very accu-
rate approximation to the solution of the dispersion relation has also been found.
Finally, after rederiving the symmetry relations of the reflection and transmis-
sion coefficients of these approximations, we have shown that these coefficients
satisfy the symmetry relations even when they are inaccurately calculated, an

unexpected property.
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Chapter 4

A new approximation to wave

scattering

In this chapter, a new approximation to the full linear wave scattering problem
is derived. A Galerkin approach is used to derive an approximation to the time-
independent velocity potential ¢ which takes account of decaying wave modes as
well as progressive wave modes. The present approach uses an n-term approxi-
mation based on the propagating wave mode and the first (n — 1) decaying wave
modes over a flat bed. If none of the decaying wave mode terms are used and if
we discard terms that are second-order on the basis of the mild-slope assumption
|Vh| < kh, where h is the undisturbed fluid depth and k& is the corresponding
wave number, then this approach reduces to the mild-slope approximation. The
extended approximation is then tested on a selection of beds of varying steep-
ness and the results are compared with the corresponding results given by the

mild-slope approximation.

4.1 A Galerkin approximation method

Recall from Chapter 2, that the time-independent velocity potential ¢ satisfies

Vi = 0 —h <z <0, (4.1)
@—1/ =0 onz=20, (4.2)
0z
d¢
—+Vh.Vo = 0 on z=—h(z,y), (4.3)

0z
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where V = (88_907 88_y7 88—2) and V = (88_907 %). We also require additional conditions
on lateral boundaries or a radiation condition if the fluid extends to infinity to
completely specify ¢. For the moment, we do not concern ourselves with these
additional conditions as our initial aim is to reduce the dimension of the boundary-
value problem for ¢ by approximating its dependence on the z co-ordinate. This
is achieved via a direct application of the classical Galerkin method.

We seek a weak solution & ~ ¢ of (4.1) — (4.3) in the sense that the residual

V2¢ is required to be orthogonal to a given function ¢. In other words, we require

[[ (vt aay =0,

where D can be any domain in the plane z = 0. Integrating by parts gives

OVt ) de 4 [ — £, ) dedy =0,
[ (0 ) )

which becomes

HDU_:(W%%%) dz—[¢ (zbz—mb)]zzﬁ[wzwwvg]zz_h) dady =0, (4.4)

when boundary conditions (4.2) and (4.3) are imposed on £. Equation (4.4) is
a weak form of the boundary-value problem (4.1) — (4.3) and can be used to
generate approximations to the solution of that problem.
We shall use a Galerkin approximation £ & ¢ of the form
n—1
E(r,y,2) = > oz, y)wi(z.y,2) | (4.5)
7=0
where w; (j =0,1,...,n — 1) are given functions and ¢; ( =0,1,...,n— 1) are

to be determined from (4.4). We choose our given function v as

@Z)(l’,y,Z) = wk(xvyvz) ’

for some k € (0,1,...,n —1). After some simple manipulation, which includes

use of the identity
V2 (¢jw;) = w;V2ie; +2V¢; . Vw,; + ¢;Vw;

it is found that the functions ¢5 (k = 0,...,n—1) must satisfy the coupled system

of differential equations

0

n—1

~ 2
{V2¢j [° wiwrdz + £,V 6 + (J wj%dz +§/jk) ¢j} =0, (46)

0 —h

ECH
Il

73



for k=0,1,...,n — 1, where
~ ~ 0
f]‘k == f]‘k(w]‘,wk) == Vh (ijk)zz_h + 2/h kaw]dz

and

. . Jwy, dwy,
g]k g]k(w]7 wk) |:LU] (Z/wk aZ )] -0 —I_ |:LU] aZ —I_ wkv vw] z=—h

0
+/_hwkv2wjdz .

Chamberlain and Porter [9] have used this Galerkin approach with a 1-term
approximation (that is, n = 1 in (4.5) ) to derive a new approximation to ¢ that
contains the mild-slope approximation as a special case. They also show that
this new approximation to ¢ can be derived via a variational approach, which
is similar to the recent work of Miles [40]. Indeed, Chamberlain and Porter [9]
use the same trial function in both the Galerkin and variational approaches. The

variational principle used in [9] is 6L = 0 where L is the functional given by

L(¢) = HD (%V(fz)zzo - % I_Oh(@f)de) dady .

By considering variations which vanish on the lateral boundary C' x [—h, 0], where
C' is the boundary of D, it follows that L is stationary at £ = ¢ if and only if ¢
satisfies (4.1) — (4.3). So the variational principle L = 0 can be used to generate
approximations £ &~ ¢. In particular, if we use the approximation ¢ given by (4.5),
then after imposing 6L = 0 for all variations in ¢ (k = 0,1,...,n — 1) which
vanish on C x [—h, 0], we eventually find after some straightforward manipulation
that ¢ (k=0,1,...,n — 1) must satisfy (4.6).

The theory up to this point holds for any w; (j = 0,1,...,n — 1), but now
a particular choice of these functions is made. To do this we now consider wave
scattering problems that are independent of the y co-ordinate. The separation
solution of (4.1) — (4.3) for uniform depth, given in section 2.3, suggests we choose

the functions w; (j =0,1,...,n—1) as

iq . N cos(Bj(z + h)) )
w; Uw] , w; cos(B;h) (J=0,1,...,n ), (4.7)
in which » = h(x) is the undisturbed fluid depth and the functions

B; = Bj(h) = B;(z) (j =1,2,...,n—1) are the first n — 1 real, positive roots
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of the relation

— v = Bjtan(B;h) , (4.8)

arranged in ascending order of magnitude. Equation (4.8) has an imaginary root

By = —ik, and so we can write g in the form
~ cosh(k(z + h))
= 4.
o cosh(kh) ’ (4.9)

where k = k(h) is the real positive root of the local dispersion relation
v = ktanh(kh) . (4.10)

For each fixed value of v, the equations (4.8) and (4.10) implicitly define
B;=B;jh) (j=1,...,n—1) and k = k(h) respectively. Notice that these
w; (7 =0,...,n—1) are an orthogonal set for z € [—h, 0] and they satisfy the

same surface condition as ¢, namely

Ow;

— =0 onz=10 (j:(),l,...,n—l).
0z

l/w]‘

It follows that the function ¢gwg is an approximation to the progressive wave
mode part of ¢ and the functions ¢1wy, ¢awsq,..., ¢,_1w,_1 are approximations
to the ISt, ZHd, ceey (n— 1)th decaying wave mode parts of ¢ respectively.

With this choice for the functions w; (7 = 0,1,...,n — 1), it follows from
equations (4.8) and (4.10) that, at each z,

where

1 2B;h
uj(h) = —tan(B;h) (1—|—_7]) (j=0,1,....n—1),

2B, sin(2B;h)
n—1
with By = —ik. The approximate solution {(x,2) = Y d;jw; ~ ¢ satisfies the
7=0

same free surface condition as ¢, namely

0
a—i —vE=0 onz=20.
We recall from Chapter 2 that over a flat bed, the general solution of (4.1) — (4.3)
0 n—1
is given by ¢ = Z ojw;. Hence, over a flat bed, ¢ = Z ¢jw; is the only solution
J=0 7=0
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of (4.1) — (4.3) corresponding to the progressive wave mode and the first (n — 1)

decaying wave modes. Also, since the free surface elevation 7 is defined by

n(a.t) = Re {7¢<x,o>e-” } ,

then the approximate solution is such that n ~ Re {e‘“’t Z;:& qb]}
Substituting (4.7) and (4.9) into (4.6) reduces (4.6) to the coupled system

n—1
w (61 — Biow) + 2 {fid+gpei} =0 (k=0,1,....n—1), (411
7=0
where the prime denotes differentiation with respect to x, Bo(h) = —ik(h),
- L L o
Finl@) = Fonls, o) = W [ojin]__, +2 / i)z (4.12)

and

0
gir(x) = Gir(t;, we) = [wkh’w;} + /_h Wl dz . (4.13)

z=—h
If the second step of the mild-slope approximation is used, in which terms
O(R", |I'|*) are assumed to be negligibly small, then the coupled system (4.11)

reduces to
n—1
we (61— Biow) + X {fndl} =0 (k=0,1,...,n—1), (4.14)
7=0
where the terms ¢;; (j,k =0,1,...,n — 1) are omitted because
gir = O(h", |h'[?) (J,k=0,1,...,n—1).

(See (4.22) below for details.)

The method we have employed to derive (4.11) clearly shows that the two
approximations ¢ & ”Z—:l ojw; and ¢;; ~ 0 are quite independent. Therefore, we
may suppose that thi:getention of gir (j,k =0,1,...,n — 1) gives the coupled
system (4.11) a wider scope than (4.14), and so we focus our attention on the
coupled system (4.11).

In the simple case when (4.5) is just a 1-term trial function, then the coupled

system (4.11) reduces to
(uogp) + (k2U0 + 900) $o=10. (4.15)
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This is a relatively new approximation to the progressive wave mode part of ¢
and equation (4.15) is known as the modified mild-slope equation (MMSE). This
equation was first derived by Chamberlain [6] and more recently by Chamberlain
and Porter [9] via the Galerkin and variational procedures given earlier in this
section. Investigations of the modified mild-slope equation over a variety of bed
profiles are carried out in Chamberlain and Porter [9] and in a subsequent paper
by Chamberlain and Porter [10]. Similarly, with the 1-term trial approximation,
the coupled system (4.14) reduces to

(u09y) + kuogo =0, (4.16)

the well-known mild-slope equation (MSE). Miles [40] adjusted a variational prin-
ciple for non-linear free surface flows, due to Luke [33], so that it applied to lin-
earised free surface problems. Miles then used this modified variational principle
to derive the mild-slope equation by apparently discarding a term equivalent to
goo in the process. The variational principle used by Miles [40] differs from the
one used by Chamberlain and Porter [9] in that Miles’ variational principle is for
a real-valued potential instead.

Massel [36] used the same Galerkin method as used here with the same choice
for the functions w;, but allowed the depth function to vary in both the x and y
directions. However, allowing i to vary in this way makes the above choice for
the orthogonal functions w; inappropriate in diffraction problems, for example,
as the approximation does not allow for cylindrical waves which arise in these
problems. Massel should have reduced the dimension of the problem by one,
by removing the y dependence, before making the above choice of the functions
w; because this is the situation that these w; are appropriate for, as we have
already demonstrated. The system of differential equations Massel derives does,
however, reduce to the system (4.11) when the y dependence is removed from
the problem, although this is not obvious on first reading of the paper because of
Massel’s complicated notation. In his paper, Massel only solves the system (4.11)
in the simplified case of a 1-term trial function. In other words, Massel solves the
modified mild-slope equation (4.15). Massel left the solution of (4.11) in the case

of an n (> 1) term trial function to another paper which is yet to appear.
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Other approximations for wave scattering by a bed of varying topography that
include decaying wave mode terms have been given by O’Hare and Davies [45]
and Rey [52]. The approximation used by both sets of authors is very similar
and involves replacing the bed profile by a series of horizontal shelves joining at
vertical steps. Over each flat shelf, the velocity potential has an infinite series
representation (see Chapter 2 section 2.3) which contains both progressive and
decaying wave mode terms. Continuity of the velocity potential and its horizon-
tal derivative is imposed throughout the fluid depth at the ends of each shelf,
which gives a matrix system to solve. As a large number of vertical steps is re-
quired in order to obtain reliable results, the resulting matrix system is large and
consequently both these methods are computationally expensive.

The complicated notation used by Massel [36] in his version of the system
(4.11) is avoided in this approach by evaluating f;; and ¢, explicitly.

Differentiating (4.7) and (4.8) with respect to h gives

0w, 0B,
a—hj = sec(Bjh) [(h ahj + Bj) tan(B;h) cos(Bj(z + h))

(4.17)

0B; .
— ( ahj (z+h)+ Bj) sin(Bj(z + h)) ]
and
oB;  —2B?
8h N QB]}L —|— SIH(QB]}L)
for y =0,...,n—1. Now, differentiating (4.17) and (4.18) with respect to h gives

(4.18)

azw]‘_COS(B]‘(Z—I-h)){ 62Bj 6B] 6B] 2
T cosB) | h FTE +2 o +2(h o +B;)* tan(B;h) tan(B;h)
0B; . 0B; ., (9B;\”
“Lgp gy B - (8h
4.19
_SiH(B]‘(Z—I-h)) 5 h@Bj B 2t (B + haZBj +QaBj ( )
cos(B;h) dh I amby Oh? oh
aB]‘ aB]‘ 4 4 aQBj
+z {2 o (h o + B;)tan(Bjh) + FTE
and
9*B; 2B. ’ .
ah; = (ZBlh n siil(ZB‘h)) [Zth + sin(2B;h) (1 + cosz(th))] (4.20)
j j

for 3 =0,...,n— 1. It follows that

UN){ — %h/

i = (j=0,...,n—1)
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and
6271) ; aw
w'/ / ! h//

T 0h? oh
Therefore, the functions f;x and gjx (j,k = 0,...,n — 1) defined by (4.12) and

(W) + (j=0,....,n—1).

(4.13) respectively can be written as

fi(x) = ([w]wk]z__h +2/ Wy ]dz) h' (4.21)

gin(x (/ wk—dz) B

. aUN)] 0 . 8271)] N2
+ (lkaL:_h —I—/_h Wi ETE dz) (h")" .

A little algebra incorporating the use of relations (4.8) and (4.10) shows that the

and

(4.22)

integrals appearing in (4.21) and (4.22) are given by

B |
* 9w, sec(Bih)sec(B;h) (32 Bz) (k#37),
J wkﬁdz = SGCQ(Bkh)
4(Dy, + sin(Dy)) [Sm(Dk)_Dk Cos(Dk)] (k=)
and
J D Py TABlsecByh)sec(Bih) [ 2B+ (B}~ BY) sin®(B;h) (k #j)
_h k o0h? Dy + Sin(Dk) ((Bk N B],)(Bk - Bj))2
and
0 L 0Riy — Bysec?(Byh) ) y
J kadZ_H(Dk—I-sin(Dk))S[ (D) + 4(Dy)? sin (Dy)

+3D,, (Dk +2 sin(Dk)) (sinZ(Dk) -2 COS(Dk))

+6sin*(Dy,) (1 + 26082(%Dk)) ] :

where Dy = 2Bh, and By = —tk. It is simple to see that the remaining terms

in (4.21) and (4.22) are given by

[ﬁ)kﬁ)j] = sec(Byh)sec(B;h) (J,k=0,....n—1)

l aﬁ)j] _ 2sec( Byh)sec(B;h)B; sin®*(B;h) Gik=0,. n—1).
=—h

QB]}L —|— SIH(QB]}L)
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4.2 Scaling

We choose the same class of depth profiles as in Chapter 2, which are varying

only in some finite interval of . We assume that

ho ‘v’:liﬁ(),
h(z) =
hy Ve>1,

where hg, hq and [ are given constants, and where h(x) is continuous on (—o0, 00).
We allow h to have a slope discontinuity at the ends of the varying bed, that is,
at + = 0 and * = [. At the moment we shall consider the scattering of plane
harmonic waves normally incident on a given depth profile. The generalisation
to obliquely incident waves will be dealt with later.

The scaling process now employed is the same as that used in Chapter 2.

Therefore, we let

=L
o=
. z
Z ==
ho
. L.
H(l‘) = _h(lx) )
ho
. 1 .
U(@) = —ux(lz) (k=0,...,n—1),
ho
A 1 A,
Wi(2,2) = _lwk(ll’,hoz) (k=0,...,n—1),
o
A 1 )
. ! ) ,
Fii(2) zg]}k(kt) (j,k=0,....n—1),
2
Gi(2) = zggjk(k%) (,k=0,...,n—1).
Again, we introduce dimensionless parameters ag, 7 and B (k=0,...,n—1) by
ol

7 =ho/l and [y = Bil.

Qo =

vgho 7
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Remembering that By = —uk, we also define the real dimensionless parameter
k by k = 2. As in Chapter 2, we shall discard the accents from the scaled
independent variable and from the ¢, (kK =0,...,n—1) in the pursuit of a simple
notation.

In terms of these dimensionless quantities the coupled system of equations

(4.11) is
Uy (¢ — Bi*én) + nf {Find + G} =0 (k=0,1,....n—1), (4.23)

where the prime denotes differentiation with respect to x. The functions Uy are
given by

QﬂkTH

tan(Byr H) (1 + 7) (k=0,....n—1) (4.24)

Ui sin(28,7H)

- QﬂkT

and the functions (3, are the positive real roots of

— ap’t = By tan(ByrH) (k=1,...,n—1), (4.25)
arranged in ascending order of magnitude and Fy = —ik, where & is the positive
real root of

o’ = ktanh(kTH) . (4.26)

For j,k=0,...,n — 1, where j # k, the functions Fj;, and G, are given by

Fj = sec(fymH)sec(B;7H) (%) H' (4.27)

and

= | sec(BrT H)sec(3:7 L "
G st et 3, 11) 2 )

_(%ﬂsecw”[{)sec(ﬁjTH)) 46,2 B+ (8" = i) sin? (3,7 H) (H')2 -
2B;7H + sin(28;7H) ((m ) (B~ ﬂj))z

For £ =0,...,n — 1 the functions Fy; and Gy are given by

. secz(ﬂkTH) . U
Fié = 575 D) [3 sin(Dy) + Dk(Z—cos(Dk))] H (4.29)
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and
sec?(fBrTH)

)
L Brrsec? (BT H)
12 (D, +sin(Dy))?

Gkk =

[sin(Dk) — Dy Cos(Dk)] H

[(Dk)“ + 4(Dy)? sin(Dy)
(4.30)

—3D, (Dk +2 SiH(Dk))(COSZ(Dk) —2cos(Dy) —|—3)

+9sin(De)sin(204) | (1)
where Dy = 206, 7H.

If we apply the second approximation step of the mild-slope approximation
to the coupled system (4.23), then the reduced system is the same as (4.23) with
just the G terms omitted.

Once H, ag and 7 have been assigned then all the other quantities in equations
(4.24) — (4.30) can be calculated. The functions & and 8y (kK =0,...,n—1) must
be calculated numerically. This can be done using the efficient iterative methods
given, for example, by Newman [44].

The only other information we require is the boundary or asymptotic condi-

tions on ¢y (k=0,...,n—1).

4.3 Boundary conditions

On the flat bed for # < 0, the non-dimensional system of differential equations

(4.23) reduces to the decoupled set of equations given by
g+(/£0)2¢0 =0 ’

where the notation ko = #(0) and 3 = 8,(0) (k= 1,...,n—1) is used. Similarly,
on the flat bed for @ > 1, the system (4.23) reduces to the decoupled set of

equations given by
g—l_(/il)zqﬁo :07
& —(BL) ¢r =0 (k=1,....n—1) |

where the notation x; = (1) and B = Bi(1) (k = 1,...,n — 1) is used. In

this section we shall only consider the case of a talud — with the simplification
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to a hump arising from putting hy = h; and therefore ko = k1 and ) = 3}

(k=1,...,n—=1).

The fluid domain under consideration extends to infinity. Therefore, we pre-
scribe radiation conditions for ¢y (k = 0,...,n—1) that are based on the radiation
condition for ¢ described in Chapter 2. Hence, we assume that two plane waves
propagating from x = 400 with known coefficients A* respectively are incident
on the talud. The 1-dimensional analogue of the radiation condition for ¢ implies
that the outgoing wave solutions must be bounded at *+ = +oo. Hence, there
will result 2 outgoing plane waves with unknown coefficients BE heading towards
x = too respectively. There will also result 2(n — 1) outgoing decaying wave
modes with (n — 1) of these heading towards @ = oo with unknown coefficients
B (k=1,...,n—1) and with (n — 1) heading towards * = —oo with unknown
coefficients B, (k=1,...,n —1). Therefore, we assume

A=eior | Breminor g < ()
Po(x) = (4.31)

A+e—iﬁll’ + B(-Jl-eiﬁlac T Z 1

Y

Bk_eﬁgl’ <0 (k=1,...,n—1),
o) = (4.32)
B,j'e_ﬁix zr>1 (k=1,....,n—1).

We shall now use this information to give boundary conditions on (0,1), by
returning to our original approximation £ ~ ¢ given by (4.5) and employing the
Galerkin procedure again. It follows from (4.31) and (4.32) that our approxima-

tion throughout the fluid domain, after scaling, is given by

&(x,2) (x

Iy
N
=
I
S’
Il
S O
W [
N N
= =
I I
S’ S’
N
o
INA
N
= =
AV VAR VAN
— — o
S’ S’ S’

where
n—1

&(x,2) = (A_emox + Bo_e_mw) Wo + > Bj_eﬁ?l’Wjo ,

J=1

flez) = X 6,1,

n—1
Ea(n,2) = (ATe™™7 4 By ™) Wi + 3" Bre hmw}! .

J=1
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Here, we have used the notation W) = W;(0,z), W} = W;(1,2) (j =0,...,n—1),

where W, = LW]‘, and the functions Wj (j =0,...,n—1) are given by

a3t

~ _ cosh (k7(z+ H)) o _cos (Bit(z+ H))
Wolz, 2) = cosh (k7 H) and - Wi(e,2) = cos (B;7H)

The set of functions {W] )+ 1e ]N} is orthogonal for z € [—H,0] and in par-
ticular
[* Wit = { RS
up k=7,
where U; = U;(x) is defined by (4.24).
We wish our approximation £ to possess as many properties of ¢ as possible,
and so we certainly need to require that ¢ and % are continuous at the ends of
the talud, that is, at © = 0 and = = 1, throughout the fluid depth. In other

words, we require

SRS
51 52 5 8;1; 8;1; (l’ 0, H(O) ~ Z >~ 0) 5
Iy 08
52 53 5 ax ax (l‘ 1, H(l) ~ Z >~ 0)
Boundary conditions on ¢; (j = 0,...,n — 1) are now derived from the above

matching equations by employing the same Galerkin procedure used in section
4.1 to derive the differential equation system satisfied by ¢; (j =0,...,n —1).

Invoking the continuity of £ at @ = 0 gives

n—1 n—1
DCTWP =" 6;(0)W? (—H(0) <z<0), (4.33)
7=0 7=0
where
A™+ By ) =0),
Cj_ _ { ) 0 | (] )
B G=1,...,n=1).

Multiplying (4.33) by W2 (for some k € [0,1,...,n — 1]) and integrating with

respect to z from —H(0) to 0 gives

Cy = ¢x(0) (k=0,...,n—1). (4.34)
In the same manner, invoking continuity of ¢ at © = 1 gives

CF = or(1) (k=0,...,n—1), (4.35)
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where
or { Atemim 4 Bfeim (k=0)
B,;"e_ﬁi (k=1,....n—1).
As we allow the depth function H(x) to have a slope discontinuity at @ = 0
and x = 1, then it follows that for j =0,...,n — 1

oW,
70 ox

r=1-—

oW,
ox

oW,
ox

oW,
ox

%07

=04+

=0,

r=0—

since the depth function H(x) is constant for + < 0 and « > 1. Therefore,

invoking continuity of % at x = 0 gives

n—1 o n—1 8L@T
ZDJWjZZ{qﬁWJr@a } ; (4.36)
J=0 J=0 r=0+

where
Dj{ iro (A~ — By ) (j=0) .
ﬂ?Bj_ J=1,...,n=1).
Multiplying (4.36) by W2 (for some k € [0,1,...,n — 1]) and integrating with
respect to z from —H(0) to 0 gives

n—1

Dy = ¢ (04) + o(0)[r (Bl ) tan(Ber H)]|,mop — > d3x85(0) (k= 0,...n—1),

7=0

where

T sin(Bj7(z+ H)) cos(Ber(2 + H))

dip(x) = Fk J_Hm (25; + (B3 )/) cos( B H) cos(hr H) dz

and d?), = d;z(0+4). Evaluating the integral in the expression for dj; gives

— (ﬂj)z H'sec(8;7H)sec(ppmH)

J#k,
Uy (Bk + 5;) (Br — 85) 7
b= 8 2rHB o (BirH)
H /t H k T kCOS kT k ‘
m(BeH ) tan(Ber H) 28, sin (20,7H) + 26, 7H J
Similarly, invoking the continuity of % at r =1 gives
DI = ¢ (1=) + ou(D[7 (81 tan(B,m H)]|, Z i) (k=0,..n—1),
where
D}: _ —1Kq (A"'el_ml — B{)"eml) (k=0),
— BB e P (k=1,...,n—1),
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and dj;, = djx(1—). Substituting (4.34) into the expression for D} and (4.35) into

the expression for Di gives the coupled boundary conditions

n—1

¢6(0)+¢o(0)ik—7(xH ) tanh(kTH)]| _, Z 0(/5] 0)= 2ikoA™, (4.37)

7=0

oo(1)—o(D[ik+7(xH) tanh(kTH)]| _, Z 0(/5] (0) =—2ik e AT (4.38)

7=0

n—1

1(0) = dr(0)[ B —7 (Bl ) tan(Ber H)]| oo — > dj6;(0) = 0, (4.39)

7=0

n—1

S (1) + (VB 7(BH) tan(Ber H)]| = > djpi(1) = 0, (4.40)

7=0
where £ = 0,...,n—1 and where the derivatives are evaluated inside the interval
(0,1).

The approximation to the free surface elevation is given by

n(x,t) ~ Re{e_mf(x,())} (—oo <z < o0).

These boundary conditions also make the approximation to the free surface con-
tinuous at = 0 and = = 1. However, the approximation to the slope of the free
surface is continuous at * = 0 and = 1 only when the slope of the bed is also
continuous at = 0 and = = 1.

Massel [36] uses the same approach to derive the boundary conditions for his

version of the z independent system (4.23). However, in his approach, Massel

aavzj terms when he imposes his version of the matching condition
=04+
% = % at @ = 0 (=H(0) < z < 0) and omits the 881/? terms when he
r=1-—
imposes his version of 852 = % at # = 1 (=H(1) < z < 0). These omissions

imply that Massel’s boundary conditions are only correct when
oV
dx

oW
ox

:0:

=04+

Y

r=1-
that is, when the depth function has a continuous slope at the ends of the talud.
Massel [36] only goes on to give solutions in the case of a 1-term approximation.
However, as a means of testing the 1-term approximation, he considers the talud
problem considered by Booij [5], for which Booij computed solutions of the full

linear problem. Unfortunately, this depth function has slope discontinuities where
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the talud joins the flat beds. Therefore, the results given by Massel [36] for
the 1-term approximation for Booij’s test problem are wrong because he uses
inappropriate boundary conditions.

In the case of a 1-term approximation, the differential equation system (4.23)

reduces to the modified mild-slope equation
(Uodp) + (KJQUO + Goo) $o =0

This is the differential equation that Massel [36] solved with his incorrect bound-
ary conditions. Chamberlain and Porter [10], [9] have also used this equation in
a variety of test problems. The above equation reduces to the well-known mild-
slope equation if the Gpp term is omitted. Some of the authors that have used this
equation include Berkhoff [2], [3], Smith and Sprinks [54], Booij [5], Kirby [26],
O’Hare and Davies [45], Chamberlain [7], [8], Rey [52], Chamberlain and Porter
[10] and [9]. For both the modified mild-slope and mild-slope equations, all the
above authors have used the boundary conditions which arise from enforcing the
continuity of ¢g and ¢ at the junctions where the varying depth region meets
the flat beds. For the scaling used in this chapter, these boundary conditions are
given by

05(0) + thopo(0) = 2ikoA~ ,' (4.41)

p(1) —ik1do(l) = —2ikie AT |
where AT(7) denotes the coefficient of the incident wave from the right (left).
None of the above authors returned to the approximation ¢oWy ~ ¢ and required
(poWo) and (¢oWy), to be continuous throughout the fluid depth at the junctions
where the varying depth region meets the flat beds, which is the approach we
have used in this section. The boundary conditions used by Massel [36] with
the modified mild-slope equation correspond to the above boundary conditions

aw;
dx

(4.41) and possibly explains why he omits the ¢; terms in his derivation of
the boundary conditions.

The boundary conditions that we have derived for the 1-term approximation
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are

1 27 H cosh? (kT H)
| e 1| .
$6(04)+ 0(0) [“‘3 (25 sinh (267 H) + QKTH)K ] 0+ e
2 (4.42)
. 1 27 H cosh” (k7 H) ) '
(1=)—=do(l — — ! =2 AT

As far as is known, these boundary conditions are completely new and reduce to
(4.41) only when the varying bed has a continuous slope at the junctions with
the flat beds.

We shall refer to the sets (4.41) and (4.42) of boundary conditions for the mild-
slope and modified mild-slope equations as the old set and new set of boundary
conditions respectively.

In Section 4.8, we compare results given by the modified mild-slope and mild-
slope equations with both the new and old sets of boundary conditions for Booij’s
[5] test problem. We see that the results given by both equations with the new
set of boundary conditions are much closer to the full linear results, justifying the
approach we have used here to derive the boundary conditions (4.37) — (4.40).

All that remains to be done in this section is to define the reflection and
transmission coefficients of the outgoing plane waves, which we shall denote by
R° and T°, and the decay coefficients of the decaying wave modes, which we
shall denote by R* and T* (k = 1,...,n — 1). The definitions we shall use
here correspond to the definitions of the reflection and transmission coefficients
used in Chapter 2 for the mild-slope approximation. In equation (4.31) we have
defined the coefficients of the incident waves from = = +oo as A% respectively.
Linearity allows us to superpose (through the scattering matrix given below in
(4.47)) solutions corresponding to waves incident from © = —oo with solutions
corresponding to waves incident from x = co. Therefore, we do not need to solve
the problem with two incident waves. Instead, by solving the problem for only
one incident wave, its amplitude may be, without loss of generality, set equal to

unity. The notation we use is summarised as follows.

n . DB L B,;"

IfA :()then Rl:; and Tl :F (k:(),,n—l)
- e B e By

IfA :()then RQZF and TQZF (k:(),,n—l)
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From equations (4.31) and (4.32) we see that ¢o(0) = A~ + By,
do(1) = ATe ™1 + Bfet 1, ¢,(0) = By (k= 1,....,n—1) and ¢(1) = Bjre=0h

(k=1,...,n—1). We can use these expressions to write the reflection, transmis-
sion and decay coefficients in terms of the end-point values of ¢, (k =10,...,n—1)
as follows.
If At =0:
¢0(0) Go(1)e™™
R = 21_ —1, IY= OT : (4.43)
¢x(0) Sr(1)e
It A= =0:
Go(L)e™™ i, ¢o(0)
RQ:T—62 : Ty = yrak (4.45)
di(1)es ¢x(0)
R’;:T, Ty = e (k=1,...,n—1) . (4.46)

We note that for an incident wave from the left, the transmitted decaying
wave mode at @ = 1 is TFe 0 (k=1...,n—1) and for an incident wave from
the right, the reflected decaying wave mode at & = 1 is Rke ™% (k=1...,n—1).
Therefore, these quantities can be calculated regardless of the size of the functions
BL(k=1,...,n—1). Once the coefficients R}, Rs, TF and Ty (k=10...,n—1)
have been determined, then we can deduce values for BEf (k=10...,n — 1) (the
unknown coefficients of the outgoing plane wave and decaying wave modes) in
terms of A* (the given incident wave coefficients). The outgoing plane wave
coefficient Bi comprises of two parts — the part of A~ transmitted beyond the
talud that is a plane wave and the part of AT reflected back from the talud that
is a plane wave. A similar argument applies to the other outgoing plane wave
coefficient By and to the decaying wave mode coefficients B,:f (k=1,...,n—1),
and we can summarise these resulting relationships as follows:

B TF RE A~
= (k=0,....,n—1). (4.47)
By R TF At
The matrix on the right-hand side of equation (4.47) is called the scattering

matrix.
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We only need to consider the problem of approximating the reflection, trans-
mission and decay coefficients, and then the B (k=0...,n—1) can be deter-

mined through (4.47) for any A*.

4.4 A system of Fredholm integral equations

We wish to solve the coupled differential equation system (4.23) together with
boundary conditions (4.37) — (4.40). We know from Chamberlain [7] that when
the system (4.23) is a scalar equation (that is, when (4.23) is generated using a 1-
term approximation) then an integral equation procedure can be used to solve the
boundary-value problem to a high degree of accuracy. When the system (4.23)
is a vector equation (that is, when (4.23) is generated using an n (n > 1) term
approximation) an integral equation solution method is much more difficult to
implement. A method of converting the system (4.23) and boundary conditions
(4.37) — (4.40) into a system of Fredholm integral equations is now given. The
resulting system of integral equations presents serious problems for numerical
solution methods and no attempt is made to solve this integral equation system
here.

Chamberlain [6] expends much effort in finding a straightforward method to
convert the mild-slope equation and its boundary conditions into an integral equa-
tion. He uses a variation of parameters method to obtain the integral equation.
We can also use this method for our system (4.23) and boundary conditions (4.37)
— (4.40). As the idea here is only to indicate the form of the system of integral
equations that results, we just give the major steps that occur in the conversion
process to the vector integral equation.

We introduce the variable changes

Uy
Ux()

én(z) = () (k=0,....,n—1), (4.48)

where UY = Ui(0) (k = 0,...,n — 1). Substituting (4.48) into (4.23) and re-

arranging, we find that the functions (x (k = 0,...,n — 1) satisfy the coupled
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differential equation system

2 ol U’
- (518) Ck = Pka - Z { [Mjk 2U ]k] C] + N]kC } (4-49)

=0

ik

Here, we have used the notation

=52~ (8) + Ui —(U’i) ot k=0, n—1),

20U}, 20U}, Uy
[
Mjk: UU 2Uk2G]‘k (k:(),...,n—l),
_0 .
Njk: UOU Uk2 7k (k:(),...,n—l),

where G, and Fj; (j,k = 0,...,n — 1) are given by equations (4.27) — (4.30)
and the functions 3y (k =0,...,n — 1) are given by equations (4.25) and (4.26).
As usual, we have used the notation Y = 3x(0), 8 = Br(1) and UY = U.(0)
(k=0,...,n—1).

The boundary conditions satisfied by the functions ¢, (kK =0,...,n — 1) can
be found in exactly the same method as that used to find the boundary conditions
for ¢p (k=0,...,n— 1) in section 4.3. Omitting the details of this process, it

turns out that we can write these boundary conditions in the form
G(0+) — BG0) = 260, (k=0,...0—1), (450

Cllc(l_) + 61866(1) = 262652516 (k = 07 ceey 1) ’ (451)

where

!/

1 , _ U
rg = e {ZMOA + ¢o(0) [ZUO

—T(/QH)’tanh(/iTH)]

Lo

0+ ;=0
emo ) ) Ul U’
S0 = 2mo{2Z/<31A+€_m\ Uo‘l'fo( )((’fo —H1)— [2(})0—T(/<;H)’tanh(/<;rH)] 1_)

Uln 1
0 Z% Ul ]OC] } 9
J

‘|‘Z G(0 }7

0+ 7=0

= o {@( ) | —rttn )|
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_e_ﬁk

s = T i (st [k ety ()

Ulnl
k;)\I;]kCJ }7

for (k=1,...,n—1), and where U}! = Ug(1) (k=10,...,n—1).

The merit of writing the boundary conditions for ¢ (k=0,...,n — 1) in the
form given by (4.50) and (4.51) is that it is now simple to use a variation of
parameters procedure to convert the boundary-value problem (4.49) — (4.51) into

the integral equation system given by

Ce(x) = rke_ﬁgx + Skeﬁgl’
1

ol 4.52
L e i - o aage a0
) P
for k=0,...,n—1, where for 5,k =0,...,n—1 and j # k
Ui(t)
Pi(t) = Mj(t T Ni(t) .
Jk() Jk() ZUj(t) Jk()

To convert this into a Fredholm system of integral equations, we need to

remove the (! terms in the integral, which we can do on integrating by parts. Let
o n—1
R= | ¢TI NG ()t
Sk

N S { — Nix(0)¢;(0)e™% 4+ Njp(1)¢;(1)e~ k(=)

I#k
_ Jole_ﬁgh’—t' (sgn(x — t)ﬂgNjk(t) + N]/k(t)) C]‘(t)dt } .

From section 4.1, we recall that for j # k

0
Fi(z) = ([W]Wk] :_H+2J WkaW]dz) H'

= sec(Bpm H)sec(;7H) ( K+ By )H' (J,k=0,....n—1),
B’ — By
where Wk(z H) = cos(frr(z + H))sec(pr7H) (k=0,...,n—1) and for j # k
oW, B;* :
I J» = sec(BrTH)sec(B;T — k=0,...,n—1).
| —secrtpectiriny (2% ) k=0
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Therefore, it follows that we can rewrite Fjj, (for j # k) as

Fip(z) = (J_OH{W;C%M[; Wj%—ﬁ;}dZ) H'(z) .

Hence, for j # k, we find that I}, and G are related by

0 ~ ~
, L A )
Fi(z) = ( _H{Wk 8H] - W; By }dz) H"(z)

W, - 9P O OW 2
, W,—L _W. H'
(] o o -] _ o
= G — Gy (j,k:(),...,n—l).
For j # k, we can now see that N, is given by
0

Uile) , Ul(e)

N;k(x):_ﬁlUj(x) 0ilo) —EMyi(z) (j,k=0,...,n—1).

]Njk(x)Jerk( )— i

After substituting R into the system (4.52) and rearranging, we find that the
functions ¢y (k =0,...,n — 1) satisfy the system of Fredholm integral equations

given by
Ck(l') = fke_ﬁgw —|— gkeﬁgx
1
80 4.53
L e mk G0 ) (£53)
267
0 J;ﬁk

for k=0,...,n —1, where

fk:rk— OZNJk (k=0,....,n—1),
ki;é?c
—B2 n=1
S = s, + OZNJk (k=0,...,n—1)
ki;é?c
and, for j # k,

Qir(x,t) = ng (1) + l%((tt)) — sgn(z — t)ﬁ,?] Na(t) (Jok=0,....,n—1).

We can express this equation in operator form as

C(a)=fa)= (L) (&)  0<a<1, (4.54)
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where
T
g(l’) = (Co(x)v Cl(x)v"'v Cn—l(x)) s
; ; 0 0 0 0 T
i(x) = (foemox _I_ goe—mox7 7:16—511’ _I_ 51651907 el fn—le_ no1¥ _I_ §n—1€ n_lx) 7

and the operator L is defined by

1

loo(x,t) - o uer(,1) Gol(t)
(L¢) (2) = : : : dt

o Zn—l 0 s Zn—l n—l(xv t) Cn—l(t)

where the terms in the kernel are defined by

s 0 (k=)
L, 1) =

1 e, ,

o Q) (k#0)

It is possible to use a variational approach analogous to that used by Cham-
berlain [7] and summarised in Chapter 2, to find approximate solutions of (4.53).
However, this issue is not pursued here because numerical evaluation of the ker-
nel, which is discontinuous, is formidable and an ideal solution procedure has not
been formulated yet. It is for this reason that alternative solution methods were

sought.

4.5 Solution procedure

Another approach to solve the system of differential equations (4.23) could be to
decouple the system by differentiating with respect to . However, this process
does not advance the cause because the coefficients in the resulting differential
equations are a lot more cumbersome than those appearing in (4.23).

The solution procedure we shall employ is to rewrite the second-order bound-
ary -value problem given by the differential equation system (4.23) and boundary
conditions (4.37) — (4.40) as a system of first-order differential equations satisfying
some initial conditions. There is then a great wealth of numerical solution meth-

ods available to solve the first-order system (see, for example, Lambert [29]). We
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convert the second-order system (4.23) into a first-order system by introducing

the functions
v = o), (k=0,....,n—1).

Therefore, the system (4.23) can be rewritten as

p'=qlx,p) (4.55)

where the 2n vectors p and ¢ are given by

P = (¢07 ¢17"'7 ¢n—17 77Z)07 77Z)17"'7 77Z)7”L—1)T )

o
(o

1 n—1
502% — Fo Z (Fjot0j + Gy o o)
q= =
5 1 n—1
Bl — o (Fi1v; +Gi19))
1 7=0

1
Un—l

6n—12¢0 -

n—1
Y (Finoi i+ Gyt ¢5)
7=0

Let x = (o, ..., qbn_l)T, denote the solution of the boundary-value problem
(4.23), (4.37) — (4.40). If we knew the initial conditions that x and x' satisfy at
x = 0, then we would only require a numerical method to solve one initial-value
problem, given by (4.55) and these initial conditions, to find an approximation
to x at ¥ = 1. However, this is not the case because we only know the boundary-
value problem satisfied by yx. Therefore, we only know n conditions on x and
X' at @ = 0, with the other n conditions on x and y’ being given at z = 1.
This means that we have to resort to finding 2n independent solutions of (4.55)
and then the solution x of the boundary-value problem is given by the particular
linear combination of these independent solutions which satisfies the boundary

conditions (4.37) — (4.40).
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We can write the boundary conditions (4.37) — (4.40) in vector form as
X'(0) + Dox(0) = s (4.56)

and

X(1)+ Dix(1) = s . (4.57)

Here, the n X n matrices Dy and D are given by

—By—dy,  —dYy .. ~dy_1 o
Do — _d8 1 _5? - d? 1 _d2—1 1
0= . . . . )
L _d8 n—1 _d(lJ n—1 s _ﬂg—l - ng—l n—1 |
and i i
Bo—dyo —dig ... ~dy_1 o
Dy — _d(ln 511_62%1 _d711—11
1= . . . . ?
L _d(lJ n—1 _d% n—-1 - 71—1 - 62711—1 n—1 |
where
ngk = dik - [T(ﬂkH)/taﬂ(ﬂkTH)”x:m (k=0,...,n—1)
and
Cﬁk = dik - [T(ﬂkH)/tan(ﬂkTH)”x:l— (k =0,...,n— 1) .

The n vectors s, and s; are given by
T
sy = (—285A47, 0...., 0)
and
1 T
s1 = (205e™ AT, 0, 0) .

Here, we have employed the usual notation 7 = 3;(0), g} =05;(1) (j =0,...,n-1)
and o = —ik with k and 3; (j = 1,...,n—1) the solutions of the relations (4.26)
and (4.25) respectively.

Now let X, X,,---» X, denote linearly independent solutions of (4.55), and
therefore also linearly independent solutions of the coupled system (4.23). Then,

96



as we have already noted, the solution x of the boundary-value problem is given
by

X=ax, teax,+ ... temx,, (4.58)
for some constants ¢; € € (j = 1,...,2n). These constants are chosen so that
X given by (4.58) satisfies the boundary conditions (4.56) and (4.57). There-
fore, substituting (4.58) into (4.56) and (4.57) leaves a matrix equation for the

constants ¢; (j = 1,...,2n), which is given by

Mc=s, (4.59)
where M is a 2n X 2n matrix given by M = [m,, m,, ..., my,,| with the 2n
vectors m; (j =1,...,2n) and s given by

X/(0) + Doy, (0)

V(1) + Do, (1)

and

It
Il

Once (4.59) has been solved, then we can find the value of y, the solution of the
boundary-value problem, at x = 1 and hence calculate the reflection, transmission
and decay coefficients.
All that remains to be done is to find the 2n independent solutions of (4.55).
We shall use a Runge-Kutta method of the form
R
Py — P, = h]Z_%djg;? ,

in which £ is the step size, v = 0, v, = w0 + nh, p ~ p(x,) and

g;? =q (l‘n +7h, p, + Ry 77]‘52?)7 to approximate p(1). These Runge-Kutta
numerical schemes are defined on choosing h, ~; and n;s (j = 1,....R
and s = 1,...,7) and their use is well-documented (see Lambert [29], for ex-

ample). The results we produce in this chapter will be found using the 6th—stage
method (R = 6) given by Fehlberg [19] which is of order 5, that is, accurate
to O(h°). This fifth-order Runge-Kutta procedure uses a corresponding fourth-
order Runge-Kutta procedure for step size control. Fehlberg uses the fact that
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the difference between his 5 -order Runge-Kutta method and the corresponding
th
4

-order method provides an approximation of the leading term of the trunca-

4th

tion error in the -order method. He assumes that if the truncation error is
represented, with sufficient accuracy, by its leading term, then a step size control
can easily be implemented into the 5t order Runge-Kutta procedure. A test is
made to see whether the truncation error, as obtained from the difference be-
tween the 40 and 5tM_order methods, exceeds a certain pre-set tolerable error.
It it does, the step size is halved, the step is recomputed and tested again. On
the other hand, if the truncation errors are much smaller than the tolerable error,
then the step size is doubled. Fehlberg finds this type of step size control is quite
reliable because, unlike some other methods incorporating step size control, it is
based on a complete coverage of the leading term of the truncation error.

We expect that the use of decaying wave mode terms to approximate the
scattering problem will cause greater numerical problems than those which occur
when the approximation uses only progressive wave mode terms. This is because
for wave scattering problems over any depth profile, the decaying wave mode
functions f (k = 1,...,n — 1) satisfying (4.25) increase with & and are much
larger than the corresponding progressive mode function s, which satisfies (4.26),
for any given values of the parameters ag and 7. We can see this by noting that

the £t root of the equation
— (oon)2 H = (pprH) tan(BymH) (k € IN)

can be redefined as

BrH=kr =8 (0<8<3)  (keN).
Tt follows that

kr>ﬁer><k—%)r (keN).
Therefore

B > Bt 5o (keN).

For example, with a depth profile given by



and parameter values ag = 3 and 7 = 0.1, the functions x and gy (k=1,...,3)

evaluated at = 0 and o = 1 are given by

ko = 3.0457 Ky = 4.2747 .

B = 311269 ., Bl = 62.5441
BY = 626883 , Bl = 125.5203,
B = 94.1552 , [ = 188.4000 .

Therefore, the inclusion of decaying wave modes is certainly going to make
the terms in the coupled system (4.23) more rapidly varying. This means that
any numerical solution method will require many more steps in (0, 1) for a prob-
lem including decaying wave mode terms than a method which solves the problem
without decaying wave mode terms, to achieve the same solution accuracy. Hence,
a solution method involving step size control should be more effective in control-
ling the accuracy of the solution, in a wave scattering problem involving decaying
wave mode terms, than a fixed step method.

We shall proceed by choosing the simple initial conditions for the n vectors

X. (7 =1,...,2n) given by

(0)=¢
0= (. (4.60)
Xi(0)=0
and
"0)=¢e._,
X0 =<, j=n+1,....2n, (4.61)
X]‘(O) =0
where the n vectors e¢; (j =1,...,n) have a ‘1’ in the jth entry, and zeros in the
rest. This choice of initial conditions clearly makes X; (j = 1,...,2n) linearly
independent.

The solution procedure is to use the Runge-Kutta method to find approx-
imations to Xj(l) (j = 1,...,2n) with X]‘(O)v X;(O) (j = 1,...,2n) given by
(4.60) and (4.61). Then we solve the matrix system (4.59) to find the constants
¢; (7 =1,...,2n). The general solution y, given by (4.58), is then constructed,
and the reflection, transmission and decay coefficients are found using (4.43) —
(4.46).

The solution procedure was implemented on the MATLAB software package
(produced by the Math Works Inc.). This was used because it is purpose built for
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handling vectors and for solving matrix equations. The Runge-Kutta procedure
outlined in this section is the default numerical solution method for first-order
systems of differential equations on MATLAB. Full details of how this Runge-
Kutta procedure is implemented in MATLAB can be found in Forsythe, Malcolm
and Moler [21].

4.6 Numerical results

We now present test examples which use the procedure outlined in section 4.5
to solve the boundary-value problem given by the differential system (4.23) and
boundary conditions (4.37) — (4.40). We find results using one, two, three and
four decaying wave mode terms and compare them with the existing results given
by the mild-slope and modified mild-slope approximations. We examine whether
the results converge as the number of decaying mode terms in the approximation
is increased. We make no attempt to justify the choices used for the parameters
ag and 7, as we only wish to see if the numerical method can solve the problem
accurately.

In the results presented in this section, and in section 4.7, we refer to the

approximation £ & ¢ given by
N-1
E(x,2) = Y di(x)wi(x, 2)
7=0

which generates the differential system (4.23), as the ‘N-term approximation’.
Therefore the 1-term approximation is the modified mild-slope approximation.
The results given by the modified mild-slope approximation will be referred to as
the results given by the MMSE and the results given by the mild-slope approxima-
tion will be referred to as the results given by the MSE. The boundary conditions
used with the MMSE and MSE in this section are those given by (4.42), that is,
the new boundary conditions that were derived in section 4.3.

For the 2-term approximation, we illustrate the convergence of the numerical
method, as we increase the tolerance in the step size control, and go on to give
the solutions of interest. We then investigate the behaviour of the initial- value
problem solutions X; (j =1,...,2n) as we increase the number of terms in the

trial approximation and for different values of the parameters ag and 7.
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Example 4.1
Suppose that a wave of unit amplitude is incident from * = —oco on a talud

whose scaled depth profile is given by

1
H(x):1_§x2 0<z<1).

This depth profile represents a concave talud. We choose parameter values

060:2,

T=10.5.

(This could represent the physical situation where hg = Ilm, [ =2m, o = \/53_1).
We shall seek approximations to the reflection coefficient of the progressive wave
and the coefficients of the reflected decaying wave modes at = 0.
Concentrating on the 2-term approximation, we now use the computer pro-
gram to generate approximations to Xj(l) (j =1,...,4) for a series of tolerances

in the Runge-Kutta method. The results are presented in Table 4.1.

Tolerance X, X, X 102 X, X, X 102
10-3 0.04021 0.81801 0.02054 0.14743
7.21317 6.21359 —1.42008 1.11987

10-6 0.04036 0.81814 0.02051 0.14745
7.21407 6.21443 —1.42025 1.12002

10-9 0.04037 0.81814 0.02051 0.14745
7.21415 6.21444 —1.42028 1.12003

Table 4.1: Approximations to X]‘(l) (G=1,...

We observe that the step size control on the Runge-Kutta method works
well, with the approximations to Xj(l) (j =1,...,4) converging to 5 significant
figures (5.s.f.) for a tolerance of 107%. For all these tolerances, the M matrix
in equation (4.59) has a condition number 1.0 x 10*. MATLAB can solve (4.59)
very accurately to give the constants ¢; (7 = 1,...,4) correct to 13.d.p., that is,
Mc¢ — s = O(107*?). Table 4.2 presents the approximation to the amplitude of

the reflected plane wave |R]| and to the amplitude of the reflected decaying wave
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mode at @ = 0 |Rj| calculated using the above tolerances in the Runge-Kutta

method. We can see that both amplitudes of reflection have converged to 6.d.p.

Tolerance | |RY| (6d.p.) | |Ry| (6d.p.)
1072 0.064150 0.006390
10-¢ 0.064150 0.006390
107? 0.064150 0.006390

Table 4.2: Approximations to |R}| and |R}| for the 2-term approximation

when the tolerance in the Runge-Kutta method is 1072,

Now, remember that we wish to compare our results with those given by the
mild-slope equation (MSE) and the modified mild-slope equation (MMSE). We
can either use Chamberlain’s integral equation procedure to do this or use the
Runge-Kutta method given in this chapter. In keeping with the spirit of this
chapter, we use the Runge-Kutta method with a tolerance of 107° to find the

following approximations to the coefficient of the reflected plane wave.
MSE: R} = —0.038531 — 0.0411667 (IR}] = 0.056385)
MMSE: R} = —0.047743 — 0.044376: (|R}] = 0.065181)

These results are accurate to 6.d.p., in the sense that they agree to 6.d.p. with
results given by the Runge-Kutta method with an increased tolerance of 1077,
Now with a 2-term trial approximation, the coefficient of the reflected plane wave

(using a tolerance of 107° in the Runge-Kutta method) is given by
2-term: R} = —0.052240 — 0.037232; .

We shall now investigate the solutions of the initial-value problem (4.55),
(4.60) and (4.61) as we increase the number of terms in the trial approximation.

For the MMSE (that is, the 1-term approximation), the Runge-Kutta method

gives approximations to x (1) and y (1) as
X, (1) =-0898 and  x,(1)=0.209.

Comparing these solutions of the initial-value problem (4.55),(4.60) and (4.61)

with those given in Table 4.1 for the 2-term approximation illustrates that in the
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2-term approximation case the solutions of the initial-value problem are growing.
From the flat bed solutions of the differential system (4.23), we know that the sys-
tem has decaying/growing wave mode solutions that behave as decaying/growing
exponentials. Applying boundary conditions (4.37) — (4.40) to (4.23) then re-
moves these growing wave mode solutions. In our solution method, as we are
solving (4.23) with some initial-values (that do not correspond to the initial- val-
ues satisfied by the solution of the BVP (4.23), (4.37) — (4.40) ), then these grow-
ing wave modes are still present and cause the growth of the initial-value solution
from x = 0 to x = 1. The degree to which these growing wave mode terms affect
the solution is certainly dependent on the magnitude of g, (kK = 1,...,n — 1).
We have already shown that 841 > B (K € IN). This implies that if we increase
the number of terms in the approximation, then the magnitude of the solutions
of the initial-value problem (4.55),(4.60) and (4.61) at « = 1 will also increase.
If we now use the 3-term approximation, then with a tolerance of 107¢ in the

Runge-Kutta method, we find that

0.104 0.247 —0.123
X, (1) =] 0560 [x10%, X (1) = | —1.234 [x10*, x, (1) =] 0.668 [x10°,
—1.822 —4.178 2.141
—0.064 0.491 —0.100
X, =1 0349 [x10°,  x.(1) = | —2471 [x10°, x (1) =] 0.547 [x10°,
1.126 —8.324 1.752

clearly illustrating the large growth in the solutions of the initial- value problem
from = 0 to & = 1. The condition number of the matrix M in equation (4.59)
is now

cond(M) =71 x 107,

and MATLAB can calculate the constants ¢; (j = 1,...,6) correct to 10.d.p. The

coefficient of the reflected progressive wave is given by
3-term: R} = —0.053247 — 0.035397: (|RY| = 0.063939).

The above estimate for R} agrees to 6.d.p. with that given when the tolerance

in the method is increased to 107, Notice that this reflection coefficient agrees
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with the corresponding reflection coefficient given by the 2-term approximation
in the first 2 decimal places.
If we now use the 4-term approximation, then with a tolerance of 107¢ in the

Runge-Kutta method, we find that

(1)~ 0107, x,(1)~0107), y(1)~0(10%, x,1)~O0(0%),

(1)~ 0107, X (1) ~0 0%, x.(1)~0107), x,(1)~O0 (10,
again illustrating the large growth in the solutions of the initial- value problem
from = 0 to & = 1. The condition number of the matrix M in equation (4.59)

1S Now

cond(M) = 2.5 x 10" .

MATLAB can still solve (4.59), but the constants ¢; (j = 1,...,6) are only given

correct to 7.d.p. The coefficient of the reflected progressive wave is given by
4-term: RY = —0.053629 — 0.034675: (|RY| = 0.063862).

The above estimate for RY agrees to 3.d.p. with that given when the tolerance in
the method is increased to 107°. With a tolerance of 107 in the Runge-Kutta

method, the estimate for RY is given by
4-term: R{ = —0.053699 — 0.0345807 (|RY| = 0.063869).

This estimate for R} agrees to 7.d.p. with that given when the tolerance in the
method is increased to 107'%. So, as the size of the solutions of the initial-value
problem grow, we need to increase the tolerance in the Runge-Kutta method in
order to maintain the solution accuracy.

Finally, if we use the 5-term approximation, then with a tolerance of 107 in

the Runge-Kutta method, we find that
X, () ~010%),  x,(1)~0 107, x,(1)~0(10"),

(1)~ 010",y (1) ~0(10"7),  x (1) ~0 (109,

(1)~ 0107, x (1)~ 0107, x (1) ~0(109), x,,(1)~0(10"),
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illustrating huge growth in the solutions of the initial- value problem from x =0

to « = 1. The condition number of the matrix M in equation (4.59) is now
cond(M) = 6.0 x 10™* .

MATLAB can still solve (4.59), but the constants ¢; (j = 1,...,6) are only given

correct to 4.d.p. The coefficient of the reflected progressive wave is given by
5-term: R} = —0.0539 — 0.0341: (|RY| = 0.0638).

The above estimate for RY agrees to 4.d.p. with that given when the tolerance in
the method is increased to 10710,

With 6 or more terms in the approximation, we find that the solutions of
the initial-value problems at x = 1 are so large that MATLAB can no longer
solve (4.59) and so solutions of the BVP cannot be found. It follows from the
relation (4.25) that once ag and 7 have been prescribed, the maximum value of
the functions G (kK = 1,...,n — 1) occurs at the minimum value of H, that is,
at the minimum depth. In this example the minimum depth is at + = 1 and the

maximum Values are
Bi(1) =11.90, Bo(1) = 24.81, fB5(1) =37.49, B4(1) =50.11, B5(1) = 62.70 .

Obviously, we wish to stop the solutions of the initial-value problem (4.55),
(4.60) and (4.61) growing. To do this we need to know the initial conditions that
the solution of the BVP satisfies, as these initial conditions would remove the
growing exponential terms from the initial-value problem. However, we do not
know these initial conditions and so the question then becomes whether we can
improve the situation. In other words, can we choose initial conditions so that the
solutions of the first-order system (4.55) do not grow as rapidly as the solutions
of (4.55) that satisfy the initial conditions (4.60) and (4.61) 7

We have already noted that the differential equation system (4.23) has decay-
ing/growing wave mode solutions over a flat bed with undisturbed fluid depth

H(0) given by

dp(z) = SpePr + The % (0 <z <1) (k=1,...,n—1),
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for some constants Sy and Ty (k= 1,...,n —1). Initial conditions of the form

6(0) = 1 8,(0) = =4 (h=1,...,n—1),

clearly remove the growing exponential term in these flat bed solutions. We have
found that if we use these n — 1 initial conditions with the first-order system
(4.55), the solutions of the revised IVP at @ = 1 are smaller by up to 3 orders in

magnitude than the solutions obtained with the original initial conditions,

X (0) =¢;

J

X,(0)=0

]7=2,....n.
We have not yet found an improved choice for the remaining n+1 initial conditions
and so we retain the present ones. Therefore, the initial conditions we are now

going to employ with the first-order system (4.55) are

(0)=¢
40 =g j=1,...,n (4.62)
X](O) =d;
and
"0)=¢e._,
x;(0) =<, i=n+l,....2, (4.63)
X, (0)=0
where d; = —f%; (j = 2,...,n) and d; is the zero vector. With this choice of
initial conditions, the functions X; (j = 1,...,2n) are clearly linearly indepen-
dent.

We now return to the example at hand. For the 2-term approximation, using
a tolerance of 107% in the numerical method, we find that the solution X, of (4.59)

together with initial condition (4.62) is

—0.710

X, (1) =
—5.409

which is a reduction of 2 orders in magnitude on the previous solution. Now
cond(M) = 1.8 x 10? which is a reduction of 1 order of magnitude on the previous
value.

For the 3-term trial approximation, using a tolerance of 107 in the numerical

method, the solutions x,(1) and x,(1) of (4.59) with initial conditions given by
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(4.62) are

—0.276 0.213
()= 1494 | x10° (1) = | —1.156 | x10°.
4.809 —3.714

So x,(1) and x,(1) have been reduced by 2 orders of magnitude from the previous
solutions. Now cond(M) = 5.8 x 10°, which is again a reduction of one order in
magnitude from the previous value.

For the 4-term approximation, using a tolerance of 107 in the numerical
method, the solutions x (1), x,(1) and x,(1) of (4.59) with initial conditions

given by (4.62) are now such that

L~ 000, 1~ 0.y~ 00,

So x,(1) has been reduced by 1 order of magnitude, x,(1) has been reduced by 2
orders of magnitude and y (1) has been reduced by 3 orders of magnitude from
the previous solutions. Now cond(M) = 1.3 x 10'°, which is again a reduction of
1 order in magnitude from the previous solution.

For the 5-term approximation, using a tolerance of 107 in the numerical
method, the solutions x (1), x,(1) and x,(1) of (4.59) with initial conditions

given by (4.62) are now such that

(1)~ 0109, X, (1) ~0 107, x,(1)~0@10%), x,(1)~0(10°).

So x,(1) is the same order of magnitude as before, x,(1) has been reduced by 1
order of magnitude, y (1) has been reduced by 2 orders of magnitude and x (1)
has been reduced by 3 orders of magnitude from the previous solutions. Now
cond(M) = 3.3 x 10", which is again a reduction of 1 order in magnitude from the
previous solution. Now, MATLAB can determine the constants ¢; (j = 1,...,6)

correct to 5.d.p. The coefficient of the reflected progressive wave is given by
5-term: R} = —0.05395 — 0.03411: (|RY| = 0.06384).

The above estimate for RY agrees to 5.d.p. with that given when the tolerance in

the method is increased to 1071V,
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However, the solutions of the initial-value problem (4.55), (4.62) and (4.63)
for a 6 or higher term approximation are still too large and so MATLAB cannot
solve the system (4.59).

Let us now compare these n-term approximation estimates for R} where

n=1,...,5. From above we recall that
MMSE: R} = —0.047743 — 0.0443761 (|R| = 0.065181) ,
2-term: RY = —0.052240 — 0.037232i (|RY] = 0.064150) ,
3-term: RY = —0.053247 —0.035397: (|RY] = 0.063939) ,
4-term: R = —0.053699 — 0.034580: (|RY] = 0.063869) ,
5-term: RY = —0.05395 —0.03411: (|RY] = 0.06384) .

From these results, we can see that as we increase the number of terms in the
approximation, the estimate of R} converges. We also notice that |RY| given by
the 4-term and 5-term approximations agree to 4.d.p.

The coefficient of the first decaying wave mode evaluated at @ = 0 given by the
2-term, 3-term, 4-term and 5-term approximations calculated using a tolerance

of 1076, 107%, 1072 and 1072 respectively are

2term: R = —0.005600 + 0.003077i  (|R!| = 0.006390)
3-term: R = —0.005755 4+ 0.003181i  (|R!| = 0.006576)
Aterm: R' = —0.005813 +0.003225i  (|R!| = 0.006647)
S-term: R = —0.00584 +0.00324i  (|R!| = 0.00668) .

Again, we see convergence in the estimate of R} as the number of terms in the trial
function is increased, with |R]| given by the 4-term and 5-term approximations
the same to 4.d.p.

The coefficient of the second decaying wave mode evaluated at @ = 0 given
by the 3-term, 4-term and 5-term approximations calculated using a tolerance of

1076, 107 and 1072 respectively are

3-term: R? = 0.000306 — 0.000613;  (|R?| = 0.000685) ,
Aterm: R? = 0.000313 —0.000626i  (|[R?| = 0.000700) ,
5-term: R? = 0.00031 —0.00063%  (|R?| = 0.00070) .

The convergence is again evident, with |R?| given by the 4-term and 5-term

approximations the same to 5.d.p.

108



The coefficient of the second decaying wave mode evaluated at « = 0 given by

the 4-term and 5-term approximations calculated using a tolerance of 107 are

Aterm: R3 —0.000059 + 0.000118;  (|R?| = 0.000197) ,
5-term: R? = —0.00006 +0.00019  (|[R} = 0.00020),

which agree to the first 4 decimal places. The coefficient of the fourth decaying
wave mode evaluated at + = 0 given by the 5-term approximation calculated

using a tolerance of 107 is
5-term: Rj = 0.00001 — 0.00008: (|R{] = 0.00008) .

The coefficient of the first decaying wave mode evaluated at x = 0 is one order
of magnitude larger than the corresponding coefficient of the second decaying
wave mode. As B < fri1 (K € IN), the (k + 1)th decaying wave mode decays
away more rapidly than the B as & - +oo. This clearly illustrates that the
first decaying wave mode is much more significant than the second decaying wave
mode, which will be more significant than the third, etc.

We shall now investigate the solutions of the initial-value problem (4.55),
(4.62) and (4.63) for a different choice of the parameters oy and 7. If we now

assign the following values to ag and 7 given by
ap =6, T=0.2,

then the maximum values of the functions 85 (k= 1,...,n — 1) in the interval

[0, 1] are now
Bi(1)=28.98,  Ba(l) = 61.6T,  fu(1) = 9348 .

So for these values of ag and 7 the functions 8 (kK = 1,...,n — 1) are much
larger than at the previous values of oy and 7. Consequently, the solutions of
the initial-value problem (4.55), (4.62) and (4.63) evaluated at = 1 will also be
larger in magnitude at these values of ay and 7. Indeed, using a tolerance of 107

in the Runge-Kutta method, we find for a 2-term approximation that

0.129 —0.119

x, (1) = x10%,  x,(1) = x 10*,
2.454 —2.270



XS(l) _ 4.891 7 &(1) _ 0.053 .10,
90.87 1.017
Now, cond(M) = 3.9 x 107, where M is the matrix in equation (4.59), and
MATLAB can determine the constants ¢; (j = 1,...,4) accurate to 9.d.p.

For a 3-term approximation

X, ~0(10%) . x, ~0(10"%),  x, ~0(10"),

X, ™~ o(10™)y | Xs ~ O(10"%) | Xg ™ O(10').

Now, cond(M) = 4 x 10'°, where M is the matrix in equation (4.59), and we
cannot now determine the constants ¢; (j = 1,...,6).

In this section, we have shown that as the number of decaying wave mode
terms in the approximation is increased, the results given can visibly be seen to
converge. We have demonstrated that the solution method we are employing to
solve the BVP (4.23), (4.37) — (4.40) is restricted by the magnitude of the func-
tions G (k= 1,...,n — 1), which limits the number of terms we can use in the
approximation to ¢. We have also seen that the tolerance in the Runge-Kutta
method needs to be increased as the size of the initial-value problem solution-
s increase in order to maintain solution accuracy. The n-term approximation
should give different (and more accurate) approximations to the coefficients of
the scattered waves over steep bed profiles than the MSE and the MMSE, be-
cause the decaying modes are more significant for steeper bed profiles. As the
slope of the bed profile reduces, the results given by these approximations should
become very similar as the effect of the decaying modes diminishes. In section
4.7, we examine the results given by these approximations as the steepness of
a depth profile is varied. We show how the maximum values of the functions
Br (k= 1,...,n — 1) in the interval [0, 1] vary as the steepness of the bed is
varied. We find that the steeper the bed profile, the smaller the magnitude of
the functions 8 (kK =1,...,n —1). As the slope of the bed profile decreases, so
Br (k=1,...,n — 1) increase in magnitude. So, the solution method given here
can be used to obtain the results given by the 2, 3 and 4-term approximations
for steep bed profiles, which are the results of prime interest. We find that the

results given by the 2, 3 and 4-term approximations converge to those given by
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the MMSE before the bed profile becomes too mild for results to be found. These

results are presented graphically in section 4.7.

4.7 Graphical results

In this section, we consider three examples where the results are best presented
graphically. In the first example we plot the approximation to the free surface
at two different time intervals for normal incidence. In the other two examples,
we show how the amplitude of the reflected progressive wave varies with the
steepness of the bed profile. We consider two shapes of bed profile — a talud
and a hump, and compare results given by the MSE, MMSE, 2-term, 3-term and
4-term approximations. We also compare results given by the MSE and MMSE
with the two sets of boundary conditions discussed in section 4.3.

Example 4.2

Here the depth profile is given by

3 1
H(:z;):z—l—zcos(%rxz) 0<x<1),

which represents an asymmetric hump whose height is half the still water depth.

The parameters ag and 7 are chosen to be

Qp = 25,
T = 04.

The n-term approximation to the free surface elevation is given by

n—1
n =~ Re {e_wt Z qb]} .
7=0

For an incident wave of unit amplitude from = —o0, the approximation to the

free surface at time ¢ = 25 (5 + 1 € IN) is given by

eiﬁol’ _I_ R?e_iﬁol’ _I_ ‘7:_11 R‘ieﬁ?gj (1‘ S 0) 9
n(e,1) ~ Re S 6i(x) (O<z<),

The results displayed in Fig.4.1 were obtained by running the computer program
with a tolerance of 107¢ in the Runge-Kutta method for the MSE, MMSE, 2-term
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Figure 4.1: Free surface elevation

and 3-term approximations, and a tolerance of 107 for the 4-term approximation.
With these tolerances, the solutions for each approximation had converged to
6.d.p. The depth profile is also displayed in Fig.4.1 and we have exaggerated the
amplitude of the waves to make the figure clearer. The dashed lines represent the
amplitude of the incident wave and the dotted line represents the undisturbed free
surface. At this instant, we observe that destructive interference produces a wave
which has an amplitude smaller than that of the incident wave in * < 0. All the
decaying wave modes decay away very rapidly as they move away from the hump
and the contribution they all make to the free surface shape at the left and right-
hand ends in Fig.4.1 is negligible. We note that the n-term approximation to the
free surface has converged (as far as one can tell by the eye) when n = 4, with
only a small difference in results given by the MMSE and 4-term approximations.
So, for these values of oy and 7 the hump is steep enough for the decaying wave
modes to make a small, but noticeable contribution.

Fig.4.2 displays the same free surface after ot has increased by %7‘(’. The
diagram indicates the presence of constructive interference in @ < 0. Again,
there is a small difference in the results given by the MMSE and the 4-term

approximation.

112



— 4-term

— - 3-term

- — 2-term
MMSE
MSE

Figure 4.2: Free surface elevation after ot has increased by %7‘(’

Example 4.3

We now return to the talud problem considered by Booij [5], in which the
accuracy of the mild-slope approximation was tested as the gradient of the talud
varied. This was done by comparing the amplitude of the reflection coefficient
(|RY]) given by the MSE with the corresponding value computed using the full
linearised theory. The boundary conditions used by Booij [5] with the MSE
correspond to the set (4.41) given in section 4.3. The varying depth profile we

are considering here is given by

2
H(:z;)zl—gx 0<x<1),
so at © = 0 and # = 1, where the talud meets the flat beds, the slope of the
depth profile is discontinuous. In [5], the unscaled problem Booij considered had
flat bed depths hg = 0.6m and h; = 0.2m. Booij computed |R{| using the full
linearised theory at values of a parameter W, which denotes the length of the

talud. Our parameters oy and 7 are defined in terms of W; by

W 0.6 V0.6

ay = — T = so that ag =

V0.6’ w,’ T
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Returning to the definitions of o and 7, we recall that

ol
Vgho 7

So with ap and 7 given in terms of W as above, we see that

T:ho/l.

Qg =

2

ag T
V6o =21, =
WEL 06 2

—_

te|q

It follows that varying W; is equivalent to varying the length [ of the talud, and
therefore the steepness of the talud at each fixed value of %2, the deep water wave
number. Following Booij [5], we seek results for our new approximation for values
of Wy from 0.1 to 6 at intervals of 0.05. As W varies from 0.1 to 6, ag7 = V0.6
and 7 decreases monotonically. Therefore, the functions g (k = 1,...,n — 1),

the roots of the relations
— (o)’ H = (BprH ) tan(B7H) (ke IN),

monotonically increase as W increases. Note that the minimum depth in this
example occurs at @ = 1, and so the maximum value of g (k=1,...,n — 1) in

the interval [0,1] is at « = 1. When W, = 0.1, we find that
Bi(l) =154,  B(1) =313, Bs3(1) =470,  Bu(1) =628 .
When W, = 6, we find that
Bi(1)=9230,  By(1) = 18754,  Bs(1) =282.11,  B4(1) = 376.51 .

We saw in section 4.6 that when the maximum value of 3y (k=1,...,n—1) was
greater than 60, solutions of the boundary-value problem could not be found.
Therefore as W, increases, there will be a value of W, at which the function
Py is large enough to make the solutions of the initial-value problem for the 2-
term approximation too large for the system (4.59) to be solved to a minimum
accuracy. The minimum accuracy we require is three decimal places. For the 3-
term approximation, the value of Wy at which the system (4.59) cannot be solved
to this minimum accuracy will be smaller than that for the 2-term as 3y > [,
and so on for the 4,5,..-term approximations.

Using the solution procedure outlined in sections 4.5 and 4.6, it turns out that

for the 2-term approximation, when W, = 4.35, fi(1) = 65.54,
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cond(M) = 3.9 x 10" and equation (4.59) cannot be solved to the minimum
accuracy we have specified. When W, = 2.15, 55(1) = 66.58 and the results giv-
en by the 3-term approximation cannot be found to the minimum accuracy for
Wy > 2.15. When W, = 1.45, 33(1) = 68.18 and the results given by the 4-term
approximation cannot be found to the minimum accuracy for W, > 1.45. For
all the n-term approximations, we initially use a tolerance in the Runge-Kutta
method of 107 which rises to 107! as W, increases, in accordance with the size
of the solutions of the initial- value problem. The initial-value problem solutions
obtained therefore have all converged to at least 4 significant figures. Remember
that for the MSE and MMSE we do not have a problem with the initial-value
problem solutions growing because these approximations do not contain any ex-
ponentially growing/decaying wave modes. Therefore, for the MSE and MMSE
we use a tolerance of 107° in the Runge-Kutta method over the whole W, range
which gives solutions accurate to 6.d.p.

The first set of results we give, are those given by the MSE and MMSE with
the old set (4.41) and new set (4.42) of boundary conditions. These are presented
in Fig.4.3. It is clear from the graphs that the results given by both the MSE
and MMSE with the new set of boundary conditions (4.42) are much closer to
the amplitude of the reflection coefficient Booij [5] computed using full linearised
theory. The results given by the MMSE closely agree with all the computed results
for the full linearised theory. The results given by the MSE closely agree with the
computed results for the full linearised theory for W, > 0.4, which corresponds
to taluds with gradient up to 1. This implies that the MSE can give reliable
results for taluds with a maximum gradient of up to 1, rather than a maximum
gradient of up to % which Booij [5] suggested. The results given by the MSE with
boundary conditions (4.42) begin to vary from the full linear ones for small W,
because the terms O(V2h, |Vh|?) that were neglected in this approximation are
now clearly not negligible. The results given by the MMSE are much closer to
the full linear results for these small values of Wy (as one would expect), as no
terms of O(V?h, |[Vh|?) have been neglected. As W, tends to zero, ag tends to
zero, which is equivalent to the wavelength becoming much larger than the water

depth. In other words, the limit as W, tends to zero is the shallow water limit.
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Figure 4.3: Reflected amplitude over the depth profile H(z)=1—

Also as W tends to zero, the talud is tending to a step, and so the amplitude of
the reflection coefficient should tend to the exact value of the reflection coefficient
for wave incidence on a step in shallow water which Lamb [28] derived, namely

Vho — VI
Vho + vy

in the present case. It can be seen from Fig.4.3 that when W = 0.1, the MMSE

|RY| = = 0.268,

with the new boundary conditions (4.42) gives
|RY| = 0.236 ,

which is quite close to Lamb’s result, and certainly much closer than any of
the other approximations. From the evidence in Fig.4.3, we conclude that the
approach used in section 4.3 to derive the boundary conditions is the correct

approach. Notice also from Fig.4.3 that the amplitude of the oscillations of |RY|
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given by the MSE and MMSE with the new boundary conditions (4.42) is much
larger than that given with the old boundary conditions (4.41). Booij [5] claimed
that the results given by the full linear theory and the MSE with the old boundary
conditions (4.41) were in ‘good agreement’ for Wy > 1.2. He does not publish any
values of |R}| for full linearised theory for W, > 1.2 to confirm this claim, but
from the evidence in Fig.4.3 it is reasonable to suppose that these results would
be much closer to those given with the new boundary conditions (4.42) rather
than those given by the old ones as claimed.

In Fig.4.4 we present the results obtained from the boundary-value problem

T
107 .
o
— 2-term
— - 3-term
- — 4-term
MMSE
+  Full linear
_2 e
10 : : : —
107 10°
W

Figure 4.4: Reflected amplitude over the depth profile H(z)=1— 22 (0<2<1).

(4.23), (4.37) — (4.38) for the MMSE, 2-term, 3-term and 4-term approximations.
It is clear from the graph, that as the number of terms in the trial function
is increased, the closer the results become to the full linear ones. The results

given by the 2-term approximation have converged to those given by the MMSE
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when Wy > 1.6, which corresponds to taluds with gradient less than i. In other
words, taluds with gradients of up to i are mild enough to make the contribution
from the first (and largest) decaying mode negligible. Therefore, it is not of
great importance that we cannot find results for the 2-term approximation for
W > 4.35, as the results will be the same as those given by the MMSE which we
can find for W, > 4.35.

For Wy > 1.4, that is, for gradients less than %, the results given by the 3-term
approximation have converged to those given by the 2-term approximation. So
the contribution from the second decaying mode becomes negligible for taluds
with gradient up to %

Finally, the results given by the 4-term approximation are practically the
same as those given by the 3-term approximation, with no observable difference
for Wy > 0.8, that is, for taluds with gradients less than % From the similarity be-
tween the 3-term and 4-term approximation results, we conclude that the n-term
approximation has essentially converged when n=4 and so we do not compute
solutions for the 5-term or higher term approximations.

Rey [52] also considers this problem, by using a method which approximates
the depth profile as a series of horizontal shelves separated by abrupt vertical
steps. The results presented in Fig.4.4 are in good agreement with those found
by Rey.

Let us now consider another problem, where the depth profile is now given by
a hump.

Example 4.4
We consider a depth profile given by

H(z)=22" -2z +1 0<2<1).

This corresponds to a hump whose height is half the still water depth which has
slope discontinuities at * = 0 and at * = 1, where it meets the flat beds. We
wish to solve the boundary- value problem (4.23), (4.37) — (4.40) at values of a
parameter w starting at 0.05, ending at 10, with intervals of 0.05. The parameters

ag and 7 are defined in terms of w by

€=

Qp = w T =
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With these definitions for ag and 7, varying w corresponds to varying the length
[ of the hump or, equivalently, to varying the steepness of the depth profile, as in
Example 4.3. As w increases, apr = 1 and 7 decreases, so (as in Example 4.3) the
functions By (k = 1,...,n — 1) monotonically increase. The minimum depth in
this example occurs at x = %, and so the maximum value of 3y (k=1,...,n—1)

in the interval [0,1] is at = ;. When w = 0.05, we find that

By (%) =030, f (%) =062, B (%) =094, B (%) =1.25 .

and when w = 10, we find that

B (%) =59.50, [ (%) =124.06 , S5 (%) = 187.43, /4 (%) = 250.53 .
As in Example 4.3, as w increases, there is a value of w at which the function 3,
is large enough to make the solutions of the initial-value problem for the 2-term
approximation too large for the system (4.59) to be to be solved to the minimum
accuracy (3.d.p.). Similarly, at smaller values of w, solutions for the 3-term and
4-term approximations will not be available. It turns out that for the 2-term
approximation, when w = 7.75, 33(1) = 46.11, cond(M) = 2.4 x 10'* and equa-
tion (4.59) cannot be solved to the minimum accuracy we have specified. When
w = 3.75, ﬂg(%) = 46.52 and the results given by the 3-term approximation cannot
be found to the minimum accuracy for w > 3.75. When w = 2.4, f5(3) = 44.98
and the results given by the 4-term approximation cannot be found to the mini-
mum accuracy for w > 2.4. As in Example 4.3, for all the n-term approximations,
we initially use a tolerance in the Runge-Kutta method of 107¢ which rises to
107 as w increases, in accordance with the size of the solutions of the initial-
value problem. Again we use a tolerance of 107® in the Runge-Kutta method for
the MSE and MMSE, which gives solutions accurate to 6.d.p. over the whole w
range.

As in the previous example, the first set of results we give, are for the MSE
and MMSE with the old set (4.41) and new set (4.42) of boundary conditions.
These are presented in Fig.4.5. It is clear from the graphs that the results given
by both the MSE and MMSE with the new set of boundary conditions (4.42)
are very different to those given with the old boundary conditions (4.41). The
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Figure 4.5: Reflected amplitude over the depth profile H (z) =22*-22+1 (0 <z <1).

results given by the MMSE with the old boundary conditions just decay away
as w increases. Those given by the MSE with the old boundary conditions make
small oscillations. For w > 9 the MMSE results with the new boundary conditions
have practically converged to those given by the MSE. There is a clear overall
decreasing trend in these results which is because as w increases the physical
water depth becomes equal to a large number of wavelengths and consequently
less energy is reflected. The behaviour in the results as w tends to zero is a
result of the modelling, because for small values of w the hump corresponds to a
submerged thin step. Decaying wave mode terms are significant in this case and
as the mild-slope or modified mild-slope approximations do not contain decaying
wave mode terms, we cannot expect reliable results. In Chapter 5, we find second-
order accurate approximations to the reflection and transmission coefficients for

the full linear wave scattering problem over a hump. We find that the results
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given by the MSE and MMSE with the new boundary conditions (4.42) are very
similar to these full linear results, with those given by the MMSE the closest.

In Fig.4.6 we present the results obtained from the boundary-value problem

0.35
— 2-term
0.3f _
— - 3-term
- — 4-term
0.25F - MMSE .

0.2

IR |

0.15
0.1

0.05

Figure 4.6: Reflected amplitude over the depth profile H (z) =22*-22+1 (0 <z <1).

(4.23), (4.37) — (4.38) for the MMSE, 2-term, 3-term and 4-term approximations.
It is clear from the graph, that as the number of terms in the trial function is
increased, the results are converging. The results given by the 2-term approxima-
tion have nearly converged to those given by the MMSE when w > 7.0. In other
words, for w > 7.0, the slope of the hump is mild enough to make the contribution
from the first (and largest) decaying mode almost negligible. When w = 3.7, the
results given by the 3-term approximation have very nearly converged to those
given by the 2-term approximation. So the contribution from the second decaying
mode becomes essentially negligible for w > 3.7. Finally, the results given by the

4-term have nearly converged to those given by the 3-term approximation when
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w = 2.4. Therefore, the contribution from the fourth decaying mode becomes
essentially negligible for w > 2.4. From the similarity between the 3-term and
4-term approximation results, we conclude that the n-term approximation has
essentially converged when n=4 and so we do not compute solutions for the 5-
term or higher term approximations. In this example we have not seen the same
convergence in the results given by the n-term (n > 1) approximations as we did
in the previous example. This is because the steepness of a hump of the same
maximum height as a talud and the same length is effectively twice that of the
talud. So unfortunately, the slope of the hump does not become mild enough
for us to see the same convergence in the results given by the n-term (n > 1)
approximations as seen in Example 4.3 before the results given by these n-term
(n > 1) approximations become inaccurate.

For small values of w, the hump we are considering is similar to a thin rect-
angular block, whose height is half the fluid depth. Mei and Black [4] considered
this type of problem using full linear theory, for blocks of various width and the
limiting case of a thin barrier.For small wave numbers, their results show that
there is a large difference in the amplitude of the reflected wave given by a thin
barrier and the blocks they considered. The results given in Fig.4.6 by the 2, 3
and 4-term approximations when w = 0.05, that is, when the flat bed depth is 20
times the length of the hump are consistent with those of Mei and Black, in the
sense that they lie between the corresponding estimates Mei and Black give for
the thin barrier and the narrowest block they consider, where the flat bed depth
is half the length of the step.

In Chapter 5, we find that our decay mode approximation results for this
hump problem are in good agreement with the results we compute using full
linearised theory.

We round off this chapter by developing the theory given so far to encompass

obliquely incident waves.
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4.8 Obliquely incident waves

In this chapter, the theory employed so far is only for 1-dimensional problems.
In other words, it applies to waves that are normally incident on depth profiles
which are independent of y. We shall now generalise this to allow waves incident
other than normally on such profiles. Consider a plane wave train arriving from
x = —oo whose direction of propagation makes an angle §y to the normal to the y
axis. Let the angle which the transmitted wave makes to the normal be denoted
by 6,1, where 6, # 6, in general.

If the fluid depth in @ < 0 is less than that in > 1 then §; > 6y (Mei

[37], for example). We note that there exists a critical angle 0.4 which for any

cri

crits %] total reflection

incident wave with angle of incidence in the interval [(9
occurs — a well-known result in optics. We do not consider these total reflection
problems here as this would require us to derive alternative boundary conditions,
with which we are not concerned. We shall consider wave scattering problems
in which part of the incident wave is reflected and part of it is transmitted. If

the fluid depth in & < 0 is greater than than that in x > 1, that is, if hg > hq,

then §; < 6y — this is the case depicted in Fig. 4.7 In this case the incident wave

y

incident

transmitted

reflected

x=0 x=1

Figure 4.7: Top view of an obliquely incident wave approaching a talud for hg > hy.
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is always transmitted whatever the angle of incidence. For an oblique incidence
problem as depicted in Fig. 4.7, we can follow the same procedure used in section

4.1 to see that the approximation to the free surface elevation n is given by
. n_l ~
n =~ Re {e‘wt Z qbk} .
k=0

Here the functions ¢, = q;k(:zj, y) (k=0,...,n—1), after scaling, satisfy

(V o ¢k)+2{ ;5] —I-G]kqﬁj}:() (k=0,...,n—1), (4.64)

with Uy = Ug(2), By = Br(), Fijr = Fip(x) and G = Gip(2) (5, =0,...,n—1),
defined by (4.24) and (4.30) respectively, since H = H(x).

The wave numbers ko and k; of the incident and the scattered progressive
waves can be calculated from the dispersion relation (4.26) once the parameters
ap and 7 have been prescribed. Similarly, the corresponding terms 37 and 3}
(k=1,...,n—1) of the scattered decaying wave modes can be calculated from
(4.25). The incident and scattered waves have an x and y component, with
the incident wave components in the # and y directions having wave numbers
Ko cos By and kg sin fy respectively. As the depth profile H is independent of v,

the y component of the waves cannot change across the talud. In other words,

Y (z,y) € R?
sz(l',y) = ¢k(x)eiﬁoysin€0 (k = 07 ceey 1) ’ (465)

for some ¢p(x) (k = 0,...,n —1). Substituting (4.65) into (4.64) and dividing
through by e"ovsinfo giveg

Uk(qs;;—(&02sin2eowf)qsk)+§{ij¢;+ajk¢j}:o (k=0,...,n—1), (4.66)

with the prime denoting differentiation with respect to x. This equation reduces
to our original coupled equation (4.23) in the event of an incident wave of normal
incidence. The asymptotic behaviour of ¢; (k' =0,...,n— 1) can be summarised
by

girorcosty | i o—iroreosly 4 < ()

Po() = (4.67)

Tyetrre xz>1

— Y
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Rpeieeosto <0 (k=1,....n—1),

dr(z) = (4.68)
T " r>1 (k=1,....,n—1).

Here, k7 is the z-component of the wave number of the transmitted progressive
wave, and B} (k=1,...,n—1) are the x-components of the corresponding terms
of the transmitted decaying wave modes. The procedure outlined in section 4.3
can be used to derive the boundary conditions for ¢, (kK = 0,...,n — 1) from
equations (4.67) and (4.68). The transmitted progressive wave has wave number

k1 and we know in advance that its y-component is kg sin #y. Therefore

KT = \//4;12 — ko2sin? b, .

Similarly, the y-component of the functions 3{,..., 3! | is kg sin #y and therefore

5;{:\/(ﬂ%)2—|—/§02sin290 (k=1,...,n—=1).

We can also deduce from the above work that 6, the angle between the normal

to the y-axis and the direction of the transmitted wave, is given by
Kosinfy = kysin by .

This is analogous to a well-known result in optics known as Snell’s law and this
determines whether 85 < 6, or 65 > 6.

We can now use the numerical methods outlined in section 4.5 to solve e-
quation (4.66) together with its appropriate boundary conditions. The required
solutions ¢ (k=0,...,n—1) are then found using equation (4.65). We return to
the problem considered in section 4.7, where we gave plots of the approximation

to the free surface for a plane wave incident normally on the depth profile

3 1
H(:z;):z—l—zcos(%rxz) 0<x<1),

with parameter values

ap = 2.5,

T = 04.
Now suppose we have an incident wave of unit amplitude from x = —oc obliquely
incident on the bed at an angle 6y = Z to the normal. The graphical repre-

sentations of the free surface given by the MMSE, 2-term, 3-term and 4-term
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approximations are very similar, so we just present the results for the 2-term
approximation here. The 2-term approximation to the free surface elevation at

time t =257 (j + 1 € IN) is given by

eiﬁol’COS@o _I_ Roe—iﬁol’cosﬁo _I_ Rleﬁ?wcos% (l’ S 0) ,
N A Re q etmovinte do(2) + ¢1(2) (0<z<1),
Tocire 4 Tyeofe (£>1) .

Fig. 4.8 displays the approximation to the free surface elevation given by the
2-term approximation. To give the figure more meaning we have included the
depth profile used, and the amplitude of the waves has been exaggerated to

improve clarity. Notice the presence of constructive interference in = < 0.

N
\\\\\\1\\& év
0

Figure 4.8: Free surface for oblique incidence given by the 2-term approximation.

In the oblique incidence problem there is a possibility that at certain values
of the wave number k£ and the angle of incidence 6y, waves may propagate in
the y direction with amplitude that tends to zero as |x| — oo. These ‘trapped’
waves therefore evade the radiation conditions used and it follows that at these

parameter values the solution is non-unique.
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It is clear that the numerical method that we have used to solve the boundary-
value problem (4.23), (4.37) — (4.40) is restricted by the size of the functions
Br (k=1,....,n —1). A major objective of any future work will be to devel-
op a solution routine that overcomes this problem. The size of the functions
Br (k=1,...,n—1) will cause problems in most numerical solution procedures
of the boundary- value problem. These problems might be avoided by developing
an approximate solution method to solve the integral equation equivalent to this
boundary-value problem which we presented in section 4.4.

In this chapter, we have shown that by incorporating decaying wave mode
terms into the formulation of the original mild-slope approximation to the ve-
locity potential for the full linearised wave scattering problem, we can find good
approximations to the velocity potential. This new approximation has been com-
pared with two older approximations that only contain progressive wave mode
terms, namely the mild-slope and modified mild-slope approximations. We have
shown that for steep depth profiles, where the decaying wave modes are signifi-
cant, the results given by the new approximation agreed much more closely with
results Booij [5] obtained using full linear theory. From the results given in sec-
tions 4.6 and 4.7, the new ‘decaying mode’ approximation of the coefficients of
the scattered waves is seen to essentially converge when the number of decaying
wave modes included has reached three, even for the steepest bed profiles. The
milder the depth profile, the fewer the number of decaying modes needed for con-
vergence, until eventually the gradient of the depth profile becomes mild enough
to make all the decaying modes negligible. In the course of developing this ap-
proximation, it has been found that the boundary conditions that have been used
in the past by all authors with the mild-slope approximation are incorrect. By
this, we mean that an alternative set of boundary conditions can be found which
make the mild-slope approximation results agree far more closely with computed

results of the full linear problem than the original ones.
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Chapter 5

The full linear problem for a

hump

In this chapter, the depth profiles that are considered are local elevations in an
otherwise flat uniform bed, which we refer to as humps. A second-kind integral
equation is derived from the full linear boundary-value problem (BVP) satisfied
by the velocity potential, which was given in Chapter 2. The BVP was defined
there in terms of two orthogonal horizontal co-ordinates = and y and a vertical
co-ordinate z. We shall be considering the two-dimensional problem, which is
independent of y, in this chapter.

Initially, as the kernel of the integral equation presents serious numerical prob-
lems to evaluate accurately, we make an approximation. The approximation,
which is equivalent to one that is used in the mild-slope and modified mild-slope
approximations, is to remove the decaying wave mode terms to leave just the
progressive wave mode terms. This process makes the kernel of the second-kind
integral equation simple to compute and Chamberlain’s integral equation proce-
dure, which was reviewed in Chapter 2, can be used to solve it very accurately.
Unfortunately this approximation is found to be quite inaccurate when the results
are compared with those from reliable approximations.

It is found, however, that the second-kind integral equation for the potential
can be converted into a first-kind integral equation for the tangential fluid veloc-
ity. The kernel of the first-kind equation is given in terms of a Green’s function

whereas the kernel of the second-kind equation is given by the normal derivative
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of another Green’s function evaluated on the hump. It follows that the kernel in
the first-kind equation is much easier to compute numerically than the kernel of
the second-kind equation. It is shown that the first-kind integral equation can be
derived directly from the corresponding boundary-value problem for the associ-
ated stream function. A variational principle is used to deliver approximations to
the coefficients of the scattered waves which are second-order accurate compared
to the approximation of the solution of the first-kind equation. The subsequent
results are used to further test the accuracy of the decay mode approximation
derived in Chapter 4 and also to test the accuracy of the modified mild-slope and

mild-slope approximations.

5.1 A second-kind integral equation

The problem under consideration is that of finding the velocity potential
¢ = ¢(x,z) for waves incident from @ = 4oo on an arbitrary, that is, sym-
metric or asymmetric, hump of finite length [. This depth profile is such that
h(x) = ho Y& € (—00,0] U [l,00) and h(x) > ho Y& € (0,1). The problem domain
is as depicted in Fig.5.1.

B hy h(x) B

x=0 x=1

Figure 5.1: The problem domain.
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From Chapter 2, we recall that in this situation ¢ satisfies

Vig = 0 —h <z <0,
%—ng =0 onz=0, (5.1)
0z

9¢ =0 on z = —h(x),

on

where V = (aa_xv 88—2) and v = %2, together with radiation conditions in the form

cosh (ko(z + ho))
cosh (koho)

A, z) ~ [A_eikol’ + B_e_ikol’] as ¥ — —o00 (5.2)

and

cosh (ko(z + ho))

o, 2) ~ cosh (koho)

[A""e_ikox + B""eikox] as ¥ — o0 . (5.3)

As discussed in Chapters 2 & 4, linearity removes the need to solve the problem
for two incident waves. Therefore, for an incident wave from x = —co (A1 =0),

the coeflicients of the reflected and transmitted waves are defined as

B~ BT
Rl == F and T1 = F .
Similarly, for an incident wave from @ = oo (A~ = 0), the coefficients of the

reflected and transmitted waves are defined as

Bt B~

RQZF and TQZF

The coefficients of the outgoing waves B* for two incident waves are given in
terms of these reflection and transmission coefficients. Following the steps used

in Chapter 2, this relationship is given by

HEFE L

where the matrix on the right-hand side of the above equation is called the scat-
tering matrix.

The second-kind integral equation is derived via Green’s identity

” (6V2G — GV26) dudz = } (qsa—G - G@) de | (5.4)
D c

n n
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where the domain D and boundary C will be defined as required and where %

is the outward normal derivative, which is defined as

J 2 W (2)Z

on (1+ (W(2)7) "

where the prime denotes differentiation with respect to x. The Green’s function

(& is chosen to satisfy

VG = —§(x —20)é(2 — 20) —hy < 2z <0,
a—G—I/G =0 onz=20, (5.5)
0z

2_5 = 0 on z=—hg,

together with a radiation condition ensuring that G behaves like an outgoing

wave as |z| — oo. In other words,
G~ eEikor as © — oo . (5.6)

This Green’s function is well-known and one can find derivations of its integral
or series forms in Wehausen and Laitone [59] and Thorne [56]. The infinite series

representation of (¢ is given by

ch cosh(ko(z + ho)) cosh(ko(zo + ho)) eikolz—ao]

G(Q?,Z|$0,Zo) =

2k
’ (5.7)
+ Z Fcn cos (BO(Z + ho)) cos (Bg(zo + ho)) e_Bglgc_xO',
where
2 4k
0 Qkoho + sinh (Qkoho) ’

4RO

= n (n € IN) .

Here kg is the root of the flat bed dispersion relation

vV = ko taﬂh(koho) 5
and B? are the roots of the equation
—v = B%tan(BYhy) (n e IN) ,

arranged in ascending order of magnitude.
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D (XJ,ZO)

Figure 5.2: First domain used in Green’s identity.

If Green’s identity (5.4) is now applied to the domain depicted in Fig.5.2,
where (29, zo) is inside D and the vertical boundaries are assumed to be a great
distance from the hump so that the radiation conditions (5.2), (5.3) and (5.6)
apply there, then it is simple to show that

B cosh (ko(zo + ho))

—9(0, %0) = cosh (koho)

[A—eikoxo + A+e—ik0x0] + J

Ch

where (', is the curved part of C'. Noticing that de = (1 + (h’(:z:))Z)E dz, then

this equation can be written as

cosh (ko(zo + ho))
cosh (koho)

I
oG  0G
+ J l(h/(x)a_x + E) 4 dr
z=—h(z)

0

¢($0, Zo) = [A—eikol’o + A-l—e—ikoxo]

(5.8)

Equation (5.8) is an integral representation of ¢(xg, zo) in terms of ¢(x, —h(x))
for 0 < = < [, that is, in terms of ¢ evaluated on the hump. Applying Green’s
identity (5.4) to a slightly different domain, depicted in Fig.5.3, where (xq, zo)

now lies on the hump, gives

oG 1
5] s

B cosh (ko(zo + ho))
cosh (koho)

0= [Ameihomo 4 A%”’“O%HJ
Ch
Here, the left-hand side is now zero because VG = @zqﬁ = 0 in D and the

extra term on the right-hand side arises from the line integral around the small

indentation at (x¢, z9). The above equation is a second-kind integral equation for
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€

(X057)

Figure 5.3: Second domain used in Green’s identity.

¢ on the hump. On the hump, zo = —h(2¢) and so we can rewrite this equation
as

cosh (ko(ho — h(20)))

1020, —h(0)) = cosh (kohg)

[A—eikoxo + A+e—ik0x0]

! (5.9)
+ (lh’(;p)g—f + aa—ij e oz, —h(:z;))) dr .

0 zg=—h(z0)

Therefore, in order to find the velocity potential in the fluid domain, the inte-
gral equation (5.9) must be solved and its solution then substituted into equation
(5.8). The kernel of the above integral equation is not easy to compute numerical-
ly because the series which defines it has poor convergence properties. Hence, we
wish to avoid solving this second-kind integral equation. Initially, we try making
an approximation in (5.9) which simplifies the second-kind integral equation, and
this process is outlined in the next section.

We finish this section by finding expressions for the coefficients of the reflected
and transmitted waves in terms of the velocity potential evaluated on the hump.
Suppose we have an incident wave from # = —oo (so that AT = 0), then if, in
equation (5.8), we take the limit vy — —oo and compare the result with the
appropriate radiation condition (5.2) for ¢, we find that the reflection coefficient
is given by

B0 oo

, (5.10)
+isinh (ko(ho—h(2))) | e*%d(x, —h(z)) de.
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Similarly, by taking the limit zo — oo, we find that the transmission coefficient
is given by

lei_-l__:1_|_ %W/Ol [h’(:z;) cosh (ko(ho—h(z)))

| (5.11)
—|—isinh(k0(h0—h(:z;)))] =R (2 —h()) de.

For an incident wave from @ = oo (so that A~ = 0) by the same process as above,

we find that the coefficients of the reflected and transmitted waves are given by

Rzzi—::%w/ol [h'(l‘) cosh (ko(ho—h(z)))

| (5.12)
—|—isinh(k0(h0—h(:z;)))]e‘lko%(:p, _h(z)) da

and

B~ & cosh (koho)

T2:F:1‘|‘ 9 A+ /0 [_h/(‘r) cosh (ko(ho—h(x'))) (5.13)
+isinh (ko(ho—h(:z;)))] %97, —h(x)) da.

5.2 An approximation

The mild-slope and modified mild-slope approximations to the velocity potential
are derived on the basis that decaying modes are negligible. It is our intention to
make an approximation in the same spirit as these approximations in the integral
equation (5.9). Therefore, the approximation we make in (5.9) is to omit all the
decaying wave mode terms in the Green’s function. The resulting approximation

(o, —h(x0)) to ¢(x0, —h(xo)) on the hump is the solution of the integral equation

cosh (ko(ho—h(0)))
cosh (koho)

2

—I—CQ—Ocosh(ko(ho—h(:z;o)))/ol[sgn(:z;o—x)h’(:z;)cosh(ko(ho—h(:li))) (5.14)

%¢0($0): [A—eikol’o + A-l—e—ikoxo]

i smh(ko(ho—h(x)))]eikolx—xolqso(x)dx,

where ¢g(x) = ¢(x, —h(x)), and the sgn function is defined by

1 To > T,

sgn(zo—x) = {

—1 Top < T .
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The approximation to the velocity potential in the fluid is given by

~ cosh (ko(zo+ ho — ikomo + —ikoxo
¢(wo, 20) = co(sh Ekoho) ) [A € +ATe ]
—I-gcozsh(ko(z:o-l-ho))/ol[Sgn(wo—f)h/(f)COSh(kO(ho_h(x))) (5.15)

i sinh(ko(ho—h(x)))]eikolx—xolqso(x)dx.

We shall refer to this new approximation to the velocity potential as the integral
approximation.

Therefore, in order to find the approximation qz(xo,zo) to the velocity po-
tential in the fluid, we must solve the second-kind integral equation (5.14) and
substitute its solution into equation (5.15). The kernel of the second-kind in-
tegral equation (5.14) is discontinuous at @ = x¢, which will cause problems in
numerical integration routines if we attempt to solve this integral equation as
it stands. These problems are avoided by using a variable change and some s-
traightforward manipulation to give a new second-kind integral equation whose
kernel is continuous.

We define a new function ( = ((x) by
1

((x) = §¢0(x)sech(k0(ho — h(x))) cosh (koho) . (5.16)

Then equation (5.14) can be rewritten as

(o) = [A—eikoxo + A+e—ik0x0]
2 /! 2
v | [ sen(zo—a )1 (2 )cosh? (ko(ho—h(z))) (5.17)
1 sinh(2ko(ho—h(x))) ] ekoler0l ¢ (1) dz.

We now differentiate the above integral equation twice with respect to z¢ to find

the boundary-value problem satisfied by (. Differentiating (5.17) once gives
(o) = ik |[AmeMoso — Ate=ikaro] 4 2c2h (o) cosh? (ko(ho — h(xo)) ¢

—I—ikocg/j0 [h’(x)coshz(ko(ho — h(:z;)))—l—% sinh(2ko(ho— h(:z;)))] eiko(xo—ﬂf)f(x)dx

—I—ikocg/l [h’(x)coshz(ko(ho—h(:z;)))—% sinh(Zko(ho—h(x)))] eiko(ﬂb’—fo)((x)dx,

Zo

135



where the prime denotes differentiation with respect to xo. Differentiating this
equation for (" gives

(" (o) —2u(wo)’(20) = |2 (v (w0) — kov (o)) — ko?| (o) (0 <z <), (5.18)
where

u(o) = 2h' (o) cosh? (ko(ho — h(x0)))
and
v(wo) = %cg sinh (2ko(ho — h(x0))) .

From equation (5.17) and the equation for ¢’ we deduce that ¢ satisfies the bound-

ary conditions
C'(0) 4+ ikoC(0) = 2ikoA™ + 2u(0)C(0) ,
S0 = ikoC() = —2ikeA* ™™ 4 2u(1)C(1) |

where the functions are evaluated at g = 0+ and zg = [—.

By writing the differential equation (5.18) satisfied by ( in self-adjoint form,
we see that the boundary-value problem satisfied by ( is of the same form as
the boundary-value problem which arises from both the mild-slope and modi-
fied mild-slope approximations to the velocity potential. We can therefore use
Chamberlain’s [7] integral equation procedure, which was reviewed in Chapter 2,
to find highly accurate estimates of ( and thus the reflection and transmission
coefficients given by our integral approximation.

Using the same scaling procedure as used in Chapter 2, which is briefly sum-

marised as

b= U@ =talld). VI§)=1o(18), H(§) =5 h(12). ()= —0(12)

and discarding the accents, the differential equation (5.18) in terms of these di-

mensionless quantities is
¢"(iw0) — 20U (20)¢" (w0) = |2 (U"(w0) — oV (w0)) —ko?| C(w0) (0 < o < 1), (5.19)

where

Ulzo) = C21H'(20) cosh® (ko7 (1 — H(x0)))
V(zo) = %Cg sinh (2k07(1 — H(x0))) ,

4/430

Cf = . ,
2koT + sinh (2K07)
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and kg = kol is the positive real root of
0’7 = Ko tanh (koT) |

and where o and 7 are two dimensionless parameters given by

ol
Vgho 7

We need to convert (5.19) into self-adjoint form, which is done by introducing an

T:ho/l.

Qg =

integrating factor J given by

J(xg) = exp (—2/0900 U(:z;)d:z;)
~ exp (% [25;07(1 — H(xo)) + sinh(2xo7(1 — H(:z;o)))]) . (5.20)

The self-adjoint form of equation (5.19) is then given by

(J(xo)C’(xo))/ — J(xy) [2 (1" (o) — koV (20)) — ,4;02] (o) . (5.21)

This equation is of the same form as the mild-slope equation which was given in
Chapters 2 & 4. Therefore, we can solve this equation using the integral equation
procedure Chamberlain [7] used to solve the mild-slope equation. Following this
procedure, which is outlined in Chapter 2, we introduce a new variable ¢ defined
by

£(xo) = C(wo)y/J (o) (0 <z <1)

and find that ¢ satisfies the second-kind integral equation

f(l‘o) = (Cl + 025(0) + 035(1)) eiroTo

+ (4 + cs€(0) + co€(1)) eimoe 0<zo<1), (5.22)
L[ el (r) d
2Kg Jo ‘ P
where
J” (1) (1)
U’ — V(1 )
ot = ( v ) (1) = oV (1)
and where the constants ¢; (7 = 1,...,6) are given by
. = A_, Cyp = —%CQH/(O—F) C3 = 0 ,'
cy = AT, cs = 0, Ce = 1 TC3H'(1-) .
Ko
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From the definition of the integrating factor .J, it is simple to see that the above

equation for p can be rewritten as
p(t) =U'(t) + U*(t) — 260V (1) . (5.23)

Notice that p is continuous for ¢ € (0,1) and so the kernel in the second-kind
integral equation (5.22) for ¢ is also continuous.

The coefficients of the reflected and transmitted waves for our integral ap-
proximation are given by replacing ¢ in the definitions (5.10) — (5.13) of the
reflection and transmission coefficients for the full linear problem by our integral
approximation to ¢, namely ¢q. It is then simple to see that the reflection and
transmission coefficients for our integral approximation are given in terms of ¢,
the solution of the integral equation (5.22), as follows.

For an incident wave from @ = —oo (so that AT = 0), the coefficients of the

reflected and transmitted waves are given by

£(0)

Rl — T - 1 5
1 .
T, = —i(l_) e ',
For an incident wave from @ = oo (so that A~ = 0), the coefficients of the reflected

and transmitted waves are given by

1 —’iﬁo .
R2 = % — 6_22H0 5
_ £(0)
= A-|— .

We now use Chamberlain’s [7] procedure to find approximations to these re-

15

flection and transmission coefficients given by the integral approximation, which
are second-order accurate compared to the estimate of the solution & of the inte-
gral equation (5.22). We compare the results given by the integral approximation
with the corresponding results given by the mild-slope and modified mild-slope
approximations. We shall use the new boundary conditions derived in Chapter 4
with both the modified mild-slope and mild-slope equations.
Example 5.1

Suppose that a wave of unit amplitude is incident from # = —oo on a hump

whose scaled depth profile is given by
H(z)=2*—2z+1 0<x<1).
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This corresponds to a hump whose height is one quarter of the still-water depth
and whose slope is discontinuous at = 0 and at # = 1, where it meets the flat

beds. We choose parameter values

060:2,

T=0.2.

Using a 3-dimensional trial space we find that for the integral approximation

maximum error in |Ry| = 7.9 x 1077 |
Ry = 0.1681 + 0.16417 ,
|Ry| = 0.2350 .

Similarly, using a 3-dimensional trial space we find that for the mild-slope ap-

proximation gives

maximum error in |Ry| = 4.6 x 10714 |
Ry =0.0883 + 0.07272 ,
|Ry| = 0.1143 .

Finally, using a 3-dimensional trial space we find that for the modified mild-slope

approximation gives

maximum error in |Ry| = 5.2 x 10714 |
Ry =0.0920 + 0.0735¢ ,
|Ry| = 0.1177 .

It is clear that the integral approximation predicts a much larger reflected ampli-
tude than either the mild-slope or modified mild-slope approximations.

We now consider an example where we find solutions given by the modified
mild-slope, mild-slope and integral approximations as we vary the steepness of
the hump depth profile.

Example 5.2
We consider a depth profile given by

H(:z;):2:1;2—2:1;—|—1 (<z<1).

This corresponds to a hump whose height is half the still-water depth which has

slope discontinuities at * = 0 and at * = 1, where it meets the flat beds. We
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seek solutions given by the modified mild-slope, mild-slope and integral approxi-
mations at values of a parameter w starting at 0.05, finishing at 10, with intervals

of 0.05. The parameters oy and 7 are defined in terms of w by

1
ap = w T=—.
w
We have already considered this problem for the new ‘decaying mode’ approxi-
mation in Chapter 4 and recall that with these definitions for ay and 7, varying
w corresponds to varying the length [ of the hump, which translates to varying
the steepness of the depth profile.

We use the ‘cheap’ solution method given in Chapter 3 to find results for

each approximation imposing the usual two significant figure tolerance in the

error. The results are depicted in Fig. 5.4. The reflected amplitude given by

0.9¢
— Integral approximation

0.8} — - Mild-slope approximation

I — — Modified mild-slope approximation
0.7}

0.6},

IR
L

10

Figure 5.4: Reflected amplitude over the depth profile H (z) =22*-22+1 (0 <z <1).

the integral approximation has much higher peaks than the corresponding peaks
given by the modified mild-slope and mild-slope approximations. The number of

peaks in the reflected amplitude given by all three approximations is the same,
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and for large values of w(w > 7), that is, as the slope of the hump becomes milder,
the reflected amplitude given by the new integral approximation is closer to that
given by the other two approximations.

The evidence given by these two examples clearly suggests that the integral
approximation ¢ to ¢ which was derived by omitting all the decaying wave mode
terms in the kernel of the second-kind integral equation (5.9), is not equivalent
to either the modified mild-slope or the mild-slope approximations. From the
evidence given in Chapter 4 for Booij’s [5] talud problem, we saw that both the
modified mild-slope and the mild-slope approximations gave good approximations
to the full linear results. When decaying modes were added to the approximation,
the results became even closer to the full linear ones that Booij had computed.
Similarly, we expect that the results given in Chapter 4 by the new ‘decaying
mode’ approximation for this current hump problem are tending to those giv-
en by full linear theory as the number of decaying modes is increased. From
Fig.4.6 in Chapter 4, we see that the height of the peaks in the amplitude of
the reflected wave for this scattering problem given by the new ‘decaying mode’
approximations and the modified mild-slope and mild-slope approximations are
very similar. As the peaks in the amplitude of the reflected wave given by the
integral approximation are nearly twice the height of the peaks given by both the
modified mild-slope and mild-slope approximations, then we conclude that the
integral approximation is a poor approximation to the full linear problem.

It we recall how we made the integral approximation, it is really quite sur-
prising that the integral approximation produces recognisable results at all. We
approximated the kernel of the integral equation (5.9), which is an infinite series,
with just the first term of this series. From the results we have obtained, it is
clear that this estimate of the infinite series is quite poor, a not surprising fact.

Instead of trying to improve the approximation in the full linear integral e-
quation (5.9), we find that accurate estimates of the solutions of the full linear
problem itself can be obtained. This is achieved by firstly converting the second-
kind integral equation (5.9) for the velocity potential on the hump into a first-kind

integral equation for the tangential fluid velocity on the hump.
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5.3 A first-kind integral equation

We now return to the full linearised problem which was stated in section 5.1. The

Green’s identity domain under consideration is as depicted in Fig.5.5. In this pic-

C

(Xo.»zo)

h(x)

7\

\ i \
dn

x=0 x=l

Figure 5.5: The Green’s identity domain.

ture, % denotes the outward normal derivative, % the tangential derivative and
s the arc length along (', the curved part of €', measured from = = 0,2z = —hy.
The outward unit normal was defined in Chapter 2 in terms of two orthogonal
horizontal co-ordinates x and y and a vertical co-ordinate z. For the problem
domain we are considering, which is independent of y, the outward unit normal
n at (z,z) on C}, is given by

1

n=— = (h'(z), 1) ,
(1+(h’(l‘))2)5( o

where the prime denotes differentiation with respect to . The unit tangent s at
(x,z) on C}, is given by

1
(1+ (())2)?

(1, =h'(z)) -

§:

It follows that the normal and tangential derivatives at (x, z) on C}, are given by

(x
0 —1 0 , g
on (1 _|_(h/(x))2)% [a—l_h( )ax]
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and

a 1 [ 0 iy ]
O (L (W) |
Taking the normal derivative of equation (5.8), the integral representation of the

velocity potential in the fluid, gives

D 0 | cosh (ko(zo + ho — ikowo —ikowo
a—no(l‘o,Zo) = Ino i C(Esh((koho) )) [A e +Ate ' H
; o0 (20,20) in D .
—5- [¢%] ds
o). = h(@)

The exponential term in the infinite series (5.7) for G guarantees that ' is an
infinitely differentiable function of (x,z) and (xo,z) for (z,2) # (x0,20). As
(20,20) isin D and (x, z) is on C}, then we can take % under the integral in the

above equation to give

%( - 0 | cosh (ko(zo + ho))
Ong o, %0) = Ong cosh (koho)

2
B l%aca: ] ds
C Roun z=—h(z)

where (29, z0) is in D.

[A—eikoxo + A+e—ik0x0]]
(5.24)

Notice that the Green’s function G defined by (5.7) can be written as
G(x, z|wo, 20) = f(x — 20,2 + 20 + 2ho) + f(2 — 20,2 — 20) , (5.25)
where

——cg cosh (ko) e thole| Z —c cos (BO ) -Blz|

)_ kO BO n

As (i is a Green’s function, singular at (x, z) = (2, 20), it follows that the function

flaz — 20,2 — z0) is a Green’s function, singular at (x, z) = (0, 20), satisfying
Vif(z,2) = —6(x)é6(z) —ho<z<0.

The function f(x — 0,2 + 20 + 2ho) is regular in D, that is, it satisfies Laplace’s

equation at all points in D. We now define a new function L = L(x, z|xo, z0) by

Lz, z|xo, 20) = f(x — 20,2 + 20 + 2ho) — f(x — 20,2 — 20) .
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It follows that L is also a Green’s function in the sense that
@2[]:5(:1;—:1;0)5(2—20) —hyg<z<0.

Notice that G behaves like a line source near (xg,z9) and L behaves like a line
sink near (xg,z9). From the definition of f it is simple to see that L is given by

the infinite series

L(x,z|wo,20) = ch sinh (ko(z+ho)) sinh (ko(z0+ho)) cikolo—o|

2o

| (5.26)
_ 550 0721 sin (Bg(Z—l—ho)) sin (B2(20+h0)) e—Bg|x—x0|‘

n=1 n

Lemma 5.1 Suppose G = G(x,z|xg,20) and L = L(x,z|xo,z0) are defined by
(5.7) and (5.26) respectively. Then % and % satisfy

B (9GY _ o (o 0 (06)_ 0 (oL
Ong \On ) s \ Os a Jso \On ) Ong \ Os
e,

or all (z,z) and (xq, zg) provided (x, z To,20). (In this sense S and <= can
for all (z,z) and (o, z0) provided (z,z) # (20, 20). (In th 50 and 5

be thought of as conjugate functions.)
Proof

This follows directly from finding the above derivatives of the infinite series

(5.7) and (5.26) for GG and L.

It follows from Lemma 5.1, that equation (5.24) can be rewritten as

%( ) = 0 [cosh (ko(zo + ho))
o, %0) = dng | cosh (koho)

ano
d l ¢8L] is
z=—h(z)

[A—eikoxo + A+e—ik0x0]]
(5.27)

~ 0so s

h

where (29, z9) isin D. The right hand side of the above equation can be rewritten

as the tangential derivative of a function by noticing that

0 lCOSh (ko(zo + ho))

A~ tkoxo A-I— —ikoxo —
Ong cosh (koho) [ c TATe ”

0 lz sinh (ko(z0 + ho))

- A~ ikol’o_A-I- —ikoxo ]
Jsg cosh (koho) [ ‘ ‘ ”

Therefore, equation (5.27) can be written as

%(xo, Z0) = a{l sinh(ko(z0+ho)) [A—eikol’o _A-I—e—ikoxo]_J

l 8L] p - 9
- - S
anO 850 cosh (koho) 83 ? ( . )

o) z=—h(z)
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where (29, z0) is in D. Integration by parts gives

oL 199
qﬁ—] ds = oL — l ] ds .
Lh[ Js 2=—h(x) [ Ch Lh ds 2=—h(x)

The velocity potential is certainly bounded on the bed and from the infinite series

(5.26) for L it is clear that
L(O, —h0|$0720) == L(l, —h0|$0720) =0 \V/ (:1;0,20) inD .

Therefore for (¢, z0) in D

o, S z=—h(z) o, S z=—h(z)

where (g, z0) is in D. If we now let (xg,z0) tend to a point on C}, then this

¢ B 0 |esinh(ko(zo+ho) 1, _ iko 20 + —ikozo
ano(meO)— { cosh (koho) [A € ATe ]—I_

Ch

equation becomes

0 0 {z sinh(ko(z04 ho))

A— Zkol’o_A-I— —ikol’o
850 cosh (koho) [ ¢ € ] + J

Ch

where (29, z0) is on C}. Integrating this equation with respect to so gives

isinh(ko(ho—R(0)) 1, _ ikowo 4+ . —ikozo 8(/5
cosh (koho) [A ‘ —ATe ]—I_ 65

c=

]ds (0<x0<1), (5.29)

Ch
where ¢ is a constant to be found.

In the neighbourhood of a corner of angle «, of a boundary on which % takes
prescribed continuous values, the velocity potential ¢ is given as the sum of the
bounded separation solutions near r = 0 by

0
¢ = ¢0+Za]racos(ﬁr ) 0<h<a, (5.30)

(a4

where r, 6 are polar co-ordinates relative to the corner, a; (j € IN) are constants
and ¢g has prescribed values on § = 0 and § = «. We consider the case when
a(b = 0 on the boundary as depicted in Fig.5.6. It follows that the tangential

derivative of ¢ on the boundary # = « is
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Figure 5.6: Polar co-ordinate system at a corner.
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The same result clearly holds on the boundary # = 0. Therefore, as the depth

profiles C}, that we are considering are all humps (so that a < 7), it follows that

g—(b evaluated on (', is zero, and therefore bounded, at the ends of the hump, that

S

is, at # = 0 and x = [. It follows that as L(x, 2|0, —hg) = 0 for (x,z) on C}, then

[ )]

1’0:0
Substituting 2o = 0 in (5.29) then gives ¢ = 0 and so it follows that the tangential

fluid velocity evaluated on the hump satisfies the first-kind integral equation

d¢ vsinh(ko(ho—h(@o)) 1~ ikgwo 4+ —ikor
_ o0L0o__ 040 — < < . .
L lLaS]ds—k osh (ko) A eoro_gtemibor] =0 (0<p<1). (5.31)

Notice that in the fluid the stream function ¢ associated with the velocity
potential ¢ is such that

96 oY 9 oy

dr 0z and 9z O’ (5.32)
provided the derivatives exist, and on the bed ¥ is related to ¢ by

96 oY 9 oy

on  0s and ds  On’ (5.33)

as long as the derivatives exist. In other words, ¢ and @ are related by the
Cauchy-Riemann equations in any orthogonal co-ordinate system. We can now
rewrite (5.31) in terms of the normal derivative of ¢ evaluated on the hump as

oY isinh(ko(ho— R (o)) [~ ikome 14 —ikos
- — o0L0__ 00 — < < )
J [Lan]ds cosh (koho) [A € ATe ] 0 (0<z<])
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This first-kind integral equation for % evaluated on C}, looks like the result
of applying Green’s identity (5.4) to ¢ and L. Indeed, in the next section we
show that this is precisely the case and therefore we can give a much more direct

derivation of equation (5.31) than we did in this section.

5.4 A direct derivation of the first-kind inte-
gral equation

Let us recall that the problem domain we are considering is as depicted in Fig.5.1,

and that the time independent velocity potential ¢ satisfies

Vi = 0 —h < z<0,
9o
a—yqﬁ =0 onz=0,

do B

= 0 on z = —h(x),

where V2 = % + % and v = 2—2, together with the radiation conditions

cosh (ko(z 4+ ho)) 1, _ ko — —ikox
45(:1;72) ~ p— (koho) [A e + B7e ] as r — —oo
and
cosh (ko(z 4 o)) 1,4 _ikez + ikow
qb(:li,Z) ~ o (koho) [A e + B7e ] as r — oo .

From equations (5.32) and (5.33), it follows that > satisfies

V% = 0 —h <z <0,
2
Z—f—ygi =0 onz=0, (5.34)
z z
p = 0 on z = —h(x),

together with the radiation conditions

i sinh (ko(z + ho))
Pl z) ~ cosh (koho)

[A_eikw — B_e_ikox] as T — —o0 (5.35)

and

i sinh (ko(z + ho))

p(x,z) ~ cosh (kofo) [—A"'e_ikw + B"’eikox] as ¥ — oo . (5.36)
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Note that the stream function is arbitrary to within a constant and we have
chosen ¢» = 0 on z = —h(x), that is, we have chosen the streamline ¢» = 0 to
be the bed. We have also expressed the radiation conditions on ¥ at © = +o0
in terms of the coefficients of the incident and scattered waves. It follows that
the coefficients of the reflected and transmitted waves due to an incident wave
from either @ = 0o or # = —oo are as given in section 5.1 by equations (5.10) —
(5.13). We shall show later that the reflection and transmission coefficients can
be expressed in terms of % evaluated on C},.

We shall now derive the first-kind integral equation via Green’s identity

n on

” (¥V2L = LV*) dudz = } (;z;a—L - La—¢) de | (5.37)
D C

where D is the domain with boundary ' depicted in Fig.5.5. Following the work

in the previous section, the Green’s function L is chosen to satisty

V2L = 68(z— 20)8(z — 20) —hy < z <0, (538
0*L aL
W—l/a— = 0 OHZ:O7 (539)
z z
L =0 on z = —hg, (5.40)

together with a radiation condition that [ behaves like an outgoing wave as

|#] — oo. In other words,
L ~ etthor as ¢ — +00 . (5.41)

We have already shown that the Green’s function L defined by the infinite se-
ries (5.26) satisfies (5.38). From equation (5.26) it is clear that L also satisfies
conditions (5.39) — (5.41).

The structure of the Green’s function L given by (5.26) is unusual, in that L
is not defined in terms of an orthogonal sequence on —hy < z < 0 because

/0 sin (B?(Z‘|‘h0)) sin (B?(Z—I—ho)) dz= % Ccos (B?ho) sin (B?ho) #0 (i#£7).

—ho

This raises the question of whether the Green’s function L satisfying (5.38) —
(5.41) can be determined without first finding the Green’s function GG given by
(5.7). We can show that L is indeed given by (5.26) without first finding G by
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considering a fourier series expansion for 22, given by
0z

%<x72|$0720 Z d(x|x0, 20)va(2) .

Here vg(2) = cgcosh(ko(z 4 ho)), va(2) = ¢, cos(BL(z + hg)) (n € IN), and the
functions d, (n + 1 € IN) are to be found. All the other functions are defined
earlier in this chapter.

Integrating the above expression for % with respect to z gives

1 .
L(x,z|wo,20) = k—do(:zj|:1;0, zg)co sinh (ko(z + ho))

0
+ Z BO (x|@o, 20) e, sin (Bg(z + ho)) )

where there is no constant of integration because we require I = 0 on z = —hy.
It is clear that L as defined above also satisfies the free surface condition (5.39).
From Chapter 4, we know that the sequence {v,, : n+ 1 € IN} is orthonormal

for z € [—ho,0]. Therefore, the unknown functions d,, are given by

oL

0
d, ,20) =
el = | 2

— (@, 2|20, 20)v,(2)dz (n+1€IN). (5.42)

Integration by parts gives

o . oL 1 (7 oL
do(x|xg, 20) = — sinh (kohg)—| — — - dz ,
o(x|zo, z0) T (koho)~ T h J_ho 552 Wol#)dz
. (5.43)
c, . oL 1 0%
dn($|$0720) = B_g S111 (tho) 82 ZZO— B_g J_ho wwn(z)dz (n € ]N),

where wo(z) = cosinh(ko(z + ho)) and w,(z) = ¢,sin(BY(z + ho)) (n € IN).
Differentiating (5.42) twice with respect to x and then integrating the result by

parts gives

0*L * oL
dj(z|zo, 20) = co cosh (koho)w Z:o_ ko J ho%wo(z)dz ;
. (5.44)
0*L 27,
d!'(z|wo, 20) = ¢, cos (tho)@ Z:0+ B J_ho %wn(z)dz (n € IN),
where the prime denotes differentiation with respect to .
From (5.38), it follows that
0 A
J . (VQL) wy(2)dz = 6(x — x9)wy(20) (n+1€IN). (5.45)
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Substituting equations (5.43) and (5.44) into (5.45) and employing the equations
v = kotanh(koho) and —v = BY tan(B%hg) (n € IN), we find that

; L 9L
dO + k02d0 — Cp cosh (koho) lw—kl/@] ZZO: —5(1‘ — l’o)kowo(Zo),
2 0*L  OL
dl — (Bg) d, — ¢, cos (tho) la— Z/E] ZZO: §(x — x9)B%w,(20) (n € IN).

As (w0,20) is in D, then V2L = 0 on z = 0 and so as L satisfies the surface
condition (5.39) then it also satisfies the surface condition

oL oL
Ox? Dz

=0 onz=20.

Therefore, the unknown functions d,, (n+1 € IN) satisfy the ordinary differential

equations

dg + k02d0 = —5(1' — l’o)kowo(Zo) 5

&~ (BY) do = 8(x — 20) Bow, (=) (n € N).

These equations can be solved using variation of parameters to give

Loe™ o7 4 Mye~tho® r < xg,
do(x|z0, 20) = Loe'*0? 4 Mye—tkor _ % (eiko(x—xo)_e—iko(x—xo)) T > 70
and, for n € IN,
LneBgl’—l—Mne_Bgl’ T < xg,
dy (2|20, 20) = LB 0B % (eBhemm) _ B0} g > g

Imposing the radiation condition (5.41) gives the unknown constants in the above

expressions. It follows that
do(x|xg, 20) = %co sinh (ko(zo + ho)) eFole=ool
and
dn (2|20, 20) = —%cn sin (Bg(zo + ho)) ¢~ Bulv—wol (n e IN) .
Therefore, the Green’s function L satisfying (5.38) — (5.41) is given by

icg sinh (ko(z + ho)) sinh (ko(z0 + ho)) o ikole—ao|
0

- Z ﬁcn sin (BO(Z + ho)) sin (BS(ZO + ho)) Ll

L ($72|$0,Zo) =
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The method that we have used to construct L here can be used to con-
struct the Green’s function G given by (5.7). Notice that L and G are only
defined for —hg < z < 0. Hence, it is clear that these two Green’s function-
s are not suitable to be used with other types of depth profiles that satisfy
h(x) = ho Yo € (—o00,0] U [l,00), such as ripples in the sea bed or a trench,
as hg is no longer the greatest fluid depth. The issue of finding the Green’s
functions L and G for depth profiles corresponding to ripples and trenches is a
separate problem and is not pursued here. This is the reason why we just consider
hump depth profiles in this chapter.

If Green’s identity (5.37) is now applied to the domain depicted in Fig.5.5,
where (29, zo) is inside D and the vertical boundaries are assumed to be a great
distance from the hump, so that the radiation conditions (5.35), (5.36) and (5.41)

apply there, then

OL O [ aL oy]
$(0,20) = [— o s Z__C,{“J on o) | %
o i = o Ch- dlz= x
[ee] - 0 - -
oL oL
—I_ { |~_77Z) aZ—I_LaZ_ z:—cfbf+J_h '¢%_L%- x:oi)lz (546)
0 —ho
oL O aL oY
o2 (- 2 L2 (—d
" [ PE Lazlzio deL [ Von %LZ(_OOZ)'

Asyp =0on z = —h(x) Vo € (—oo,00) and L =0 on z = —hyg, then the first and
third integrals in (5.46) are zero. The fifth integral in (5.46) is non-zero because
Y and L satisfy a second-order boundary condition at the surface z = 0. This
integral is given by

. J ) W_L_La_q

de’ :2 |:A_€ik0$ L| z=0 A+€_ik0$ L| z:0:| 5
z 0z =%

T=—00
2=0

_ 2 ﬁ Siﬂh (k0(20+h0))
2ky  cosech (koho)

— 00

[A—eikoxo _A+e—¢k0x(ﬂ '

The sum of the fourth and sixth integrals in the right hand side of (5.46) is given
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by

(~d)

rT=—00

T oL oy
J_h0[¢_x_L%] Ox

=2k
~ cosh (koho)

—hy
oL 0
=00 0

0 , .
J [A_elkol’ Ll _ — Atemikor L|l,:oo] sinh (ko(z + ho)) dz
—ho

2k [—ie [ATeMm— At e Ron ] op b sinh (2koho))
~cosh (koho) | 2k cosech (ko(zo+ho)) 4k

Substituting these expressions for the integrals into (5.46) gives

Z-cg [A—eikol’o_A+e—ikol’0:| 2 . h k h
(o, 20) = 2ko cosech (ko(zo + ho)) l sinh(koho) +

| [5]

which simplifies to

Qkoho —sinh (Qkoho)
2 cosh(koho)

ds

z=—h(z)

Y

ds .

z=—h(z)

_ ¢ sinh (ko(20+h0)) — tkowo A+, —tkowo| [L%]
(0, 20) = cosh(kolo) [A e ATe ] ) on

If we now let (xg, zo) tend to a point on Cy, then this equation reduces to the first-
kind integral equation for % evaluated on (), that was derived in the previous

section, namely

J [La_;z;] s _ i sinh (ko (ho— h(20))) [A—eikoxo_A-l—e—ikoxo] —0 (0<z0<1).
Ch

cosh (koho)

From equation (5.33) which relates ¢ and i on the bed, we can rewrite this

first-kind equation as

1320, i sinh(ko(ho—h(zo)) 1,_ + ik
i thoTo__ thowo | — < <
Jc lL aslds—l_ cosh (koho) [A ‘ ATe ] 0 (0sesd),

or equivalently as

J [”z::zg;g %(l‘, —h(x))] da
e (5.47)
i sinh (ko(ho—h(xo)))

A~ ethoro _ A+ —ikoro] ) 0<axo<l).
ol (koho) [ e e ] ( ST )

If the boundary-value problem (5.1) — (5.3) for ¢ has a unique solution, then

it is given by solving the above first-kind integral equation.
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Evans [16], whilst considering water wave scattering by a shelf, showed that

as the point (z,z) approaches (xg, zo),

G~ Qi [log {(;1; —x0)* + (2 — 20)2}% + log {(:1; —x0)* + (2 + 20 + QhO)Q}%] ’

s

where the notation f ~ ¢ means that W is bounded for all points on the

shelf. This result holds for any bed contours including humps. The above result

can also be deduced from equation (5.25), where we expressed (¢ as a sum of two

infinite series. It is simple to show that on a hump, as (z,z) — (¢, 20) then

5% [10g {(@ =)+ (= - ZO>2}%] B zR_éo) ’

where

Wl

(1 + (h'(0))*)
h"(l‘o)

is the radius of curvature of C), at (x9, —h(xo)). Therefore, the above normal

R(zo) =

derivative is bounded for all xg € [0,1]. The other logarithm given above is only
singular on C}, at (wo,20) = (0, —ho) and (xg,z0) = (I, —ho). It is simple to show

that at these points the value of aa_n log {(z — x0)* + (2 + 20 + Zho)z}% is 2R_(5-|—)

SRUT) respectively.

and

It follows that, except for discrete values of the parameters of the problem for
which the homogeneous form of the second-kind integral equation (5.9) satisfied
by ¢ on C}, has non-trivial solutions, the second-kind integral equation (5.9) has
a unique solution and therefore so does the boundary-value problem (5.1) — (5.3)
for ¢.

It is possible that there are discrete values of the parameters of the problem for
which the homogeneous form of the second-kind integral equation (5.9) has non-
trivial solutions, which corresponds to trapped modes over the hump. However,
in all the problems we have considered there has been no evidence of such modes,
nor do we expect them for these bed geometries.

We have derived a first-kind integral equation for the tangential velocity % on
Ch. We actually want to find approximations to the coefficients of the reflected
and transmitted waves due to a wave incident on the hump. These coefficients
were defined earlier by equations (5.10) — (5.13) in terms of ¢ evaluated on the
hump. We can rewrite these equations in terms of % evaluated on the hump as

follows.
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For an incident wave from & = —o0, the coefficient of the reflected wave was
defined as

2
¢g cosh

1%1:#/01 [—h’(:z;) cosh (ko(ho—h(z)))
+isinh (ko(ho—h(x)))]eiko%(x, _h(z)) de.

Integration by parts gives

& cosh (koho)

=== ko

“qﬁ(:p, —h(2))e" sinh (ho(ho—h(2)))]

—J "% sinh (ko(ho—h(z))) ?(:p, —h(:z;))d:z;] .

0 T

As ¢ is bounded on (Y, that is, on the hump, then R; is given in terms of the
tangential velocity on the hump by

& cosh (kgho) ! - 0¢
R = _OZA—_kO Oeko sinh (ko(ho—h(x)))%(x,—h(x))dx :
Similarly, the transmission coefficient is defined by
& cosh (koho) : T d¢
T1 =1+ 0214—_]60 06 ko sinh (ko(ho—h(l'))) %(l‘, —h(l‘))dl‘ .

For an incident wave from = = oo, the coefficients of the resulting reflected and

transmitted waves are given by

¢ cosh (koh L 0
R Leﬂ%ﬂh<k0<h0‘h<x>>> e —hlel)d
and
¢t cosh (koh b 0
T,=1— OQT(k;JO) Lezkox sinh (ko(ho—h(z))) a—f(:p, —h(x))dx -

99

o evaluated on

We are now ready to solve the first-kind integral equation for
Ch, given by (5.47), for a wave incident from either # = +o0, and hence calculate
the coefficients of the resulting reflected and transmitted waves. We do this using

a variational approach, after we have non-dimensionalised the problem.
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5.5 Non-dimensionalisation

We use the same scaling procedure as used in previous chapters, which is briefly

summarised as follows. Let

s T
x =7
: 2
z —ho,
. L
H(&) =—h(li),
ho

H(8.2) = - o(ld, ho?) .

ol?

Then, after discarding the accents from these definitions to simplify the notation,

the first-kind integral equation (5.47) may be written in non-dimensional form as

1
J [L| 2= H(=) X(il?)]dw
0 zg=—H(zg)

(5.48)
¢sinh (ko7 (1—H(x0)))

cosh (koT)

[A—eiﬁoxo_A-I-e—iﬁol’o] =0 (O§x0§1)7
where y(z) = gi(:p —H(x)) and A~ (A*) is the amplitude of the incident wave
from @ = —oco (¢ = o0). The Green’s function L is now redefined to be

QLCg sinh (ko7(2z 4 1)) sinh (ko7 (20 + 1)) girolo—ol

L(x,z|xo, 20) =
Z ﬁCQ sin ( (Z + 1)) sin (627—(20 + 1)) e—ﬁg|w—x0|7
where

2 — 4KJO 02 — 462
2607 + sinh (2k07) " 2807 +sin (2697)

(n e IN),
ko = kol is the positive, real root of
0’7 = Ko tanh (koT) |
B9 = BVl (n € IN) are the positive real roots of
—ap’T = Y tan (ﬂ?ﬂ') (n e IN),

arranged in ascending order of magnitude and where ag and 7 are two dimen-
sionless parameters given by
al

vgho 7
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The coeflicients of the reflected and transmitted waves due to an incident wave

from & = —oo are given by

CZ cosh (koT)

R Ty [, e sinh (ror(1 = H(2))) x(2)de ,  (5:49)

Iy = 1+ e~ sinh (ko7 (1—H(2))) x(z)dz , (5.50)

0

C3 cosh (koT) Il
214_/{0

and for an incident wave from x = oo are given by

(3 cosh (koT) (1 s
R, Wjoe sinh (kor(1— H(2))) x(2)de ,  (5.51)
B CZ cosh (koT) (1 o
T, = 1- T AR, Ioe sinh (ko7 (1—H(2))) x(z)dz . (5.52)

5.6 A variational principle

We start this section by recasting the first-kind integral equation (5.48) on the
Hilbert space L2(0, 1), which is the set of all equivalence classes of complex-valued
Lebesgue measurable functions ¢ satisfying the condition f; || < co. This space
has pointwise operations with inner product defined by (f,¢) = fJ fg and norm
defined by ||f|l = +/(f,f) (Young [60]). This space includes functions f # 0
where || f|| = 0, so equivalence classes of functions are considered to re-establish
the norm. Two functions f and ¢ are said to be equivalent if they are unequal
only on a set of measure zero, such a set being one which can be covered by a
sequence of arbitrarily small open intervals. Two equivalent functions are written
f =g (a.e.), that is, f and ¢ are equal almost-everywhere. All function equalities
in the Hilbert space are meant in this almost-everywhere sense.

We now introduce an operator K defined by

1
(K) (w) = [ lwo, 2)i(e)de (0 <wp < 1), (5.53)
0
where k(xo,x), the kernel of K, is defined by
k(xo,2) = QLCg sinh(ko7(1—H(x)))sinh(ko7(1—H(20))) ¢role=ol

(5.54)

Zﬁ(}?sm( T(1—H(x )))sm(ﬂ T(1— H(l'o))) ¢~ Onlz—mo|

It is quite simple to show that if

falzo, ) = ﬁcz sm(ﬂo (1- (:1;))) sin(ﬂgT(l—H(ajo))) ¢~ Pnle=zol (n € IN),

156



then

| full = ¢/01/01 |fn(:1;07;1;)|2 dzdzxg
1

1 0
(2 e 1) <o e
(289) b

Hence f, € L2(0,1) x L2(0,1) Vn € IN.
Now ¥Vn € IN, C2 is bounded and for a fixed 7, 32 ~ ZZ+O(1) as n — oo (see
Wehausen and Laitone [59], for example). Therefore, it follows that Y02, || .|

[T

<

converges and hence 3°°7 | f,, converges in L3(0,1) x L3(0,1). Hence
k(xo,2) = i_o%fn (0, )
converges in L4(0,1) x L(0,1), where
folzo, ) = i(}g sinh(ko7(1—H(x)))sinh(kor(1—H(x))) eirole=zol

We also have that for all n € IN, the functions f, are continuous and are therefore

measurable and

oo, )l = [ [ o, e

- 11
SZ_%¢/0/0 |fn(:1;0,:1;)|2d:1;d:1;0<oo,

and so k is called an Ly-kernel on [0,1] x [0,1]. From Porter and Stirling [51],

it follows that the operator K defined by (5.53) is a bounded linear map from
L4(0,1) to itself and that K is a compact operator and so is not invertible. The
adjoint operator K* of K is a unique bounded linear map from L4(0,1) to itself

with the property that

Vib, (€ Ly(0,1) (K, () = (¢, K7°() -

As k is an Lg-kernel, the adjoint operator K™ is given by

(K*) (20) = /01 Mo o)b(e)de  (0<azo<1).

The proof of this result can be found in Porter and Stirling [51]. From the
definition (5.54) of the kernel k, we can see that k(x, x¢) = k(xo,x) and k(x, xq) #

k(x,x0) and so k is called complex symmetric.
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The first-kind integral equation (5.48) can now be written as an operator
equation in L3(0,1) by defining ¢ as
isinh (ko7 (1—H(x0)))

cosh (koT)

g(xg) = — [A_emom—A"'e_mwo] )

Then y is the solution of
Ky=g (5.55)

in LQ(O, 1)
Notice that if we now define x_ to be the solution of (5.55) for a wave of unit
amplitude incident from # = —oo (requiring A~ = 1, AT = 0 in (5.55)), then the

reflection coefficient R, is given by

/C2 cosh®
R — 0§ cosh” (koT) (X_7§_) 7 (5.56)

2/430

where
¢ sinh (ko7 (1—H(20)))

cosh (koT)

iﬁo o

g-(20)=—
Similarly, if we now define x4 to be the solution of (5.55) for a wave of unit
amplitude incident from # = oo (requiring A~ = 0, AT =1 in (5.55)), then the
reflection coefficient Ry is given by

1C2 cosh? (koT)

Ry = (X+7§+) ) (5'57)

2/430

where
¢ sinh (ko7 (1—H(20)))

cosh (koT)

—’iﬁol’o

9+(1’0):

Now (x, ) is the integral of the product of v, the solution of the operator equation
(5.55), and its free term ¢g. We can find a variational principle that will give a
second-order estimate to (,g) compared to the estimate of the solution of y of
(5.55).

Consider the functional J : L3(0,1) — € given by

J(p) =2(p.9) — (Kp,D) . (5.58)

It is simple to establish that J(x) = (x,9), so that given an approximation p to

X, J(p) delivers an approximation to (y,q).
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Lemma 5.2 The functional J(p) defined by (5.58) is stationary at p = v, the

solution of (5.55), with stationary value (x,7).

Proof
Suppose that p = y + 6 x where 6y represents the error in this approximation

to x. Then

=(x,7) +2(6x,9 — Kx) — (Kéx,dY) (as k is complex symmetric)
=(0.9) + 0 (llox]*) -

Hence J is stationary at p = y with stationary value equal to (v,g). Therefore,
using a given first-order accurate approximation p to x in the functional J delivers

a second-order accurate approximation J(p) to (x,9).

We now need to consider the choice of our approximation to x. In other words,
given the integral equation K'x = ¢, how do we choose p such that p ~ y 7
We choose the trial function p in the form
N
p(z) = Z;aﬂ/ﬂj(l‘) ) (5.59)
-
where the constants a; € C (j = 1,...,N) are unknown and ¢; (j = 1...,N)

are orthogonal functions that satisfy the same boundary conditions at * = 0 and

x =1 as y, that is, they satisty

;(0) = x(0) and (1) = x(1) (j=1,....N).
We have already shown in section 5.3 that % evaluated at the ends of (}, is

zero. In other words, x(0) = 0 and x(1) = 0. Consequently, we choose

Y;(x) =sin(jrx) Gj=1,...,N). (5.60)

The approximation p = Zé\f:l a;v; to the solution y of the first-kind integral
equation (5.55) is therefore an element of the sub-space F, of L3(0,1) which is
spanned by the orthogonal functions ¢; (j = 1,..., N) given by (5.60).
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The constants a; € C (j = 1,...,N) are determined by using the fact that

the variational principle 6 J = 0 is stationary at p = y. Therefore, we choose p so

that
aJ
— =0 =1,...,N).
D, (y )
Hence the unknown constants a; € C (j = 1,..., N) satisfy the N simultaneous,

linear equations

z_j (K, %) = (¥, 7) (n=1,...,N) . (5.61)

We can actually evaluate the functional J without needing to find explicitly
the approximation to y. This procedure is given in Porter and Stirling ([51] p.268-
269), where the stationary value is expressed as the quotient of the determinants

-th

of two N x N matrices. The entries in the j""' column of each matrix correspond
to an inner product involving ;. If we did not require to know the values of the
constants a; (j = 1,..., N), then the advantage of this method for evaluating the
stationary value of J is that it is not necessary to solve the set of simultaneous
equations (5.61). However, in our problem we want to know the approximation to

Y so that we can calculate the norm of the residual error of the first-kind integral

equation, that is, calculate

N
9= aiKy;
7=1

This norm gives an indication of the accuracy of the approximation Kp to Ky.

Unfortunately, even if we show that Hg — Zé\f:l aj[ﬂ/)jH decreases as the di-
mension of the trial space N increases, it does not follow that the approximation
p= Zé\f:l a;i; converges to x as IV increases because K is not invertible. How-
ever, if we show that Hg — Zé\f:l aj[ﬂ/)jH decreases as NV increases, then this gives
an indication that p may be converging to y. The unavailability of a proof that
p= Zé\f:l a;; converges to y as N — oo is the price we have to pay by choosing
to solve the computationally attractive first-kind integral equation (5.48) for y
rather than the computationally difficult second-kind integral equation (5.9) for
¢ evaluated on C},.

We can obtain second-order accurate approximations to the transmission co-
efficients directly from the second-order accurate approximations to the reflec-

tion coefficients using the symmetry relations these coefficients satisfy. It may be
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shown, by a simple application of Green’s identity to ¢ and its complex conjugate

for an incident wave from * = —oo, that
R+ | =1. (5.62)

Similarly, by applying Green’s identity to ¢ and its complex conjugate for an

incident wave from x = oo, it may be shown that
Ry|* +|Ta)* =1 (5.63)

Applying Green’s identity to ¢ for an incident wave from ¢ = —oo and to ¢ for

an incident wave from = = oo gives

Finally, applying Green’s identity to ¢ for an incident wave from ¥ = —oc and

the complex conjugate of ¢ for an incident wave from = = oo gives

These relationships are well-known, with (5.62) first derived by Kreisel [27] and
the remainder derived by Newman [42].

From equations (5.62)—(5.65), it is simple to deduce that
|Ri| = |Ra| (5.66)

and

where 6z is the argument of the complex number z.

Once we have calculated the second-order accurate approximations (5.56) and
(5.57) to Ry and R; respectively, the second-order accurate approximation to Ty
is given by substituting these values into equations (5.62) and (5.67). The second-
order approximation to T3 is then given by equation (5.64).

We are now in a position to show how we implement this solution process.
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5.7 Numerical solution method

In order to determine the approximation to the reflection coefficients and to v,

we see from equation (5.61) that we need to calculate the inner products

(¢j7§) (jzl,...,N)

and
(Kb, ) Gon=1,....N).

In the previous section, we proved that the series for the kernel & of the
operator K converged in L(0,1) x L3(0,1). It follows that we can swap the

order of integration and summation in K;. In other words, K1; can be written

ch ! 1ho|z—x
wj)(xo):%wo(xo) | wolw)et el e

Z ﬁ(} Sw, :1;0)/0 wn(x)e_ﬁgw_wo';/)j(x)dx

where the functions w,(x) (n + 1 € IN) are defined by

wo(x) = sinh (ko7(1 — H(x))) ,
wy(x) =sin (B27(1 — H(x))) (neIN).

The advantage of writing Kt; in the above form is that by integrating before
taking the sum, we avoid the numerical problem of calculating the kernel of K
at * = xg, where the kernel is logarithmically singular. We find that we only
need to take 40 terms in the infinite series for K1), for the series to converge to
3.d.p. for any values of the parameters ag and 7. This feature is illustrated in
the results section.

For ease of computation, we rewrite the functions K<t; and inner products

(K, %) (,n=1,...,N) in terms of real-valued integrals. Since
setlr—ool — icos(x — xg) — sin(|x — o)) Va, 10 € IR,

and ¢»; € IR (j = 1,...,N), then we can write K¢, in real and imaginary parts

as

(Kv;) (z0) = (K,v;) (zo) + @ (Kitb;) (wo) J=1,...,N),
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where

(K) (20) = - {C—Zw()(xo) [ wule)sin (ol = ol ()

2/430

+3 o) o)

and
Cg 1
(Ki) (20) = ﬁwo(fﬁo) {Cos(ﬁoxo)/o wo(x) cos(kox )t (x)dx
0
1
+sin(/<;0:1;0)/ wo(x) sin(/io:z:);/)(x)dx} )

0
Similarly, we write (K;,¢,) (j,n = 1,...,N) in terms of real and imaginary
parts as

(I(¢]7¢n) = ([(T¢]7¢n) +1 ([(2¢]7¢n) (jvn = 17 cee 7N) .

Finally we express (¢;,7) (j,n =1,...,N) in terms of real and imaginary parts.

For a wave of unit amplitude incident from @ = —co (A1 = 0), we write

(¢jvg) = (¢j7§—) = [(¢j7f1) _i(qvijf?)] (] = 17"'7N) (568)

and for a wave of unit amplitude incident from & = oo (A~ = 0), we write

(5,7) = (05:74) = (%5, 1) +1 (2, f2)] (G=1,....N),  (5.69)

where the functions f; and fs are given by

sinh(ko7(1—H(x)))

cosh(koT)

sinh(ko7(1—H(x)))

cosh(koT)

filz)= sin(kox) and  fa(x)=

cos(Ko).

It is clear that once the real-valued inner products on the right-hand side of (5.68)
have been calculated to give (¢j,§_) (j =1,...,N), then as these are the same
inner products that appear in the right-hand side of (5.69), we can find (¢j,§+)
(j =1,...,N) without calculating any more inner products. In other words, we
only have to find a solution for a wave incident from ¥ = —oo, and we can then
find the solution for a wave incident from = = oo without having to calculate any
more inner products.

The functions K, and K;v can only be approximated at a finite number of

points xg. Therefore, the approximations p = Zé\f:l avp; and Kp = Zé\f:l a; K,
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are only known at a finite number of points. We use 10 point composite Gauss-
Legendre quadrature to calculate the integrals because it delivers highly accurate
answers very economically for well-behaved integrands. Details of this quadrature
rule can be found in Johnson and Riess [24], for example.

Chamberlain [7] used Gauss-Legendre quadrature to calculate

I(x0) = /01 fla)sin (kolx — x0|) dz

where f and its first derivative are continuous, real-valued functions. He found
that the quadrature rule was hampered by the presence of the slope discontinuity
which exists in the integrand at * = x¢. Chamberlain showed that an efficient

remedy is given by writing

](:1;0):/01 (F(2)— f(zo)) sin (o] —zo|) dz + f(x0) /01 sin (ko|z—ao|) dz . (5.70)

The integrand in the first term of the right-hand side has a continuous first
derivative and the integral in the second term can be found explicitly and is

given by

/01 sin (Ko|z — xo|) dx = % [1 — oS (%/{0) CoS (/4;0(:1;0 — %))] )

Details of how this process improves the performance of the quadrature rule are
given in Chamberlain [7]. Similarly, we write

[ ryetemldn = [ (1) = fro)) el fao) [ el (571

0

so that the integrand in the first term on the right-hand side has a continuous

first derivative and the integral in the second term is given by

/01 e~ Plr=mol gy = % [2 — (e_ﬁl’o + e_ﬁ(l_m))] .

The integration routine in our computer program therefore calculates the integrals
in K, by using (5.70) and (5.71).

The solution process is now clear. Once the depth profile H and the pa-
rameters oo and 7 have been chosen, we calculate the functions K,v; and K;1;
(j = 1,...,N). The inner products (K, ¢,) (j,n = 1,..., N) are then calcu-

lated by evaluating their component real-valued inner products. Similarly, (¢;,7)
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(j = 1,...,N) are calculated for an incident wave from ¢ = —oo and from
x = 0o. We then substitute these inner products into equation (5.61) and solve
it to give the constants a; (j = 1,...,N). We then find the approximation-
s to the reflection and transmission coefficients, formulate p = Zé\f:l a;; and
Kp = Zé\f:l a;K; and evaluate the residual of the first-kind integral equation,
that is, evaluate ||[Kp — ¢||.

5.8 Results

In this section we find approximations to the reflection and transmission coeffi-
cients of the scattered waves due to a wave of unit amplitude incident from either
x = —oo0 or ¥ = oo on a variety of hump depth profiles. In the first example we
give numerical results and illustrate the convergence of K¢, where j € (1,...,N)
and the convergence of the approximation to the reflection coefficient as the num-
ber of terms in the series for K is increased. After concluding that 40 terms in
the series gives sufficiently accurate results, we then illustrate the convergence of
the approximation to the reflection coefficient and its modulus as the number of
terms in the trial function is increased. Finally, we present some graphical results,
compare them to results from previous model equations, such as the mild-slope
equation, and give some conclusions.

Example 5.3

Suppose that C}, is given by the depth profile

H(z)=2*—2+1 0<x<1).

This corresponds to a hump whose height is one quarter of the still-water depth

with slope discontinuities at * = 0 and = = 1. We choose parameter values
ag = 2 and T=02.

Firstly, we shall examine the convergence of K,¢; = >"M K74, where

oF; 1 )
(Kotj) (zo) = —%WO(@'O)/O wo(x) sin(kol|r — xol ) (x)dx
and
“wy __G ! —B8ko—zo] . _
(Koibi) (20) = —ﬁwn(xo)/o w,(x)e™n Y (z)dx (n=1,....,M),
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as M 1s increased.
Instead of showing the convergence of (K, v;) (x0) for chosen values of x¢ in

[0,1], we show the convergence of ||K,t;|| as M increases, to give an overall

M| S5 | | [0 K| | | 205" s | | [0 70
10 0.023965 0.024160 0.015655 0.015851
20 0.024793 0.024819 0.016441 0.016463
30 0.025027 0.025046 0.016667 0.016687
40 0.025154 0.025161 0.016791 0.016797
50 0.025224 0.025230 0.016859 0.016865
60 0.025274 0.025277 0.016907 0.016910
70 0.025307 0.025310 0.016940 0.016943
80 0.025333 0.025335 0.016966 0.016967
90 0.025353 0.025355 0.016985 0.016986
100 0.025369 0.025371 0.017001 0.017002

Table 5.1: Tllustrating the convergence of Hanzo KZ;;/UH (j=1,3).

impression of the convergence of (K,v;) (zo) in [0,1] as M increases. Table 5.1
gives | DM K| and |2, K7,
10 to 100. We can see from Table 5.1 that for this depth profile and parameter

for y =1 and j = 3 as M takes values from

values, ||[K,¢;|| (j = 1,3) converges quite slowly, but has converged to 3.d.p.
when M = 40.

Now let us examine the convergence of the approximation to the reflection
coefficient as M increases. Table 5.2 gives the approximation to the reflection
coefficient Ry delivered by a 4-term and an 8-term trial approximation as M
takes values from 10 to 100. It is clear from Table 5.2 that when M = 40, the
approximation to the reflection coefficient delivered by the 4-term trial function
has converged to 3.d.p. and that given by the 8-term trial function has practically
converged to 3.d.p. as well. Similarly, we find that for all choices of the parameters
ap and 7 of interest and all depth profiles tested, using M = 40 in the series for

K, gives an approximation to the reflection coefficient which has converged to
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M

Ry (4 —term)

Ry (8 — term)

10

0.095878 + 0.078823

0.094665 + 0.0781632

20

0.094260 + 0.076531

0.093248 + 0.075982:

30

0.093712 + 0.0757752

0.092755 + 0.075256¢

40

0.093435 + 0.0753952

0.092503 + 0.074890¢

30

0.093268 + 0.0751682

0.092352 + 0.074671

60

0.093156 + 0.075016¢

0.092250 + 0.0745252

70

0.093076 + 0.074908.

0.092177 + 0.074421.

80

0.093016 + 0.074827:

0.092122 + 0.0743422

90

0.092970 + 0.0747642

0.092080 + 0.074282:

100

0.092932 + 0.074713

0.092046 + 0.074233

Table 5.2: Tllustrating the convergence of the approximation to Ryas M increases.

3.d.p. for any number of terms in the trial function p. Therefore, for the results
presented in the rest of this section, we use M = 40 in the series for K.

We now examine the behaviour of the approximation to the reflection coeffi-
cient Ry as we increase the number of terms in the trial function. Table 5.3 gives
the approximations to Ry, |R;| and ||Kp — ¢|| as the number of terms (V) in the

trial function is increased. From Table 5.3, it is clear that a 10-term trial function

M Ry |1 | [[Kp — g
2 10.096 +0.077: | 0.123 | 0.0079
4 10.093 4+ 0.0752 | 0.120 | 0.0041
6 |0.093 +0.075: | 0.119 | 0.0026
8 10.093 +0.075: | 0.119 | 0.0018
10 10.092 + 0.0752 | 0.119 | 0.0013
12 10.092 4+ 0.0752 | 0.119 | 0.0010
14 10.092 + 0.0752 | 0.119 | 0.0008

Table 5.3: Illustrating the convergence of the approximation to Ryas N increases.
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delivers an approximation to the reflection coefficient that has converged to 3.d.p.
We also note from Table 5.3 that as the number of terms in the trial function
is increased, so the norm of the residual error in the first-kind integral equation,
| Kp — g||, decreases. This gives an indication that p may be converging to .

For all other hump depth profiles and values of parameters ag and 7, we have
found that a 10-term trial function gives an approximation to the reflection and
transmission coefficients that is correct to 3.d.p., in the sense that the estimates of
K,; (7 =1,...,N) have converged to 3.d.p. This accuracy is quite satisfactory
and so the results given in the rest of this section are obtained using a 10-term
trial-function.

The approximation to the reflection coefficient R for this problem is
Ry =—0.114 + 0.034¢ .

Using the method described in Section 5.6, we find that the transmission coeffi-
cients are given by

Ty =15, =0.974 +0.194¢ .

In Table 5.4, we compare the reflection and transmission coefficients of the
scattered waves given by the mild-slope (MSE), modified mild-slope (MMSE)
with both sets of boundary conditions, which were given in Chapter 4, and the
n-term (n = 2,3) trial approximations, which were derived in Chapter 4, with
the estimates we have obtained for full linear theory. It is clear from Table 5.4
that the results given by the MSE and MMSE with the new boundary conditions
are in much better agreement with the estimates we have obtained for full linear
theory than the results given by the MSE and MMSE with the old boundary
conditions. We can also see that as we increase the number of decaying modes in
the approximation to the full linear velocity potential, the results become closer
to those obtained for full linear theory.

We now compare the estimates to the solutions of the full linear problem
with those given by the above mentioned approximate models over a range of
parameter values. In the first example, we return to the wave scattering problem

for a hump that was considered in Chapter 4.
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Approximation Ry Ty

Full linear 0.092 4 0.075: 0.974 4 0.194¢
3-term 0.0927 + 0.0727z | 0.9757 + 0.1916:
2-term 0.0917 + 0.07362 | 0.9747 + 0.1899:
MMSE (new) | 0.0920 + 0.0735¢ | 0.9751 + 0.1878:
MSE (new) | 0.0883 + 0.0727¢ | 0.9727 + 0.2021:
MMSE (old) | 0.0867 + 0.0673¢ | 0.9786 + 0.1741¢
MSE (old) 0.0829 + 0.0663z | 0.9763 + 0.1885:

Table 5.4: A comparison of estimates of Ry and 77.

Example 5.4
The depth profile is given by

H(z)=22" -2z +1 0<2<1).

This corresponds to a hump whose height is half the still-water depth which has
slope discontinuities at * = 0 and at * = 1, where it meets the flat beds. We seek
solutions given by the mild-slope, modified mild-slope and n-term (n = 2,3,4)
approximations and estimates to the solutions of full linear problem at values
of a parameter w starting at 0.05, finishing at 10, with intervals of 0.05. The
parameters ag and 7 are defined in terms of w by

1
T=—.
w

ap = w
With these definitions for ag and 7, varying w corresponds to varying the length
[ of the hump, which corresponds to varying the steepness of the depth profile.

Using a 10-term trial function to give estimates of the reflection and trans-
mission coefficients for the full linear problem, we find that the maximum value
of ||[Kp — g|| over the whole w range is 5.8 x 1075.

The graphs of |R;| against w given using full linear theory, MSE and MMSE
with the new and the old boundary conditions are presented in Fig.5.7. It is
clear from the graphs that the results given by both the MSE and MMSE with

the new set of boundary conditions are very much closer to those estimated for
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Figure 5.7: Reflected amplitude over the depth profile H (z) =22*-22+1 (0 <z <1).

the full linear problem, than the results given by the MSE and MMSE with the
old boundary conditions. Indeed, the results given by the MSE and MMSE with
the old boundary conditions bear little resemblance to the full linear results.
From this evidence and that given in Chapter 4 for Booij’s [5] talud problem,
we conclude that the new boundary conditions are the appropriate boundary
conditions to use with the MSE and MMSE.

The results given by the MMSE with the new boundary conditions are the
closest to the full linear results, as expected, and give good agreement with the
full linear results for w > 4.5. However, the results given by the MSE with the
new boundary conditions only agree with the full linear results as well as the
results given by the MMSE when w > 8. This illustrates that the MMSE gives
results in good agreement with the full linear results for humps with up to nearly

twice the maximum gradient that can be used with the MSE to give results that
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are in good agreement with full linear theory.
In Fig.5.8 we present the graphs of | Ry| against w given using full linear theory

and the MMSE, 2-term, 3-term and 4-term approximations. It is clear from the
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Figure 5.8: Reflected amplitude over the depth profile H (z) =22*-22+1 (0 <z <1).

graph that, as the number of terms in the n-term approximation is increased,
the closer the results become to the full linear ones. For w > 4, the slope of
the hump is mild enough for the 2-term approximation to give good estimates to
the full linear solutions. Similarly, the 3- and 4-term approximations gives good
estimates of the full linear solutions when w > 2.5 and w > 1 respectively.

As a final example, we consider a hump which is smoothly joined to the flat
beds at # = 0 and = = 1. Remember from Chapter 4 that in this case the old
and new boundary conditions for the MSE and MMSE are the same.

Example 5.5
We consider a depth profile given by

1
H(:z;)z%—l—zcos(%m) 0<x<1),
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which corresponds to a hump whose height is halt the still-water depth. We seek
solutions given by the mild-slope, modified mild-slope and n-term (n = 2,3,4)
approximations and estimates of the solutions of full linear problem at values
of a parameter w starting at 0.05, finishing at 10, with intervals of 0.05. The

parameters ag and 7 are defined in terms of w by
ap = w T=—.

Again, with these definitions for oy and 7, varying w corresponds to varying the
steepness of the depth profile.

Using a 10-term trial function to give estimates of the reflection and trans-
mission coefficients for the full linear problem, we find that the maximum value
of ||[Kp — g|| over the whole w range is 3.4 x 1075.

In Fig.5.9 we present the graphs of |R;| against w estimated using full linear
theory and the MSE, MMSE, 2-term, 3-term and 4-term approximations. Again,
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Figure 5.9: Reflected amplitude for depth profile H(x) =241 cos@ra) (0<a <1).

it is clear from the graph that, as the number of terms in the n-term approxima-
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tion is increased, the closer the results become to the full linear ones. The results
given by the MSE over the whole w range are quite poor. The results given by
the MMSE are much closer to the full linear results than those given by the MSE
and give good agreement with the full linear results for w > 6.5. However, for
w < 6.5, 1t is clear that the slope of the hump is large enough to warrant the
inclusion of decaying modes in the approximation to the velocity potential. As
usual, we see that the greater the slope of the hump becomes, the more decaying
modes we need to use in the approximation to the velocity potential. As there
is little difference in the results given by the 3-term and 4-term approximations,
we do not calculate results for the 5-term approximation. Again, we notice that
the results given by the n-term approximation converge to those given by the
(n — 1)-term approximation as w decreases, that is, as the slope of the hump

becomes milder.

In this chapter, we have shown how to obtain estimates of the coefficients of
the scattered waves due to waves incident from x = +00 on hump depth profiles
for full linear theory. A new first-kind integral equation for the tangential fluid
velocity % on the hump has been derived and a variational approach has been
used to generate approximations to the coefficients of the scattered waves which
are second-order accurate compared to the approximation of the solution of the
first-kind equation. We have shown that estimates of the reflection coefficient
can be determined to 3.d.p. using 40 terms in the infinite series of the kernel in
the first-kind equation and a 10-term trial function. Results have been presented
of how the estimate of the modulus of the reflection coefficient for the full linear
model varies as the slope of the hump is varied. These results were compared with
the corresponding results given by earlier approximations to the full linear model,
namely the mild-slope, modified mild-slope and the n-term approximations, which
were derived in Chapter 4. Further evidence was found to support the evidence
given in Chapter 4, that the new boundary conditions derived in Chapter 4, were

the appropriate ones to use with the MSE and MMSE. We also showed that the
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mild-slope and modified mild-slope approximations give good agreement with the
full linear results for humps with mild slopes, and that as the slope of the hump
becomes large, decaying wave mode terms are required in the approximation to
gives results that are in good agreement with the full linear results.

These estimates of the solutions of the full linear wave scattering problem over
humps will provide an invaluable new test to the accuracy of any new approxi-

mation to wave scattering by an arbitrary sea bed.
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Summary and Further Work

In this thesis the scattering of a train of small amplitude harmonic surface waves
on water by undulating one- and quasi-one-dimensional bed topography has been
investigated.

After re-establishing the full linear boundary-value problem satisfied by the
velocity potential for the scattering of waves by varying topography in Chapter 2,
three approximations to this problem were given, namely the mild-slope, Eckart
and linearised shallow water approximations. A highly accurate integral equation
method given by Chamberlain [7] which can be used to solve these approximate
problems was then reviewed.

In Chapter 3, several extensions to the work appearing in Chamberlain [7] &
[8] were presented. A new integral equation method was developed which solves
the mild-slope, Eckart and linearised shallow water equations over a range of
their parameters in less than one half of the CPU time required by previously
implemented integral equation procedures. Eckart’s approximation was also in-
vestigated and improved and, as a by-product, a new, explicit and very accurate
approximation to the solution of the dispersion relation was also found. Finally,
after rederiving the symmetry relations satisfied by the reflection and transmis-
sion coefficients given by these approximations, we showed that these coefficients
satisfy the symmetry relations even when they are inaccurately calculated, an
unexpected property.

In Chapter 4, we derived a new approximation to wave scattering that includ-
ed both decaying and progressive wave mode terms. This new approximation
was compared with two older approximations that only contain progressive wave
mode terms, namely the mild-slope and modified mild-slope approximations. We

showed that for steep depth profiles, where the decaying wave modes are signifi-
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cant, the results given by the new approximation agreed much more closely with
the results Booij [5] obtained using full linear theory. The maximum number of
decaying modes used in the new approximation was three. This was because the
difference in the results obtained using two and three decaying modes in the new
approximation was only very small for even the steepest depth profiles. In oth-
er words, the results given by the new approximation had essentially converged
for the steepest depth profiles when the number of decaying modes included had
reached three. The less steep the depth profile, the fewer the number of decaying
modes required for convergence until eventually the gradient of the depth profile
becomes mild enough to make all the decaying modes negligible. The solution
method, in which the governing system of second-order differential equations was
converted into a first-order system and then solved using a Runge-Kutta proce-
dure, could not be used for some values of the parameters of the problem, which
correspond to mild bed profiles. Further work is required here to find a more ro-
bust solution method. This could possibly be achieved by using a finite difference
method to solve the second-order system of differential equations and associated
boundary conditions. Alternatively, developing an approximate solution method
to solve the integral equation system equivalent to this boundary-value problem
is another possibility.

More work is still required to determine the properties of the reflection and
transmission coefficients given by the new ‘decaying mode’ approximation. The
estimates we have calculated of these coefficients satisfy the usual symmetry rela-
tions. However, a proof that the exact coefficients or any estimates of them satisfy
these symmetry relations has not yet been found. Chamberlain [8] developed a de-
composition method for the modified mild-slope and mild-slope equations which
allows wave scattering by complex bed profiles to be deduced from wave scat-
tering over simple bed profiles which together make up the complex bed profile.
This process is built around the symmetry relations satisfied by the reflection and
transmission coefficients. It seems likely that such a method could be developed
for the ‘decaying mode’ approximation too, once the properties of the reflection
and transmission coefficients have been determined.

In the course of developing the ‘decaying mode’ approximation, a new set
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of boundary conditions was derived for the mild-slope and modified mild-slope
equations. Previously, the boundary conditions for these equations had been
obtained by enforcing the continuity of the approximation to the free surface and
its slope at the ends of the varying depth region. The new boundary conditions
arise from enforcing the continuity of the approximation to the velocity potential
and its horizontal velocity throughout the fluid at the ends of the varying depth
region. The results given by the mild-slope and modified mild-slope equations
with these new boundary conditions are in much better agreement with results
that have been computed using full linear theory and results that have been
found by using a type of approximation in the full linear wave scattering problem
different to the ones that have been used in this thesis. The modified mild-slope
equation together with these new boundary conditions can be derived from a
variational principle. The details of this process are the subject of a paper by
Porter and Staziker (in preparation).

Finally, we showed how to obtain estimates of the coefficients of the scattered
waves due to plane wave incidence on hump depth profiles for full linear theory. A
new first-kind integral equation for the tangential fluid velocity on the hump was
derived and a variational approach used to generate approximations to the reflec-
tion coefficients which are second-order accurate compared to the approximation
of the solution of the first-kind equation. The symmetry relations satisfied by the
reflection and transmission coefficients were then used to calculate the transmis-
sion coefficients. An alternative variational principle can be found which gives
approximations to both the reflection and transmission coefficients. However,
this alternative process is computationally more expensive than the method used
because a larger trial space is required. The reflection coefficient was determined
to three decimal places using the first 40 terms of the infinite series which defines
the kernel in the first-kind equation and a 10-term trial function. Further work to
remove the logarithmic singularity in the infinite series will improve the conver-
gence of this series and thus improve computational efficiency. These estimates
of the solutions of the full linear wave scattering problem over humps provide an
invaluable new test of the accuracy of any new approximation to wave scattering

by an arbitrary sea bed.
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The modified mild-slope approximation to the velocity potential is derived by
using a 1-term plane wave trial function in a variational principle. The results ob-
tained give good agreement with full linear theory for all but the steepest of depth
profiles. An apparently similar approximation in the variational principle which
was used for the first-kind integral equation is to omit all the decaying wave mode
terms in the series for the kernel, so that only the first term in the series is used.
However the results obtained by this approximation are poor and we find that the
amplitude of the reflected wave increases as the water depth increases which is
exactly opposite to the behaviour of the exact solution. So the following question
arises: what approximation in the variational principle for the first-kind integral
equation corresponds to the modified mild-slope approximation? Further work
is clearly required here to fully understand this approximation process. Once
it is understood, it could be used in other more complicated integral equations
arising from wave scattering, such as that derived by Evans [16] for scattering
by a shelf of arbitrary profile. So far this second-kind integral equation has not
been solved due to the extremely complicated form of the kernel. If an approxi-
mation equivalent to the modified mild-slope approximation could be made in a
variational principle, which is equivalent to solving this equation, then not only
could powertul solution techniques such as reiteration be used to solve the ap-
proximate equation, but it could also be possible to find explicit bounds on the

error incurred by making the approximation.
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