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Abstract

A generalised prime system P is a sequence of positive reals py, ps, p3, ... satisfying
1 <p <p<..<p, <..and for which p, — oo as n — o0o. The {p,}
called generalised primes (or Beurling primes) with the products pi*.ps?....pe*
(where k € N and ay,ay,...,ap € NU {0}) forming the generalised integers (or
Beurling integers).

In this thesis we study the generalised (or Beurling) prime systems and we
examine the behaviour of the generalised prime and integer counting functions
7p(x) and Np(x) and their relation to each other, including the Beurling zeta
function (p(s).

Specifically, we study a problem discussed by Diamond (see [7]) which is to
determine the best possible § in Np(x) = px + O(xe‘c(logx)ﬁ), for some p > 0,
given that mp(z) = li(z) + O(ze~(1°8"") o € (0,1). We obtain the result that
f<a.

We study the connection between the asymptotic behaviour (as © — o0) of
the g-integer counting function Np(z) (or rather of Np(z) — ax ) and the size of
Beurling zeta function (p(o +it) with o near 1 (as ¢t — oo). We show in the first
section how assumptions on the growth of (p(s) imply estimates on the error term
of Np(z), while in the second half we find the region where (p(o + it) = O(t°),
for some ¢ > 0, if we assume that we have a bound for the error term of Np(z).

Finally we apply these results to find O and 2 results for a specific example.
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Chapter 1

Introduction

In the late nineteenth century, Weber (see [30]) defined N(z) to be a number of
the integral ideals in a fixed algebraic number field F with the norm not exceeding
x and proved that N(z) = az + O(2?), as * — oo for some @ > 0 and 0 < 1.
Early in the twentieth century, Landau (see [22]) used Weber’s result and the
multiplicative structure to prove the Prime Ideal Theorem, which asserts that
the number of the distinct prime ideals of the ring of integers in an algebraic
number field F with the norm not exceeding = is asymptotic to @, as r tends
to infinity. His result showed that the only ‘additive’ result needed was Weber’s.

Developing Landau’s idea, Arne Beurling in 1930s introduced generalised (or
Beurling) primes. In his definition, from any sequence of reals P = {p1, p2, p3...}

satisfying
l<p<p<...<p,<.., and p, — 00 as n — 00

called ‘generalised primes’; can be formed the sequence of generalised (or Beurl-
ing) integers N formed by the products of the form Hle pi*, where k € N and
a; € NU{0}.

In this sense, Beurling generalises the notion of prime numbers and the natural
numbers obtained from them. The generalised primes need not be actual primes,
nor even integers and the generalised integers need not to be a uniquely factoris-
able. Therefore, P and N are not sets in general, but multisets where elements

can occur with a certain multiplicity. Beurling defined 7p(z) to be the counting
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function of g-primes less than or equal to x and Np(x) to be the counting func-
tion of g-integers less than or equal to = (counting multiplicities). Beurling was
interested to see under which conditions on A and the multiplicative structure,
a Prime Number Theorem holds.

In 1937, Beurling proved (see [6]) that if Np(z) = azx + O(m) for some
a > 0 and v strictly greater than 2, then mp () ~ ez Lhis is called the Beurling
Prime Number Theorem.

Such systems along with the generalised zeta function (p(s) = > . AT °
have been studied by numerous authors since then (see in particular the mono-
graph by Bateman and Diamond [5], and papers by Diamond [9], [7], [10], [8],
Hall [13], Malliavin [24] and Nyman [25] and more recently Kahane [20], La-
garias [21]). It continues to be an active subject to this day.

Much of the research on this subject has been about connecting the asymptotic

behaviour of the g-prime and g-integer counting functions,
p(r) = Z 1, Np(z)= Z 1.
p<z,peP n<z,neN
Although Beurling answered the question of when the Prime Number Theorem
holds, there are many more questions regarding these systems. For example, one

can look to the corresponding errors (wp(z) — li(x) and Np(x) — ax) and how

they relate to each other.

Outline of thesis

The main aim of this thesis is to advance some new techniques and to give suitable
examples to highlight interactions between mp and AMp and (p. Specifically, we

study a problem discussed by Diamond in Theorem 3.3b (see [7]). He proved that
mp(z) = li(z) = O(xe” 18" for some o € (0,1), (1)

implies

Np(z) = pz + O(ze~1¢)") for some p,3>0. (2)



The problem is to determine the best possible (i.e. largest possible) 3, given a.

Furthermore, we investigate the connection between the size of the Beurling
zeta function (p(o + it) with o near 1 (as ¢t — oo) and the error term of Np(z).
As part of this investigation, if we assume that (p(s) has polynomial growth in
a region near o = 1, what can be said about the behavior of Np(z) (as z — o0)

and vice versa?

Now we give a brief outline of thesis structure.

In Chapter 2 we introduce in the first part relevant concepts and known
results which we require in Chapters 3-6 such as the Riemann-Stieltjes integral
and Riemann-Stieltjes convolution. In the second part we present known lower
and upper bounds for the Riemann-zeta function ((s) in the strip 0 < Rs < 1.
Additionally, we mention upper bounds for {(s) which are conditional on the
truth of the unproved Riemann hypothesis.

In Chapter 3 we give background to Beurling (or generalised) prime systems
and the associated Beurling zeta function and put the theory in its historical
context. First, we introduce discrete g-prime systems with some examples, while
in the second section we will define the ‘continuous’ version of g-prime systems
with some examples. Here mp and Np are still increasing functions but need not

be step functions. Now (p is defined as the Mellin transform of Np. That is,

Gols) = [ a (o)

In the last part, we list relevant known results which are necessary for our work.
In Chapter 4 we introduce Diamond’s problem (as mentioned above). Dia-

mond in 1970, proved that given (1), (2) holds with 8 = 2= (see [8]). In 1998,

Balanzario [3] proved (by giving a concrete continuous example) that there exists

a continuous g-prime system for which (1) holds and

Np(x) = pr + Qi (ze~c0ED”)  (3)

holds for some positive constants p and ¢ with a = 3 = % Thus optimal [ lies

1 1 _1
between 3 and 3 (in case o = 3).



In the first section of this chapter, we generalise Balanzario’s result by adapt-
ing his method to show that for any 0 < a < 1 there is a continuous g-prime
system for which (1) and (3) hold with 8 = «. Thus we cannot (in general) make
6> a.

In the second half of this Chapter we use the method developed by Diamond,
Montgomery, Vorhauer [11] and Zhang [31] to prove by using (the theory of)
probability measures that there is a discrete system of Beurling primes satisfying
(1) and (3) which is similar for the continuous system as in first section.

Finding discrete examples is typically more challenging since one cannot con-
trol the various growth rates (of mp(z), Np(z) and (p(s)) so easily.

In Chapter 5, we study the connection between the asymptotic behaviour (as
x — 00) of the g-integer counting function Np(z) (or rather of Np(z) —az ) and
the size of Beurling zeta function (p(c + it) with o near 1 (as t — o0). Using
just analysis, we show in the first section how assumptions on the growth of (p(s)
imply estimates on the error term of ANp(x). In the second half we find the region
where (p(o +it) = O(t°), for some ¢ > 0, if we assume that we have a bound for
the error term of Np(z). This implication is more challenging if Np(z) — ax is
Q(z'7¢) Ve > 0, since we do not automatically have the analytic continuation of
Cp(s) for fs < 1, and perhaps constitutes the deepest result of this thesis.

In Chapter 6, we study a particular example to which the Theorems of Chapter
5 can be applied. The example gives very precise knowledge about the asymptotic
behaviour of Beurling counting function of primes, ¥p(z). It was initially hoped
that this could provide a useful example for Diamond’s problem in the case o = 1.
In this example the Beurling zeta function (p(s) is directly connected to the
Riemann zeta function. This gives improved lower and upper bounds to the error
term of Np(x) as well as conditional upper bound with the truth of the unproved
Riemann Hypothesis.

We finish this Chapter by showing that with this example we have a g-prime

system.



Chapter 2

Preliminary concepts

In this chapter we will give details of some relevant concepts and known results
which we shall need in Chapters 3-6. In particular, for the definitions of gener-
alised prime systems (especially the continuous version) we need the Riemann-
Stieltjes integral and Riemann-Stieltjes convolution.

In the second half of this chapter we summarize some (relevant) results about
the Riemann-Zeta function. In particular, we will give a brief survey of some
of the known lower bounds for the Riemann-Zeta function in the critical strip
0 < 0 < 1. We consider also the upper bounds for the Riemann-Zeta function
which are unconditional bounds in that strip and those which are conditional on
the unproved Riemann Hypothesis.

We begin with the Riemann-Stieltjes integral.

2.1 Riemann-Stieltjes integral

Let f and a be bounded (real or complex) functions on [a, b]. Let P = {xq, 21, x9, --
-, xp} be a partition of [a,b] and let ty € [z_1,zx] for k = 1,2, - n. We define

a Riemann-Stieltjes sum of f with respect to « as
S(P, fr) = f(t) (alar) — alzr-)).
k=1

Definition 1. A function f is Riemann Integrable with respect to o on |a,b], if

there exists r € R having the following property: For every e > 0, there exists a
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partition P. of [a,b] such that for every partition P finer than P. and for every
choice of the points ty in [xg_1,xx], we have |S(P, f,a) —r| < e. As such, we say

the Riemann-Stieltjes integral fabf(x) da(z) ezists and equals r.
We need the following theorems in Chapter 3.

Theorem 2.1. If f € R(«) on [a,b], that is, f is Riemann Integrable with respect

to o on [a,b], then o € R(f) on [a,b] and we have

/f(x) dOé(fl?)=f(b)a(b)—f(a)a(a)—/ a(z) df ().

Theorem 2.2. Assume f € R(«) on [a,b] and assume that o has a continuous
derivative &' on [a,b]. Then the Riemann Integral fff(x) o () dw evists and we

have
[ rwdatn) = [ @@ a

Proof. See Theorem 7.6. and Theorem 7.8. in [1]. O

We shall need the notion of bounded variation.

Definition 2. The function « : [a,b] — C is said to be of bounded variation on

[a, b] if and only if there is a constant M > 0 such that
> lawr) — )| < M,
k=1

for all partitions P = {xg,x1, 29, - -, 2} of [a,b]. As such the total variation of

a on |a,b] is defined to be
Vala,b) =sup > " |a(a) — ali_i)|,
k=1

where the supremum runs over the set P of all partitions of [a,b].

The function « : [a,00) — C is said to be locally of bounded variation if
the variation of o on each compact subinterval [b, ¢] C (a, o) is finite.
Now, we are able to introduce the Riemann-Stieltjes convolution. Let S denote

the space of all functions f : R —— C such that f is right-continuous and of local
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bounded variation with f(z) = 0, Vo € (—o0,1). Let ST C S such that for any
f € 8T, fis an increasing function. For a € R, let S, = {f € S: f(1) = a} and
SH=5,Nn8".

Definition 3. For any f,g € S, we define the convolution (or Riemann-Stieltjes

(f*gxx)=u[if(%)dga)

We note that (5, *) is a commutative semigroup and the identity (with respect

convolution) by

to *) is i(x) = 1 for z > 1 and zero otherwise.
We require the following properties from the literature which are necessary

for this work:
1. If f or g is continuous on R, then f % g is continuous.

2. For f € Sy, there exists g € Sy such that f = exp, g. That is,

*M

fzga,

where ¢*" = g * ¢*" and ¢*° = i. The above series converges in S (see

section 2.1. in [7]).

3. f =exp,gif and only if f x g, = f, where f; € S defined for > 1 by
fr(x) = flw logt df (t).

4. For f,g € S define the Mellin transform of f by

fo) = [ oo

—

We note that m = f g and exp, f = exp f whenever the transforms

converge absolutely.

Further details of the above properties are in [15].



2.2 The Riemann zeta function

We will move our attention to the Riemann zeta function which we need for
later chapters. In particular, we shall give a brief survey of some of the known
results for the order of the Riemann Zeta function in the critical strip 0 < o < 1.
We consider both unconditional results and those results conditional upon the

Riemann hypothesis.

Definition 4. The Riemann zeta function is defined for s > 1

[e.9]

(=3~

n=1 e

The above series converges absolutely and locally uniformly in the half-plane
s > 1 and defines a holomorphic function here. Moreover, ((s) has an analytic
continuation to the whole complex plane except for a simple pole at 1 with residue
1 and is of finite order (i.e. ((o +it) = O(t?), for some A > 0 dependent on
o). The Riemann zeta function ((s) had been studied by Euler (1707-1783) as a
function of real variable s. The notion of {(s) as a function of complex variable
s = o+ it, (0,t € R) is due to B. Riemann (1826-1866). As is well known,
there is an intimate connection between the Riemann zeta function and prime

numbers. This connection comes from the Euler product representation for the

zeta function given as follows:

This infinite product converges for o > 1.

The term ‘critical strip’ refers to the region {s € C: 0 < s < 1}. The loca-
tion of the zeros of the Riemann zeta function inside the critical strip is a matter
of great significance and conjecture. Bernhard Riemann (1826 - 1866) observed
that the frequency of prime numbers is very closely related to the behavior of the
zeros of ((s). He conjectured that all non-trivial zeros of ((s) have real part 1.
This is known as the Riemann Hypothesis.

We remark here that information about these zeros is crucial in analytic num-

ber theory and the distribution of primes. There are no zeros for ®s > 1 (from
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the Euler product) nor for s < 0 (by the Functional Equation) except for so
called ‘trivial zeros” at —2n (n € N). Furthermore, it is well known that no zeros
of ((s) lie on either of the lines s = 1 and Rs = 0 (see [29]). Note that ((s) is
the Mellin transform of [z] (see [2]).

Notation

We define the big oh notation O (or <), little oh notation o, asymptotic equality

of functions ~ and €2 notation as follows:

Definition 5. If g(z) > 0 for all x > a, we write

f(z) = O(y(z)) or f(r) < g(x),

to mean that the quotient ’% is bounded for x > a; that is there exists a constant
M > 0 such that
|f(x)| < Mg(x), forall x> a.

An equation of the form f(z) = h(z)+O(g(x)) means that f(z)—h(z) = O(g(z)).

Definition 6. Let g(x) > 0 for all x > a, then the notation

means that

lim @ =0.

a—o0 g()
An equation of the form f(z) = h(x)+o(g(x)) as x — oo means that f(z)—h(z) =

o(g(x)) as x — oc.

Definition 7. Let g(x) > 0 for all x > a. If

lim @:1,

2= g()
we say that f(z) is asymptotic to g(x) as © — oo, and write f(x) ~ g(x) as

Tr — OQ.

We define 2 notation as follows:



Definition 8. Let F', G be functions defined on some interval (a,o0) with G > 0.

We write

to mean the negation of the F(t) = o(G(t)). That is, there exist a constant ¢ > 0
such that |F(t)| > c¢G(t) for some arbitrarily large values of t.

Further, we write F(t) = Q. (G(t)) and F(t) = Q_(G(t)) if there exist a
constant ¢ > 0 such that F(t) > ¢G(t) and F(t) < —cG(t) hold respectively for
some arbitrarily large values of t.

We write F(t) = Qi(G(t)) if both F(t) = Q. (G(t)) and F(t) = Q_(G(t))
hold.

Lower bounds for ((s) in the critical strip

Now, we give some lower bounds for the Riemann-Zeta function in the strip

% < o < 1. The following lower bounds are taken from the literature.
Theorem 2.3. For any fized ¢ > 1, logT <Y <T,T > T,

I logY >
— +it)| > A | —————
C(2+2)‘_6XP{ 1(10glogY) }

max

T<t<T+Y

, (logY)t—7 1

> -~ = 7 —

I (0 +it)| > exp {A2 oglogY |’ 2 <o<1,
)| >
pJax |C(1 +1it)] > Asloglog,
where Ay, Ao, Az are positive, absolute constants.

Proof. See Theorem 9.4. [19] page 241. O

In his paper (1972), Levinson showed

N[> o
11;1@);\@(1 +it)| > e’ loglogT + O(1),

where v is the Euler’s constant (see Theorem 1 in [23]).
Now, we need a lower bound for |((o + it)| with o close to 1 which is stronger

than Theorem 2.3. The following result is essentially mentioned in [14] page 345.
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This will be used to facilitate the proof of a result in Chapter 6 as part of our

purpose in that chapter.

Proposition 2.4. For 3 < g <1 —loelelogN o have

2loglog N 7
(log N)'=*
(1 —0)loglog N

max |((o +it)| > exp {(1 +0(1)) 16

1<t<N

for N > Ny independent of o.

Proof. Take 3 < ¢ <1 in [14, Corollary 3.4] we get

max [(( +it)] = Go(N3) — 1.

Here

(NI

where a = (a,)nen € I? and b, = = > _djn @7 aq. Here [lall, = (Z;‘;l |ak|2) . We
have a lower bound for §,(N) (see [14, Page 354]) which tells us that
ﬁg(Né) > max /1,(n),
nSN%
where 7, is the multiplicative function given by
o
d|n
Now, for n is squarefree we have
1
=[In® =115 (1+(1+—J)2).
pln pln b
To set a large value of n,(n), we take n to be a product of the primes up to

some P. That is, n =2-3--- P, where P is chosen so that
2.3...P<Ns§<2.3...P. P

Here P’ is the next prime after P. So, logn ~ P ~ %logN by Prime Number

Theorem. Therefore, we have

no,2(2'3“'P)—H%<1+1+ >>H1+

p<P

11



Thus,

1 1 1 1
log 752(2 - >Zlog 1—|— S — > —
p<P T e S e
for some absolute constant v > 0, since > log(1 4+ z) > = — %, for0 <z <1.

We end the proof of the Proposition by showing that for every e > 0, and

%S <1_M Wehave

2loglog N 7

1 log N)t~—7
Y o >(1-¢ (log ) , for N > Ny(e).
D 8(1 —o)loglog N

Now, we have

Z /t“’d I(DP) a/jj&?dt

p<P

By the Prime Number Theorem (z) > (1 — €)7; (€). This tells us

that,

1 Pl—a P =
— > (11— 1-— dt —
Zp“ = E)logP+0( 6)/2 logt 7

p<P

for some absolute constant v > (. Here

P=e o(l—¢) (7 o(l—¢)
1— dt > t0dt = ————— (P77 =277
o(l—¢) /2 logt  — logP /2 (1—o0) logP( )

Thus, for any € > 0, and P > Py(e€), we have

Z 1 Pl -2 pPl=o -2 pPl=o -2

— > (1—e) —i—a(l—e)m—’Y:(l_e)W

p’ = log P o

p<P
Now, we have P ~ élog N. So,

pPl=7 —2 (log N)'=°
(1—0)logP  8(1—0)loglog N’

when 1 — o > % (actually, for (1 — o)loglog N > 1). Therefore, from the
logloglog N

Sloplog v 0 We have

above for 1 — o >

max [((o +it)| > B, (N N¥)—1> max /1,(n) — 1

1<t<N n<N
1 1 1 1))(log N)t=°
Sepd i Lt 1s e (1+0(1))(log N) ’
2 P° 16(1 — o) loglog N
p<P
for N > Ny independent of 0. The proof of Proposition 2.4 is completed. O]
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O—results for ((s) in the critical strip

We will give now some O—results for the Riemann Zeta function in the critical
strip 2 < o < 1. It is known that ((s) has finite order (see [29]). That is, there

exists a positive constant A such that

((s) < t1, for any o as t — oco.
The Lindelof function is defined by

p(o) =inf{c > 0: (o +it) < t°}.

In 1908, Lindeldf proved u(co) is continuous, non-increasing, and convex. Since
¢(s) is bounded for ¢ > 1+ € (each € > 0), it follows that p(c) = 0 for 0 > 1 and
then from the functional equation that p(o) = 5 — o for o < 0. This equation
also holds by continuity for 0 = 1 and ¢ = 0. Therefore, if we define y = % — 3 to
be the straight line joining the points (0, 1) and (1,0) on the curve p(o), then by
1

— Z for 0 < o < 1. In particular, pu(3) < 1.

convexity property we see pu(o) < % !

That is,
C(% +it) < tate,
for every € > 0.

The exact value of p(0) is not known for 0 < o < 1. Lindeldf conjectured that
1(3) = 0. It is equivalent to ¢(5 + it) < t° for any € > 0.

Note that the Riemann Hypothesis, which asserts that all of the non-trivial
zeros of ((s) lie on the vertical line R(s) = 1, implies the Lindelof Hypothesis.

Much effort has gone into finding (o) in the critical strip. We have ((5+it) <
t5 log ¢ (see Theorem 5.12. in [29]). Small improvements on this result have been
obtained by various different methods. The most recent improvement on this
result is due to Huxley (2005), in which he showed ¢(1/2 + it) < t32/20510g° t for
some ¢ (see [18]). Furthermore, for o = 1, Richert in his paper (1963) proved
that ¢(1 + it) < (logt)3. Moreover, he proved for 2 <o <1 that

C(o +it)] < AL+ 120N (log )3, (2.1)

13



with B = 100 (see [27] page 98). More research on this subject has been done to
improve (2.1). In 1975, Elson proved (2.1) with B = 86 and A = 2100, see [12].
Ching in his paper (1999) improved this obtaining (2.1) with B = 46 and A = 175.
Moreover, Heath Brown (in unpublished work (see page 135 in [29])) proved (2.1)
with B = 18.8 and some A > 0.

O—results for ((s) on the Riemann Hypothesis

If we assume the truth of the unproved Riemann Hypothesis the bounds can be
improved significantly. This will give us the strongest conditional upper bound
for the Riemann Zeta function available at present in the critical strip % <o<l1.

For the cases in which o = %, and o = 1, we have

IC(1+1it)| < (27 +0o(1))loglogt, (v is Euler’s constant),
logt

C(1 +it) < exp {A

5 }, for some A > 0.

loglogt
See Theorem 14.9. and Theorem(A) 14.14. in [29]. For § < ¢ < 1, we have

(logt)?—2° —

1
0g((s) < (1 —o0)loglogt

+ logloglogt.

See Section 14.33 in [29].
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Chapter 3

Beurling prime systems

In this chapter we give the necessary background to Beurling (or generalised)
prime systems and the associated Beurling zeta function. It is beneficial to give
historical context to this subject.

In the late nineteenth century, Weber (see [30]) defined N(z) to be the number
of the integral ideals in a fixed algebraic number field F with the norm not
exceeding z and proved that N(z) = ax + O(z?), as z — oo for some a > 0
and 0 < 1. Early in the twentieth century, Landau (see [22]) used Weber’s result
and the multiplicative structure to prove the Prime Ideal Theorem, which asserts
that the number of the distinct prime ideals of the ring of integers in an algebraic
number field F with the norm not exceeding x is a asymptotic to @, as r tends

to infinity. His result showed that the only ‘additive’ result needed was Weber’s.

3.1 Discrete g-prime systems

In 1937, Beurling (see [6]) considered number systems with only multiplicative
structure, and was interested in finding conditions over the counting function of
integers N (z) which ensure the validity of the Prime Number Theorem. Beurling

introduced generalised prime systems as follows:

Definition 9. A generalised prime system P is a sequence of positive reals

D1, D2, D3, - Satisfying 1 < p1 < ps < ... < p, < ... and for which p, — o0
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as n — OQ.

The numbers {p, },>1 are called generalised primes (or Beurling primes). The
associated system of generalised integers (or Beurling integers) N = {n;};>1 can

be formed from these. That is, the numbers of the form
R O (%)

where k € N and a1, aq, ..., a;, € Ny (= NU{0}). We shall often refer to g-primes
and g-integers for short. We remark here that P and N' =< P > are not sets, but
multisets where elements can occur with a certain multiplicity. Beurling prime
systems generalise the notion of prime numbers and the natural numbers obtained
from them.

The generalised counting functions of primes and of integers are defined in
the natural way as follows

mp(z) = Z 1 and Np(z) = Z L. (3.1)
p<z,peP n<z,neN

The generalisation of the classical Prime Number Theorem proved by Beurling is

as follows:

Theorem 3.1. [Beurling’s PNT] If Np(x) = Ax + O( ) for some A >0 and

—x
log” x

v >3, then mp(x) ~

lozx'

This is an analogue of the Prime Number Theorem. Beurling also showed
that the condition v > % is necessary in the sense that there is a ‘continuous
analogue’ of a g-prime system with v = % for which the Prime Number Theorem
does not hold. In his paper 1970, Diamond (see [9]) showed (for discrete sys-

tems) Beurling’s condition is sharp, namely, the Prime Number Theorem does

not necessarily hold if v = 2.
Many of the known results involve the associated zeta function often referred
to as a Beurling zeta function in the literature, which we define formally by the

Euler product




This infinite product may be formally multiplied out to give the Dirichlet series
(p(s) = > ,en == This is also the Mellin transform of Np.

The important question in this work is: how do the distributions of P and N/
relate to each other?

Much of the research on this subject has been about connecting the asymptotic
behaviour of the g-prime and g-integer counting functions defined in (3.1) as
xr — oo. Specifically, given the asymptotic behaviour of mp(x), what can be
said about the behaviour of Np(z)? On the other hand, given the asymptotic
behaviour of Np(x), what can be said about the behaviour of 7p(x)? Therefore,

this research concentrates on finding conditions for which results of the type
Np(x) =axr+ Ei(x) = mp(x) =li(z) + Ex(z),

or

mp(x) =li(z) + Ey(x) = Np(x) =ax+ Ei(z),

hold. Here li(z) = [} 1(%, and the error terms Fy(z),Es(x) (of Np(x) and 7p(x)
respectively) are of orders less than z and li(z).

This research has also concentrated on determining the connections between
the asymptotic behaviour (as 2 — 00) of g-integer counting function Np(z) and

the size of Beurling zeta function (p(o + it) with o near 1 (as t — 00). Also,

between 7p () and the zeros of (p(s).

Examples

1. Let P be the sequence of odd primes (i.e. P ={3,5,7,...} = P\{2}). Then
the numbers (x) forming A are all of the odd integers. That is, N' = 2N—1.
This shows that mp(x) = w(x) — 1 and

No(z)=Y 1= 1:[“’"2”}.

n<z, k<L‘H
n odd - 2

The behaviour of these counting functions for large z is

() = 5o+ 0(1),

while 7(z) ~ ==, by the Prime Number Theorem.

17



2. For P ={2,2,3,3,5,5,7,7, ...} (each prime occurs twice), with () forming
N to be the set of integers such that each integer occurs d(n) times, where

d(n) is the number of divisors of n. That is,
N =1{1,2,2,3,3,4,4,4,5,5,6,6,6,6,7,7, ...},
therefore mp(z) = 2m(z) =23 1 and

Np(z) = d(n).

neN

Then the behaviour of these counting functions for large x is Np(x) ~
zlogx (see [2]) and 7p(x) ~ 2= (by the Prime Number Theorem).

logz’

3.2 Continuous g-prime systems

The notion of g-primes as defined earlier can be generalised in such a way that
we consider 7p(x) and Np(z) as general increasing functions not necessarily step
functions. Such an extension is often referred to loosely as a ‘continuous’ g-prime
system. Indeed Beurling’s Prime Number Theorem is actually proven in this
general setting. In the most general form, the ‘continuous’ g-prime systems are

based on the analogue of Ilp(z) (= Y 32, t7p(z'/*)) and are defined as follows:

Definition 10. Let IIp, Np be functions such that llp € S and Np € Si with

Np = exp, [Ip. Then (Ilp, Np) is called an outer g-prime system.

Note that, if ITp € Sy, then automatically exp, ITp € S;". Hence any IIp € S
defines an outer g-prime system. On the other hand, if Np € S;°, then Np =
exp, [Ip for some Ilp € Sy, but IIp need not be increasing (see section 1.3 in [15]).
Here we do not (yet) have the analogue of g-primes (i.e. mp(z)). We introduce

7p(z) as follows:

Definition 11. A g-prime system is an outer g-prime system for which there

exist p € Sy such that

p(r) = 3 proe).
k=1

18



We say Np determines a g-prime system if there exists such an increasing

7 € So. As such by Mdbius inversion, mp(x) is given by

i % (z'/%), (3.2)

k=1
provided this series converges absolutely. To show that this sum always converges
for IIp € ST, we let a;, = M and let by = IIp(2'/*). The partial sums of the
aj, are bounded in magnitude by ¢ (some ¢ > 0) since Y o * (k) = 0. The sum
> re i |k — bry1| converges since by, decreases to zero. By Abel’s summation we
have

N-1

N
D arby =Y Ap(by — byr) + Axb,

k=1
where A,, = >,_, ai. Therefore,

N N— N—1
Zakzbk = Z k(br — brg1) + Anby| < (]Z |br — br+1] + ¢ |bn] -
=M k=M =M

This shows that (3.2) always converges whenever Ilp is increasing.
In general though, 7p(z) (as given by (3.2)) need not be increasing (see ex-

ample 2 in this section). We make the following definitions (see [4] and [15]):

Definition 12. For an outer g-prime system (Ilp, Np), let p = Upy. That is,

Up(z) = /1 logt dllp(1),

denote the generalized Chebyshev function.

We note that ¢p € S;, and that
Np = exp, [Ip is equivalent to ¥p * Np = Npy. (3.3)

Definition 13. A g-prime system is discrete if mp is a step function with integer
gumps. In this case the g-primes are the discontinuities of wp and the steps are

the multiplicities. Note that, in this case

Z log p.

pkﬁz,kéN
peEP
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We can write this as

Yp(r) =D Y logp = p(ar),
n=1 pgm% n=1

peEP

where

Up(x) = Zlogp.
p<z
peEP
Thus, the Beurling prime systems discussed in Section 3.1 are discrete systems.

In the general case, the Beurling zeta function is now defined to be the Mellin

transform of Np as follows:

Definition 14.

Cr(s) = /1 io v dNp () = exp { /1 io x_sdﬂp(x)} |

The equality follows formally from Np = exp, Ilp, (see definition 12).

Throughout this thesis we shall assume these integrals converge for s > 1.
From definitions 11 and 14 we can relate the Beurling zeta function to 7mp(z) as
follows:

For s = o 41t with o > 1,

Cp(s) = exp { | xﬁdnpm} — exp { | pE dmxl/’f)}

T k=1

:exp{ :of: ”; de(y)} :exp{—/loo log(1 — v~*) de(u)}.

T k=1

For a discrete systems this reduces to Hpep #

Examples

1. Let Ip(z) = [, t;tg;l dt, x > 1. This means that clearly IIp € S§ and

* / v 1 1
Up () :/ logt 115 (¢) dt:/ t—; dt = §(x2—1)—logx, x> 1.
1 1
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T 1 = 2" (log u)™ !
= — ————du, fi > 1.
/1 umzzlm! C(1+m) W or e =

This shows that mp € S; and therefore we have a g-prime system. More-

over, in this case we have Np(x) = 2%, since by (3.3) we have

/jlogt d/\fp(t)_/j/\fp(%) d@bp(t)_/lx/\fp(g (t—%) dt

That is,

Np(x)logx_/f@dt / No() / Nop(u)

By differentiating and simplifying, we get - 4 ( p(z)log I) = Nzgx). Therefore,

T

log Np(z) = 2logx + ¢, but Np(1) = 1, which means ¢ = 0.

. Let Ip(x) = f 10t = dt, x> 1, and ¢ > 0. This means that IIp and ¢p

are increasing, where

* / ¥ 1
Yp(x) :/ logt I15(¢) dt:/ 1-— t_c dt = > 1.
1 1

For ¢ < 2 we have a g-prime system (i.e. mp(x) is increasing). For instance,

take ¢ = 1. Then Ilp(x) = [/ 11:);;1 dt, and Yp(r) =z —1—logzw, x> 1,

and following the same arguments as in the first example, we have

= (1
/ Z (log u)™ du x>1,
m'Cl—I—m

while Np(z) =z, x > 1. For ¢ sufficiently large, 7p(z) need not be increas-

ing (see Theorem Al. in [15]).
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Working with ¢p(x) is often more convenient than working with IIp(z). One

reason is due to the following direct link between (p and ¥p

e

Cp

From Definition 12 above, the following statements

)= [ duna)

[p(x) = li(z) + O(z*°), Ve >0 (3.4)

and

Up(z) =2+ O(x*"), Ve >0, (3.5)

are equivalent for o € [0, 1). Furthermore, we see that mp(x) < IIp(z) and

HP(I) — Hp(\/E) - Z WP(}:'“) _ QZ Wpé;z:mc)
_ —elah) .
— 2 Pk _2k%;n Pk
B k>1 - ZTP(M) < mp(z),

since 7p is increasing. This tells us that
0 <Ip(z) — mp(r) < Tp(Va).
Thus, mp(x) = IIp(z) + O(Ip(y/z)). Then the following statements
mp(z) = li(x) + O(z*"), Ve >0 and ¥p(z) =z + O(x**), Ve > 0,

are equivalent for « € [3,1).

3.3 Some known results and comments

We now list some relevant known results from the literature which are necessary
for this work. Initially the following known results were proved for discrete sys-
tems, but actually the proofs are only based on ¥p(z) being increasing. So, they
are valid for outer g-prime systems. We begin with Beurling’s Prime Number

Theorem as mentioned in section 3.1.
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. In 1937, Beurling (see [6]) proved that

X

Np(z) =ax+ O ( ) for some v > g = mp(z)

(log z)7 " logz’

(generalises Prime Number Theorem), and he showed by example that the

3

result can fail for v = 3.

. In 1977, Diamond (see [10], Theorem 2) as a type of converse of Beurling’s

Ip(t) — 5

Tog? dt < oo.

PNT, showed the following: suppose that [;°t2

Then there exists a positive constant ¢ such that Np(x) ~ cx as x — oo.
Diamond in his work was seeking weakest possible conditions on 7p(x)
which are sufficient to deduce that Np(z) ~ cx as x — 0. So, for example

it follows from Diamond’s work that

x T
p(r) log 2 + O((log 9(:)1+5) or some §>0 = Np(x)~cx

. In 1903, Landau (see [22]) proved that

Np(z) = ax + O(2%), (0 < 1), (3.6)
implies p(z) ~ o= Furthermore, he proved that (3.6) implies

mp(z) = li(z) + O(ze FVI8T)
for some £ > 0.

. In 2006, Diamond, Montgomery and Vorhauer (see [11]) showed Landau’s
result is best possible. That is, they proved that there is a discrete g-prime
system for which (3.6) holds but

mp(x) = li(x) + Q(ze”V'°8%) for some ¢ > 0.
. In 1969, Malliavin (see [24]) showed that for a € (0,1) and a,c >0
Np(z) = az + O(ze~1%¢)")  —  TIp(z) = li(x) + O(ze 82",

for some k > 0, where 3 = 10a.
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6. In his paper 1970, Diamond (see [7]) improved Malliavin’s result and con-

versely he showed that if
p(x) = li(z) + O(ze 18®)%),
holds for a € (0,1) and some ¢ > 0, then
Np(z) = px 4 O(ze blosz1o81082)™y * for some b > 0,

where (§ =

Tra:
7. Balanzario (1998, [3]) showed (by giving a concrete continuous example)

that there exists a continuous g-prime system for which
p(x) = li(x) + O(ze~182)%), (3.7)

and

Np(z) = px + Qp (ze~ gDy, (3.8)

holds for some positive constants p and ¢ with a« = § = %

8. In 2006, Hilberdink (see Theorem 2.2 in [17]) extended Diamond’s result in
6 (to a = 1 case) as follows: suppose Yp(x) = x+0(z*) for some a € (0,1).

Then there exist positive constants p and c such that

Np(z) = px + O(zecVicszlelosz)

As we see from above, many authors have studied the error terms of the asymp-
totic behaviour of g-prime and g-integer counting functions and it seems three

types occur commonly; namely those of the form

i T ), (i) O(ze=(2D*) and (i5i) O(z°
i) oGt )s i) of ) and (iii) O(a"),

where v > 1,¢ > 0 and «,0 € (0,1). In our work, we study the asymptotic
behaviours of Beurling counting functions of primes and integers with error terms
(73) and (i77).

From the previous two known results (6 and 7), if we assume (3.7) and let 5(«)

be the supremum of such 3 over all systems satisfying (3.7) for given o € (0,1).
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then by Diamond’s result we see 3(«) > 7o Further, from Balanzario’s result
we see that 3(3) < 3. Diamond and Bateman [5] raised the interesting problem
to determine f(a) for 0 < a < 1.

In our work we study Balanzario’s method in his paper and modify it to show
(by adapting the method) that there is a (continuous) g-prime system for which
(3.7) and (3.8) hold with § = « (any 0 < v < 1), this showing f(a) < «. Further-
more, we prove that there is a discrete g-prime system with the same property
B(a) < av. This is more challenging since we need 7p(z) defined as a step function.
For this we use the method developed by Diamond, Montgomery, Vorhauer [11]
and Zhang [31] to prove by using (the theory of) probability measures that there

is a discrete system of Beurling primes satisfying this same property. We illustrate

this in Chapter 4.

From the known results (listed above), we see that for 0 < «, < 1 the

statement

vp(r) =z +0(x), (3.9)

does not necessarily imply
Np(x) = pr + O(27), p>0. (3.10)

Actually, the example given in chapter 6 shows that (3.9)=-(3.10) is false for
g-prime systems. For general g-prime systems that (3.10) does not imply (3.9) for
discrete g-prime systems follows from a result of Diamond, Montgomery, Vorhauer
paper [11] shows by using the probabilistic construction that there is a discrete

system for which (3.10) does not imply (3.9).

Discrete g-prime systems where the functions Np(z) and ¢p(z) are simulta-
neously ‘well-behaved’; that is (3.9) and (3.10) hold have been investigated by
Hilberdink (see [17]). In particular, if (3.9) and (3.10) hold then one of « or 3 is
at least 1 (see Theorem 1. in [16]). We shall require the following two results in

our subsequent work.

25



Lemma 3.2. Suppose that for some o € [0,1), we have (3.9) holds. Then (p(s)
has analytic continuation to the half-plane H, = {s € C : Rs > a} except for a

simple (non removable) pole at s =1 and (p(s) # 0 in this region.
Proof. See first part of Theorem 2.1 in [17]. O

Lemma 3.3. Suppose for 0 < a,3 < 1 both (3.9) and (3.10) hold. Then for
o > 0 = max{a, 8}, and uniformly for c > O+~ (any v > 0), (p(s) is of zero

order for o > ©. Furthermore,

~$2(5) = O((log 1)),
.
and
Cp(s) = O(exp{(logt)=6+}),
for all ¢ > 0.

Proof. The proof of this lemma is given for discrete g-prime systems [17, Theorem
2.3], but holds more generally for outer g-prime systems as well (since no use is

made of mp(x)). O

Assume that we have a discrete g-prime system such that (3.10) holds with
3 < 1. Tt was shown in [16] that this implies (p(s) has non-zero order for 3 < o <
%. This shows that there is a link between the asymptotic behaviour (as * — 00)
of the g-integer counting function Np(x) and the size of Beurling zeta function
(p(o+it) (as t — 00). We illustrate the connection between Np(z) and (p(s) in

Chapters 5 and 6.
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Chapter 4

Examples of continuous and

discrete g-prime systems

In this chapter we introduce a problem discussed by Diamond [7](as mentioned
briefly in section 3.3), which is the following:

Assume IIp(z) — li(z) < ze 1962 for some « € (0, 1), so that
Np(z) = px + O(ze e, (4.1)

for some p,c > 0 and § > 0. The problem is to determine the best possible /3,
given a. So, let G(«) be the supremum of such 3 over all systems satisfying (3.7)
for given o € (0, 1). It follows from Malliavin’s result that 3(«) < 10a. Diamond
in 1970 (see [8]) proved that 3(a) > 2. In 1998, Balanzario [3] proved (by giving
a concrete continuous example) that there exists a continuous g-prime system for
which f = a = 3 in (3.7) and (3.8). Thus, 5(3) < 3.

In the first section of this chapter, we generalise Balanzario’s result by adapt-
ing his method to show that for any 0 < a < 1 there is a continuous g-prime
system for which (3.7) and (3.8) hold with § = «. Thus, f(a) < a.

In the second section we do more challenging work using the theory developed
by Diamond, Montgomery, Vorhauer [11] and Zhang [31] to prove by using (the
theory of) probability measures that there is a discrete g-prime system for which

(3.7) and (3.8) hold with § = «. Thus, #(«) < « for discrete g-prime systems.
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4.1 Continuous g-prime System

Theorem 4.1. Let 0 < o < 1. Then there exists an outer g-prime system P for
which
p(z) = li(x) + O(ze~1082)™), (4.2)

and

Np(x) = pr + Qu (zeclos2)®), (4.3)

for some positive constants p and c. Thus, B(a) < a.

We define IIp(x) (of g-primes) as in Balanzario’s paper by

thn(a) = [ L (4.4)

where

cos(by, logt)
f)=1-— o>,
7(t) s >
n>ngo
Here k and ng are positive constants and p,,, a,, and b,, are sequences to be chosen.
In fact, we shall take k = 4, ny = 3, p,, = n—22, but it is notationally more convenient
to use k,ng and p,. The sequences b, and a, are defined (in terms of another
sequence x,,) as follows:
1
(log )1~

1
log b,

b, = exp{(logz,)*} and a, =

(=1

where § = £ — 1. Here z,, = exp{e™"}, for some a > 0 and w > 1 which we

)

shall choose later. Note that, a, — 0 while b, — 00 as n — oo. So, x,11 =

exp{(logz,)“}, with z; = exp{e®}. We choose w so that aw > 1.

The function IIp(z) is increasing since for ¢ > 1,

SZ%SL

n>ngo

cos(b, logt
>, p 250 Togt)

tan

n>no

First, we show that (4.2) holds.
Proposition 4.2. If Ilp(x) is given by (4.4), then
IIp(z) = li(z) + O(xe 1™,
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Proof. We have

c1—tk S I
lo(a) = [ 2o toaar [ S st
1 e

ogt ogt

the first integral is just O(1), therefore we get

T k 1_—k 1
(o) = [ = Y [ o)

logt = logt tan
v (b logt)
_ Z / cos(bnlog?) \\ 0(1),
. log t = tan log t

because k > 1. Now we show that the second term is O(ze~16%)"). Notice that

x log
/ cos(by, logt) atl = / & COS(bnt>€t(1—an)dt
. tan logt 1

t
log x log z
{Sln(b nt) t—an } _ _/ 8% sin(bnt) t(lfan)(l —a, — %)dt

b
:El—a log x t 1—an) .’L' —an ZL‘l_a" .I'l_a"
— —dt <2 <3 .

S 2 Togr / <2 Gogr T hii—a) =0,

By the definition of a,, and b, we have

pl-an log
- _—2" 1 a ]
b T exp { ((10 )0 + (log x,,) ) }

log

logx) —

occurs when v’ = flog z, (since L (u+

The minimum value of u +

1 — 2982). Therefore, u + I‘ff = u(l+ 282) > (9log ) (1 + ) = oga)

aa(l_a)lfa 9

and so
xlfan
< zexp {—(logz)"}.
Hence,
* cos(by, logt) —(logz)® _(log 2)®

Z Lin /1 Wdt < Z RIS = O(zxe ).

n>ngo n>ng
This proves equation (4.2). O

We estimate Np(x) through the associated zeta function (p defined in Chapter

3 for s =0 4 it with 0 > 1. We have for z > 1

b+i0c0 s
Nip(a) = —— / r(s)ds, b> 1,
b

210 Jy_ino
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at all points of continuity of Np(z). The main difficulty will be to show (4.3),
that is to find the Q—result for Ap. The proof forms the rest of this section.

Now, let Mp(z) = [ Np(t)dt. Then for z > 1

1 b+ioco xs+1
M’p(flf) = %/b ‘ Cp<5)8<8 i 1)d5, b>1.

We already know that (4.1) holds for some 8 > 2= (see result 5 in 3.3). So,

to prove that equation (4.3) is true it suffices to show that for some positive

constants c, p

MP@)_gJ; +Qy (a2eelos)) (4.5)

Actually, if (4.3) does not hold then
Np(z) = pr + o(ze 8™,
so that,
Mp(z) = /lx{pt + ofte 180" )} gt — §$ T ($26—c(logx)a) 7

which contradicts (4.5). So, (4.3) must hold if (4.5) holds. Our aim is therefore
to prove that (4.5) is true for some ¢, p > 0. For this purpose we estimate the
integral of Mp(x) and the simplest way to do so is by calculating the contribution

of the singularities of the integrand g(s) = (p(s ) We rewrite (p(s) as an

s+1
infinite product to enable us to read off the singularities of g(s). The sequences
{a,} and {b,} are defined earlier will give us the position of the singularities of
Cp(s) in the complex plane, and from this we can deduce the statement (4.5).
Extend the sequences a,, b, and pu, by defining for n > ng, a_, = a,, b_, = —b,

and g, = pt,. Then we use the following proposition to rewrite the zeta function

as required.

Proposition 4.3. For R(s) > 1,
Hn
2

s+k—1 k
Gpls) = s—1 H (1_5—1+an—ibn+k> ' (4.6)

[n|>no
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Remark: Recall the definition of v(¢) and let

cos(b, logt
n(t) =1— X:MM—L—EJ,tzL

an
nog<n<N
Then yx (t) converges uniformly to () for ¢t > 1since [y(t) — n ()] < X, on = <
2
N.

Proof of Proposition 4.3. We have

cos(blogt) 1-— t=k _ l(fﬁib N t’“’ib)l — t_k'
te logt 2 logt
So, for R(s) > 1, we have
d ootfscos(blogt) 1- tikdt

ds 1 te logt

= _/ (t*sfafib + tfsfa+ib o tfsfafibfk . t737a+ib,k>dt
1

1 1 1 1 1
_5{3—1+a+M_s—1+a+w+k+s—1+a—%_s—l+a—%+k}

_1 il s—1+a+1b +il s—1+a—1b
T \ds B \sTixaxib+k) Tds B \sT1xa—ib+k

d, k 2 k :
= — 1— 1- .
ds 8 ( s—l—i—a—l—ib—i—/{:) ( s—l—i—a—ib—l—k)

Hence, we have

00 _ +—k
_/ t_scos(blogt) 1t "
1 te logt

| k : g :
= 1- 1- tant.
o8 < s—1+a—|—ib—|—k> < s—l—i—a—ib—i—k) - constan

By taking the limit as R(s) tends to infinity we see that the constant of integration

is zero. Taking a = b = 0 gives

S s+k—1 k :
t° t)dt =1 _— nl 1—- ;
/1 logt v (t) og( s—1 )+ Z a og( s—1+an—zbn+k)



HEn
2

s+k—1 k
=1 —_— 1-
o8 s—1 H ( s—l—l—an—ibn—l—k)

no<|n|<N
By taking the limit as N — oo, we conclude the proof since yy(t) — ~(t) as
N — oo and log (p(s) = [t dllp(t). O

The representation of (p(s) given by (4.6) holds not only in the half plane
R(s) > 1, but also in a larger region. Let D, be the region defined by

Di={s=0c+itcC:0>—-k+2,s#&(1—a,+ib,)+(1—-&)(1—a,+ib, — k),

for any 0 < € < 1, |n| > no}.

By a theorem of Weierstrass on the uniform convergence of analytic functions,

k El
— 1—
#(s) H ( s—1+an—ibn+k> ’

[n|>no

the function

is analytic in D;. The equation

s+k—1

Cp(s) = ?90(3), o>1,

gives us an analytic continuation of (p(s) to D, with s = 1 removed, where (p(s)
has a simple pole. Notice that, since the zeros of ¢(s) are of fractional order, we
avoid problems of multiple-valuedness by restricting the domain of definition of
Cp(s) to D.. We try to give a suitable upper bound for |(p(s)| in the extended

domain of definition. For this purpose we need the following

Proposition 4.4. If s = o + it is such that 0 > —k +2,u = _ jin, and
s € D¢, then
p(s)] < (k+ 1)er.

Proof. For s = o+ it, we find an upper bound for ¢(s) which holds for arbitrary
positive sequences {a,} and {b,} such that {a,} is decreasing to zero and {b,}

is increasing to oo. We have

but1 — bp = exp{(log x,11)*} — exp{(log z,,)*}
= exp{(log z,,)*“} — exp{(log xz,,)*} >, (some ¢ > 0),
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where 0 depends on « and w. So, we choose w sufficiently large such that § > 2k.
Therefore the interval (t — 2k,t + 2k) contains at most one element of {b,}. We

call this element (if exists) by b,(t), so we can write

lp(s)| = ‘1 - . I - :
1 _ 1 _
S + ap(e) — tbne) + K im0 () S +a, —ib, + k
Since a, > 0, we have 0 — 1+ k£ > 1 and hence
k HFn(t) k, Hn(t)
2 2
1— - 1+ <1+k.
S—l—f—an(t)—an(t)—i-k? oc—1+k
Now, when n # n(t),
En
1 i 2 Fnjog |1 i
— =expl —log |1l —
s— 1+ an—iby 1k Pl ) s+, —ib,+k

_expd i _ i
_exp{ 2%10g<1 S—1+an—ibn+k>}

where
k k k k k 1
|z| = . < = << ==
s—1+a, —ib, +k IS(s) —bn|  Jt—=0b, =6~ 2k 2
Therefore
el <tk [ el 1+ + 2]+
xp 4 1 ol o T
PRI P17 ARRE
[n|>no,n#n(t)
< (k+1) 12 lei iy < (k+ 1)e"
< exp 1 Hn 51 < e’
[n|>no
as required. O

For k = 4,n9 = 3 and p, = 2n~2 we have

2
lp(s)] < 5exp{z ﬁ} <9, if o> —2.

n>3

Corollary 4.5. For s € D, such that |s — 1| > 1 we have |(p(s)| < 45.

33



Proof.

s+k—1
s—1

Gp(s)] =

k 4
< 1 < 1
ols) —9’ +s—1'—9( +|s—1|)

]

We need to find an Q—result for Mp(x). In order to do this we estimate

Mp(x) at some particular sequence of z. We shall take = to be

x:xn(l—i- . ), where —1<7r <1. (4.7)
log z,,

Note. Our choice of r (and hence z) is such that Mp(x) equals the main term
§x2 plus a large positive error term for some r > 0 and large negative error term

for some r < 0.

We deform the vertical path of integration in the inversion formula

1 b+ic0 .TS+1
Mp(z) = 2_7”/b . CP(S)md& b>1,

from the path R(s) =b > 1 to the left (see Figure 4.1).

Let T,, = exp{(logx,)"}, where 0 < a < 7 < 1. We remark here that the
method works with any o < 7 < 1, but for more convenience, we put 7 = O?—fl to
fit in with the discrete case which comes later. Here I'y joins b — i00 to b — iT},.
The points b — T}, to —% — 11, are joined by I's. The segments I's and 'y are
symmetric to I'y and I's with respect to the horizontal axis. We denote by I'j
a comb formed by horizontal loops C,,, ng < |m| < n, each going around the
singular point 1 — a,, + b,,. The collection of vertical line segments joining one
loop to the next one is denoted by I's. The points on I's have real part equal to
—%. Furthermore, each ), is made up of two horizontal line segments joined at
the right hand side by small circle with centre at 1 — a,, +ib,,. The two horizontal
line segments of (), are extended to the left until they meet I'3. It is worthwhile

pointing out that T,, lies between b,, and b, (that is, between T,, and T}, there

is one singular point of our zeta function), since log T, > (log z,,)* = log b,,, while,

log b1 = (log z,41)* = (log z,)* > (logx,)" = log T,,.
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—p tiln r 1 +iTn I ’

c. b+ iTy
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=
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K=2 2 e ! b
Cl.'l-l
O
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b —iTy
B i, s 1 —iTn I
Figure 4.1:

Now we write

Mp(@) =i+t Tt 30 Tt (e +2(1 = D60},

no<|m|<n

where

=1,2,..,5
27TZ/C S—"-]_) 7 m = )

s+1
27rz c. Gp(s) s(s+1)

Here, as above, (), is the mth horizontal loop with imaginary part equal to b,,.

ds, no <|m|<mn.

m

Consider first the integral 3. In fact, we do not have one integral but many of
them. This is because the vertical segment I's is broken at each horizontal loop

Cpn. However, on each vertical component of I's the integrand is bounded by the

same constant which is 45. Thus, since R(s) = —32 on I's, we have
1 [ AR 1
I <—/ 45 dt = O(—=). 4.8
1| < 21 Jooo |3 +it)(—% +it)) <\/§> (48)
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Let b =1+ ——. Then |5| and |I,| are both O((%)2), since

log zy *

1 1+(log zr) "1 I2+(log:pn)_1 8 i 22
||, | 14| < %/ 45Td0 < ZTZIH(Iogo:n) — O(ﬁ) (4.9)

n n n

|
wleo

Now we consider the integrals I; and I5: Each of |I;] and |I5| is at most

]_ oo x2+(10gxn)71

1\ 1 a?
— 45— dt < 82* 1 — =0(=). 4.10
o Jr Iz <8z exp{ + (log In) } T (Tn> ( )

Therefore, we get

M()—pag2 S dut {3+ O v (4.11)
P\T) = 2 m -n n Tn . .
no<|m|<n—1

We estimate each term in the right hand side of (4.11) separately. Since logz =
log z, + o(1) we get

22
= r? exp{(log z,)"} = 2 exp{(log #)” + o(1)}.
From this and from equation (4.11) we get

Mop(z) = %32 + Y T {J At T+ O (afe 5T (4.12)
no<|m|<n—1
Proposition 4.6.
Z I =0 <x26(log:‘)l_1"ﬂ) .
no<|m|<n—1
Proof. Let us consider the integral J,, and let ~,, be the circle centred at 1 —
m + b, with the radius 6, parameterised by 7,,(9) = 1 — a,, + ib,, + 61, where
0 < ¢ < 27. Therefore we have

s+1
/ Cp(s)x—ds

s(s+1)

s+1
< 27y sup
SEYm

Grls)

_— 0
<s+1)‘ﬁ ’

as 01 — 0. Let §; — 0, so we can write

xs-i—l
ds

1
al = |5z | 055

But if {m| <n — 1 then

oo < gmn-1108e _ gy {_Lﬂ?l}:exp _logz |
(log ,,_1 )1~ (log )=




< 2exp {—(log x)l_l_Ta} :

Hence,

~(logz)' 5" 1 2 —(logz)i— 5"
Z JIm < 30 2% Zﬁ:O z’e :

no<|m|<n—1 |m|>ng

]

We see that 1 — 1’Ta > (f—fl = 7 since w is taken sufficiently large, so equation

(4.12) becomes

2
Mp(x) = % +{Jon + Jn} 4 O (a8 (4.13)

It remains to study the expression J_,, + J,. Denote by JT/L and J;I/ the integrals
along the line segments C;L C;; lying respectively above and below the branch cut

C, so that J, = J, + J.. Now, if we write
s=1—a,+ib, +te?, -1 <0<,

then the line segment C is obtained by letting § = —m and ¢ run from 0 to

1 — a, + 2. In this way we obtain C) with its direction reversed:

0 =—m,
. s=1-—a,+1b, —t,
ds = —dt,

0<t<1l-—a,+3.
\

To estimate J,, split up as

€

" 1 (Ing)_ lfan+% Cp(l —an + an _ t)x27an+’ibn*t
m 0 (logz)—¢ (1 apn + by, t) (2 a, + b, t)

(4.14)

where € is arbitrary positive number. The second integral over ((logz)™¢,1—a, +

2) is bounded in modulus by

2—an 17an+§ 2—an ,—(log x)1—¢
45z / oty < A5g2—ane—(logz) _0 <$2€7(10gx)1_6> .
2102 Jog ) 27b2 log
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To deal with the integral over (0, (logx)~¢) rewrite the integrand as follows:

Cp(s)

m = (S —1 +a, — an)%lfn<8), say,

Em

B (s +3) B 4 2
(4.15)

Here f,(s) is analytic in a disc around the point z, = 1 — a,, + ib,,. Therefore we
can write

(s — 2,).

= (2
:Z 4!

§=0
. ()
The series is convergent if |s — z,| < g for some Jy > 1. Let a,; = f"]—(f”) So,

the integrand in (4.14) becomes
:C2 an+2bn*t<te Tr)%f (1 — ay, + an _ t)

Thus, we have

—€

‘ . (log ) .
J, = ——gPrantibe =5 / 7 f, (1 — ap +ib, — t) dt+0 (a: ¢~ (log2)! )
0

—iTpn

1 ; (& 2 (logx)l ‘ En t
— _x2an+lbn—u/ ftt 3 f 1 — a, + 'Lbn o dt
271 (log x)Tn 1 0 log x

+O <x2€7(logz)1*5>

—“"#n

L o ansib, € 2 (1 —e
= —X dnrt n—unS + 0 < (log)? ) s 4.16
271 (log;p) 2 1 ( )

(logz*)1 € J
S, = et n dt.
/ >oos (g )

Similarly, we can obtain

where

Sp + 0O (1:26*(10”) ) : (4.17)
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Since J, = J, + J,, becomes

sin T fn, x?—an +ibn,

2 ' 5.4+0 (x%*“(’gx)l’e) . 4.18
m(logz) = ! (4.18)

n

Since J_, = J,,, we have
Jo+J = (Jp+ Ju =)2R(J,).

Our next step is to estimate the integral S,, appearing in (4.18). For this we
obtain lower and upper bounds for f,(s) in D(z,,1) (that is [s — z,| < 1, s =

1 — a, + ib, — y). For the upper bound we notice that |s| > b,. Thus

(s+3) < b, +6 < 2b, 16
s(s+1)(s—1)| = (by —2)3 = (by/2)3 b2’
Also

s+ ap — by + 3] > (A —|s — 1+ a, —ib,|)F > 3% > 1.

Now we want to estimate from above the product appearing in the definition of
fn in (4.15). As in the proof of Proposition 4.4 we have

4
S+ @y, — iby, + 3

k E 3
— <1+ =-<14—==, f .
1S() —b] = +6 < +2k 5 o m#n

‘1— ‘§1+

Thus the product in (4.15) is in modulus less than

Hm

)<

|m|>ng,m#n [m|>ng

Thus we have proved
Proposition 4.7. For |s — (1 — a, +1ib,)| < 1, then |fu(s)] < g_;l,
This and Cauchy’s inequalities give the following

Corollary 4.8. For all j =1,2,3,... |a, | < 2_51-

Now we estimate the lower bound for f,(s) in D(z,,1):

|s| <|s =1+ a, —ib,| + |1 —a, +ib,| <141+ |ay| + |by| < 3+ by
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Thus

(s+3) s + 3| 5| =3 _by,—1-3_ ib, 1
> > > > = :
s(s+1)(s—1)| = (by +4)3 = (by +4)> = (b, +4)3 ~ (2b,)  16b2

Each term in the infinite product in (4.15) is

4 4 4
- 5

. — . >l
S+ a,, —ib, + 3 |s + am — by +3] = |S(s) — by
Therefore
tm 1
4 2 1\ 1
> — —.
= 11 (2) ~ 10

1-— -
S+ ay, — iby, + 3

II

|m|>ng,m#n

Thus we have

Proposition 4.9. For|s — (1 —a, +ib,)| < 1, we have

1
16062

[fn(s)] =

With all these inequalities we can estimate the integral S,,, the function oc-

curring in (4.18), as follows:

(lOgI
Sn — /
0

(log )1 —¢ L o —t J
= e ‘t? ani | —— ) dt
J > o (is)

J=0

)176

En t
e tte f, (1 —an + ib, — ) dt
log

For the second term we get, by Corollary 4.8,

00 (loga:)l’6 . —t J 00 64 1 Je 00 .
Sow [ et i<y 2 | e
: “Jo log x — b2 \logx 0
Jj=1 j=1
1\ 64 <= /10 1 \°1
< — — < 148 —.
- (loga:> b2 jz_; (98) - (10gx> b2
Now since

/ e S dt < / e 'tdt < 2log xe’(bg”)l%,
(1 (1

0ga7)1*5 ng)lfe
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The integral S, in (4.18) is
Sy = ano (T +1) 40 (1og:ce*<1°“>l‘€> +o(t ) (w19
v 2" b2 (log )€
Since a, o = fn(l — a, + ib,) and F(%un +1) — 1 as n — oo, from Proposition

4.9 we find

1—e d «
1S,| > — 2 (1 — 2log ze~(os®) ™" _ 0 gl ) ) > de2082)" 4 > 0
og x )¢

for some dy,d; > 0 and for = sufficiently large, that is for n is sufficiently large
(since x is a sequence depending on n). We use this lower bound of the integral

S, appearing in equation (4.18). Now consider the other factor in that equation,

sin Wgn 2—an 1 #Tn—H Hn 2 _—aplogx 1
T > —Ix’e C—_—
T log x s 2(log )2
> qzle” Mgt L fi 0
ax‘e (ogzn) =% . , or some a > 0,
- (log x)?(log log x,,)?

using p, = # and n < logwl%. From the above bound on S,, and (4.18), we get

1
|Jn| > az® exp {— <(1§;x% + 2(logxn)a)} > aqrle 180" )< <1,
(4.20)

for some constants a, ¢y, ¢ > 0 and for sufficiently large n.

Our aim is to obtain large values for 2R(.J,) compared with the other error

term of (4.13). For this purpose we recall equation (4.18)

Thn 2—an+ibn

! " sin 2 z 2 _—(logx)t—¢
Jn:Jn+Jn: En S+O( & )7
r(log )5 1
We can rewrite the above equation as follows,
I ,
A=—"—=Bi" +C,
xeTan
Sin(ﬂ“n) 1 HTn+1 1 —e
where B = ———- <10gm> Sp, and C' =0 ( an g~ (logz)! ) We get
A-C . .
iy B = R (exp{ib, logz + iarg B}) = cos(b, log x + arg B)

That is,

A—
R —C =cos | | bylogx, +argB | +b,log 1+ d . (4.21)
|B| log x,,
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From definition of B we have arg B = arg S,, + 7. The main term (involving the I'
function) on the right hand side of equation (4.19) is independent of r. Now, as
r runs from —1 to +1, the argument of S,, (and therefore arg B) does not exceed
2w, since the last two terms are much smaller than the first one. This tells us

that, as r runs from —1 to +1,

(bnlogxn —i—argB) + b, log (1 + - ) ,
log x,,

runs through an interval centred somewhere in

(bn log x,, — 2w, b, log x,, + 27r) )

The highest point is at least

1
b, log x,, — 27 + b, log <1+ ),
log x,,

whereas the lowest point is at most

—1
b, log x,, + 27 + b, log (1—1— )
log x,,

Therefore the length of (4.21) is

> b, log (1 +

)—4%2—” — 41 — 00, as n — o0.

0g T, 1+ logx,

For large n we choose values (r* and ) of r appropriately such that

A-C A-C
{2oC = ma {220
|B] 1B

For the first case we have R(2-) = R(A) = |B| + R(C), that is,

R(J,) = |B|2** + R(C)a*
> | Ju| = [C] 227 + R(C)2*
= | J] + O(a%e (8 9™)
> Agzleclose)®
Therefore, for sufficiently large n we have
R(J,) > Agz’e 8D for = and Ay, ¢ > 0. (4.22)
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Similarly we can get

R(J,) < —Agz?e 82 for 1 =r~ and Ay, c > 0.

From the above inequalities and the following equation

2

Mop(z) = % +2R(J,) + O (x%“ogx)afl> :

we have
p:EQ 2 _—c(logx)®
Mp(z) = == + Qufa7e™),

for some positive constant ¢. This proves (4.5) and hence (4.3).

Theorem 4.1 is completed.
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4.2 Discrete g-prime System

In the above section, we found a continuous g-prime system for which g = a.
Now we show that it may be adapted to give a discrete version. Finding discrete
system satisfying this same property is generally more challenging. The reason
for this is that if we have Ilp(z) defined as a step function, then seeing the
singularities of the Beurling zeta function is difficult.

We shall use the method developed by Diamond, Montgomery, Vorhauer [11]
and later Zhang [31] which uses (the theory of) probability measures to find

discrete systems of Beurling primes.

Theorem 4.10. Let 0 < o« < 1. Then there is a discrete g-prime system P for
which
74 (x) = li(x) + O(we” 180", (4.26)

and

N&(z) = pr + Qs (zec18D7) (4.27)

for some positive constants p and c. Thus B(«) < « for discrete systems.

To find the g-prime satisfying (4.26) we use the following lemmas from Zhang’s
paper [31].

Lemma 1. Let f(v) be a nonnegative-valued Lebesque measurable function on
(—00, 00) with support [1,00). Assume that there is increasing function F(x) on

(—00, 00) with support [1,00) satisfying

/j f(v)dv < F(x),

/w%f@MV<?¢F@M1+bg@,

logz = o(F(x)),

/1 LWy < @),
and

F(z+1) < F(z).
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Let

1SVO<V1<V2<"'<l/k<l/k+1<"'

be a sequence such that v, — oo as k — oo and such that
Vi
= fo)n
Vg—1
satisfies 0 < pr, <1 for k > ko. Then there is a subsequence vy;,j = 1,2, ... such

that

Z Vi — Z vitpr, < /F () (\/1 +logz + /log(t + 1)) : (4.28)

v, S v <z

for1 <z <ooandt>0.

Lemma 3. If the sequence v, in Lemma 1 satisfies also

Z vilpe — /ac Vi f(v)dy < /F(z) (\/1 +log z + /log(t + 1)) : (4.29)

v <z 1

for F(x) > clog(t + 1) with a constant ¢ > 0 then there is a subsequence vy, j =

1,2, ... such that

Z I/]?; - /130 Vif(v)dy < \/F(z) (\/1 +logz + /log(t + 1)) : (4.30)

I/kj S$

forl1 <x < oo andt > 0.

Lemma 4. Let f(x) be a Lebesgue measurable function on (—oo, 00) with support

[1,00) satisfying

1 — -1
0< fla) < — 2,
log x
Then the function
x
F(x) = ——
(z) 1+logz’

satisfies the conditions of Lemma 1 and both the sequences

(1) v = /log(k + ko), k=0,1,2, ...

and

(2) v =log(k + ko) loglog(k + ko), k=0,1,2, ...
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satisfy the conditions of Lemma 1 and Lemma 3. Therefore both (1) and (2)

have a subsequence vy, j = 1,2, ... satisfying

A o 1 1
Z V}é —/1 VEw)dv < Vo (1 + %) , (4.31)

v . <z
kj_

forl<x < oo andt> 0.

Now, consider the continuous function

_1—V_k

h(v) = gy 1w, with(r) =1~ >

cos(by, log v)

, v>1.
yan
n>no

That is, the function h = H;; where IIp from Theorem 4.1. Here k, ng, ttn, b, and

a, as in Theorem 4.1. The function h(r) < ==, So, by Lemma 4 there is a

log v
sequence 1 < ap < a; <ag- < a; < ajp < -+ - such that oy — oo as j — o0
for which
. o log(t +1
Z o —/ v ' h(v)dry < Vo [ 1+ log(t +1) ,
= 1 1+logz
a;j <z

for 1 <z < oo and t > 0. In particular, when ¢t = 0 we have
; 1— /1 ' h(v)dv = O(\/x). (4.32)
We shall take {a;};>0 as our g-primes. By Proposition 4.2 we get
mh(z) = Y 1=li(z) + O(ze” ") + O(Vx) = li(z) + O(ze =")"),
aj<z

with « as in section 4.1. We let

mh ()
() = 37 "R
n>1
Then
1%(z) = li(z) + O(ze 18, (4.33)

since I1%(z) = 7% (x) + O(y/x). This proves (4.26). We estimate N4 (x) through

its associated zeta function (% given by

b = [ aanio) e { [ it}

= exp {/100 —log(1 — x_s)dﬂ%(x)} .
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This can be written as

¢p(s) = Cp(s) exp {Fa(s) — Fi(s)}, (4.35)

where (p(s) as in Section 4.1 is analytic in D, and

Fi(s) = /1 T () + log(1— vt )drb (1))

and
Fy(s) = /OO v {dnp(v) — h(v)dv} .
1

We see log(1 — v™*) = v + O(v™27) for v > 1, which tells us that integral
function F(s) converges uniformly for o > $ + 6 each 6 > 0. Therefore, Fi(s)
is analytic for o > 1. Similarly, so is Fy(s) since II}(z) — IIp(z) = O(y/z), and
hence —Fy(s) + FQ(S) is holomorphic in the half-plane H1 = {seC:Rs > 1}
Thus, ¢%(s) is analytic in D¢ N H. Let

= Zng(t)dt

Md()—i/bmgd() T s b1
P = omi s PS5 1) ‘

To prove that equation (4.27) is true it suffices to show that for some positive

Then

constant c,

M (z) = gx2 +Qy (22eelosn)”) | (4.36)

for some p > 0 and « as in Section 4.1. Our aim is to prove that (4.36) is
true for some p,c > 0. For this purpose we estimate the integral of M%(:c)
and the simplest way to do so by calculating the singularities of the integrand
f(s) = C%(S)Sf:—ill) = (p(s) exp {Fr(s) — Fi(s)} S(S; Since Fi(s) and Fy(s) are

holomorphic for ¢ > %, the singularities of f(s) are the same singularities of

9+1

CP( )s s+1)
By Proposition (4.4) and Corollary (4.5) we have |(p(s)| < 45. It remains to

estimate exp {F»(s) — F1(s)}. To do this we need the following modification of

Lemma 5 from Zhang’s paper.
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Lemma 4.11. Let a function F(z,t) defined for 1 <z < oo andt > 0 be locally

of bounded variation in x and satisfy F(1,t) =0 and

F(x,t) <<ﬁ<1+ w).

1+logx

Given v > o > 1, let02%+5, 0 > 0. Then

/ v dF(v,1) < \/log(i + 1).
1

Proof. Using integration by parts, the integral on the left hand side is

a/ v O R (v, t) dv < / yo <1 + og(t + 1 > dv < +/log(t + 1),
1 1

1+ log

—o—

. 00 1
since fl v~?~2dv converges. O

Let

=> a; / v h(v)dy, x> 1.

a;j <z

So, g(x,t) satisfies the conditions of Lemma 4.11. Thus, by Lemma 4.11, we have
Fy(o + it) :/ v (v dg(v,0)) < \/logt, t > 2, (4.37)
1

for02%+(5, o> 0.
We shall need to use T;, = exp {(log z,,)"}, such that 0 < ao < 7 < 1. Therefore,

Fy(o +iT,) = O((log x,)?). (4.38)

Also,
Fi(s) = /1 [v-sdn(v) + log(1 — v~*)drl ()}

= /1 “Sdrh (v Z / s drdh (v

m>1

S / Ve

m>2

This shows that the integral for F}(s) converges unifomly for o > 1 +6 with each
0 > 0. Therefore,

Fi(s)=0(1), for o> % +4d, §>0. (4.39)
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Hence, we see from equations (4.38) and (4.39) that for s = o + iT},, we have
R{Fy(s) — Fi(s)} < |Fy(s) — Fi(s)] < b(logz,)?, b> 0. (4.40)
This tells us that
R{Fy(s) — Fi(s)} > —b(logx,)?, for some b > 0. (4.41)
From (4.37) and (4.39) we have proved the following
Corollary 4.12. For o +it € D¢ N Hé, we have
Cl(o 4 it) = O(e?VIos?),

Our aim is to find an Q-result for Mg(z). In order to do this we estimate
M4(z) at some particular sequence of z. We shall take z to be as in (4.7).

Following the same method as in 4.1 we obtain

M@ = Lt Y T k() a1 Rp0), (142)

no<|m|<n

where {/{:gp(l)% +2(1 — k)p(0)} means the residues at s = 0,1 as in 4.1, so that

14 = ! ¢h(s) . ds, m=1,2,...,5

™o T, [ s(s+1) 7 I
and

Jh = ! ¢ (s) e ds, ng < |m|<n

™o Jo P s(s 1) =

Where C,,, is the mth horizontal loop with imaginary part equal to b,,, (see Figure

4.1). By (4.8), (4.9) and (4.10) with (% instead of (p we have

d d z? 5
I+ -+ I ZO(TWW”) )

n

= O (a® exp {(log x,)* — (logz,)"}) = O (a?e 1)),

for some ¢ > 0, since (logz,)z = o((logz,)™). We put 7 = j—j‘l as in section 4.1

we get
2a

I+ +I¢=0 (xQe_C(Ing)m> .
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From this we see equation (4.42) becomes

2 2a
px —c(logx) a+1
M (z) = -t g JE+{J, + T +0 (xQe (logz) =+ ) , p>0. (4.43)

no<|m|<n—1
To estimate the second term in the right hand side of equation (4.43) we need to

prove again Proposition 4.6 with (4(s) instead of (p(s) as follows

Proposition 4.13.
_l-a
Z JE =0 (:CQeq(logx)l ¢ ) , for some q > 0.
no<|m|<n—1
Proof. Let us consider the integral J,, and let ,, be the circle centred at 1 —
p + b, with the radius 6, parameterised by 7,,(9) = 1 — a,, + ib,, + ¢, where

0 <9 < 27. Therefore we have

J LESJ'_I
Lm C73(5)5(5 + 1)d$

as 0 — 0. Let 0 — 0, so we can write

.CCS+1

s(s+1)

< 278 sup |Ch(s)

SEYm

o

Jo| = do

1 s+1 b (log:cn)% l—am ,.2—am
e I O T e
21t Jo, s(s+1) s 3 b2
2

bz T
< ;Tmexp{(logxn)2 — aplogz},

for some by, by > 0. But if |m| <n — 1 then

exp {(log,)2 — alogz} < exp {(logz,)2 — a,_1 logz}

T 1 1
_ exp{aogasn)z _ %} _ exp{aogosn) _ i}

log 1) (logx,) <

VB

Since log x = log x,, + o(1), the last term is

< 2exp {(logq:)% — (log x)I’kTa} < 2exp {—q(logx)l’kTa} ,

for some ¢ > 0, since (logz)2 = o ((log x)l’kTa> for w sufficiently large. Hence

Z Jd -0 x2e—q(logz)171_Ta Z % -0 <x2e—q(logm)11:}a)

no<|m|<n-—1 [m|>ng
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We see that 1 — 1_70‘ > az—fl = 7 since w is taken sufficiently large, so equation

(4.43) becomes

pz’

N%@j:7?+{ﬂn+£ﬂ+0(ﬁe“m”#v, (4.44)

. . d
for some constants p, ¢, ¢ > 0. It remains to study the expression J¢ + J¢.

Denote by J¢ and J%' the integrals along the line segments C,, C! (see Figure
4.1) lying respectively above and below the branch cut C,, so that J¢ = J,f/ + Jff”.
Now, if we write

s=1—a,+ib, +te?, -1 <0<,

then the line segment C;I/ is obtained by letting § = —7 and ¢ run from 0 to

1 — a, + 2. In this way we obtain C! with its direction reversed:
2 n

0=—m,
. s=1-a,+1b, —t,
| ds = —dt,

0<t<1—a,+3.
\

To estimate J¢, split it up into

i L /(logac)f ) /1—an+§ C%(l —a, +ib, — t)x2—an+ibn—t (dt)
2w | S, 0 (1 —ap +ib, —t)(2 — an, +ib, —t)"

ogz)~¢
(4.45)

where € is arbitrary positive number. The second integral over ((logz)~¢,1—a,+

%) is bounded in modulus by

9

T xldt <
™ n

b2x2_"“”e(log“)% /1_0"”rg by~ exp { (log )2 — (logz)'~}
(log z) 272 log x

log x
for some by > 0. By taking € to be as small as we please we find that the last

term of the above inequality is O <x2_“"e_°(log“’)17€) , for some ¢ > 0.

To deal with the integral over (0, (logx)~¢) rewrite the integrand as follows:

ﬂ:(s—l—kan—ibn)

s(s+1)

En
2

gn(s) say,

o1



where
gn(S) _ eF2(8)7F1(8)fn(8)_

Here g,,(s) is analytic in a disc around the point z, = 1 — a,, + ib,. Therefore By
Proposition 4.7 and equation (4.40) we obtain

9n(6)] < 3 exp {R(F9) ~ Fils))} < e (aag

n

for some ¢; > 0. While, by Proposition 4.9 and equation (4.41) we have

9.09)] 2 g7z PR (As) = Fy(a))} > e 2%, ()

for some ¢o > 0. Therefore, by (4.18) with g,(s) instead of f,(s) and by (4.47)
we obtain

|52 > bexp {— ((log )% 4 2(log z,)%)}, b>0, (4.48)
for z is sufficiently large, that is for n is sufficiently large. We use this lower
bound of the integral S¢. Now considering the other factor in (4.17) (with S, is

replaced by S¢), we have

Tn, En 4 q
sin 2 $2_an+ 1 ’ > @.,L,Ze—anlogx . 1
T log = o 2(log )2
log x ]_
> gax’e Oozam) =% . , q3 > 0.

(log )? (log log :,)?

where p,, = & and n < %. From the above and (4.48), we get

’ log x
J4| > q3x L doBr e ona
‘ n| ~ (logz)? (loglog x,,)° P (log z,,) @ + 2(log z,,)* + (log x,,)

(SR

)}

for some g3 > 0 and large n. That is, for some g3, cy > 0 and large n we have

| J2| > gsa® exp {— (co(log z)* + (log:c)%)}. (4.49)

This gives

}J,‘f! > garle 8D 0 < <1,

for some positive constants ¢s,c and for sufficiently large n. Since w is taken

sufficiently large, we see (4.44) becomes
pl’ d d loga:)
M(z) =+ {J4, + T4+ 0 [ 2?e” . (4.50)
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We next aim to obtain a large value for J¢ + J¢ = 2R(J) compared with the
other error term of (4.50). To achieve this we can use similar arguments as those

discussed in Section 4.1 to show that for sufficiently large n we have

R(JD) > Az?e1082)*  for p =t and A,¢> 0, (4.51)
and
R(JI) < —Az?e 18D for r =7~ and A, c> 0. (4.52)
Hence we get
d p$2 2 1 a
M (z) = 5 + Q4 (z2ecllog2)™) (4.53)

for some positive constants p and ¢. This proves equation (4.36) and hence (4.27).

The proof of Theorem 4.10 is completed.
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Chapter 5

Connecting the error term of

Np(z) and the size of (p(s)

When proving results linking the asymptotic behaviour of IIp(x) and Np(z) one
often uses as a go-between the Beurling zeta function (p(s). Thus an assumption
made on Ilp(z) is translated into a property of (p(s) which is then shown to
imply a property of Np(z) and similarly vice versa. The property on (p(s) is
often related to its size along the vertical line (or holomorphicity). For example,
if Np(x) = cx + O(x*), a < 1. Then (p(s) is holomorphic in H,\{1} and
Cp(o +it) = O(t) for 0 > a. That is, (p has at most polynomial growth on
vertical lines to the left of 1. Furthermore, bounds on the vertical growth can be
shown via the inverse Mellin transform to imply Np(z) = cx + O(xz®). Here we
investigate the connection when Np(z) = cx+ Q(2'7¢), and where (p (o +it) may
have infinite order. Therefore, if we assume that (p(s) has polynomial growth
along some curve for o < 1, what can be said about the behaviour of Np(x) (as
r — 00) and vice versa?

We concentrate in this chapter on determining the connections between the
asymptotic behaviour of the g-integer counting function Np(z) and the size of
Beurling zeta function (p(o + it) with o near 1 (as t — o00). We aim to find this

link and apply it in chapter 6.
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5.1 From (p to Np

We start with showing how assumptions on growth of (p(s) imply estimates on the
error term of A'p(z). Note that in fact, the following theorem is purely analytical

as there is no use of g-prime systems (only the fact that ANp € S;).

Theorem 5.1. Suppose that for some a € [0,1), (p(s) has an analytic continu-
ation to the half plane H, except for a simple pole at s = 1 with residue p.

Further assume that for some ¢ < 1,

1
f(logt)’
where f is a positive, strictly increasing continuous function, tending to infinity.

Then forv=1—c¢,

Cplo+it) = O(t%), for o >1—

Np(z) = px 4 O(xe~ 3" 07 gy
where h(u) = uf(u).

Proof. We use the bound (p(s) = O(t°), for some ¢ < 1 to find an approximate
formula for

b+ico strl

/N’P dy—% - CP(S)mdS-

This holds for any b > 1. Pushing the contour to the left of the line Rs = b past
the simple pole at 1, we get for any 7" > 0

P 1 xs-‘rl 1 b+iT [ES+1
g L s+ — 4
Mp(z) = 52 +27ri/,7 P @ o ) (lo;T)wCP(S)S(SH) °

1 kWﬂ‘T 25t b+ico 25+
— —ds.
o) Sy s(s +1 (/ /,, ) (s+1)

Here 7y is the contour s =1 — +it fora < |t| < T and s = m +t

f(logt)
for |t| < a. The constant a is chosen such that a > e and 1 —

Figure 5.1).

f(Tga) > «, (see
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The modulus of the integral over the horizontal line [1 — FlogT) gT) +iT,b+iT
is
b+iT' s+1 b ¢ u+1
x T°x
Cp(s)——=ds| = O(/ du)
/1_ Fliog™) TiT s(s +1) 1= g ™) re
b1
Similarly for the integral over [b — T, 1 — m — 7.
1 .
' Tt ] b+ il
1
! flloga) \
0 a | b

Figure 5.1: contour ny

Now, letting T' — oo we get

s+1
/\/lp(x):— _/CP s+1

where 7 is the Contours:l—m—i—it for [t| >a>eand s=1— + it

f(loga)
for |t| < a. Therefore,

Mot 7] = |55 [ty

Cp(1 oy —it)
-0 / ) tlgt) BT dt | 4+ O(a” ),

2

26



=0 (xQ /l:goa exp {—(2u + ljij(gui) + (c+ 1)u} du> + O<I27m)7

~0 (gﬂ /: exp {—(<1 ~Qut ?(guf)} du) + Oz TmEm ),

To estimate the integral, we split it into

[oolro Gt ([ oo o i he

for some A > loga and v =1 — c.

_logz

7)), whilst

log
The first integral over (loga, A) is < e flfgae’wdu = 0O(e
the second integral over (A4,00) is < [[“e ™ 7du = O(e™4).
Now, choose A optimally such that these O—terms are of the same order (i.e.

Af(A) =~"tlogx), and h(A) = Af(A). Then A = h~ (v 'logz). Hence

/1: exXp { (yu+ %)} du = O(exp(—yh™' (7 ' log z)).

Therefore

‘./\/lp(a:) - ng =0 (2% exp{—yh (v 'logz)}), y=1-c (5.1)

The function Np is increasing function, so for every 0 < y < z, we have
T T—yY T
/ Np(u)du—/ Np(u)du :/ Np(u)du < yNp(x).
0 0 T—y
On the other hand
T4y x Tty
/ Np(u)du — / Np(u)du = / Np(u)du > yNp(z).
0 0 T

Therefore

Mp(z) — Mp(z —y) < Np(z) < Mp(z +y) — Mp(z)
Y = Y '

Using equation (5.1) the left hand side of the above inequality is

_ </—)(a:2 — (2 —y)*) + O (2 exp{—yh~' (v " log(z — y))}) )

That is, the left hand side is

= i(pxy - p?y? + 0 (22 exp{—yh~ (v log(z — 9))}) ) (5.2)
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Similarly, the right hand side of the same inequality is

1

2
= ;(p:l:y + % + O (2% exp{—yh~' (v log 2)}) >,

hold for any 0 < y < .
Now, for some € > 0 and some d > 0 we have h(z) — h(z —d) =z f(z) — (v —
d)f(x—d) =z(f(z)— f(z—d)) +df(x—d) > e > 0. That is, h(z) —e > h(z —d).

Therefore, with y = o(x), we see
hH (v Hog(z —y)) > k(v logz — €) > ™' (v logz) — d,

for some € > 0 and some d > 0. So in the O—term in (5.2) we can replace z — y
by x.
Now, setting y = zexp{—2h (v 'logz)} we get

Np(z) = pr+ O (:1: exp{—%h_l(v_l log x)}) .
]

It is useful to observe how the size of the error term of Np(x) depends on
where (p(o +it) = O(t°), for some ¢ < 1 as 0 — 1. Here are some examples

showing how different functions f lead to different error terms for Np(z).

Examples

L. For f(z) = 5. We have h(z) = 15;1 gives h™*(z) ~ y/3zlogz and

1
h~t(logx) > (1 — e)\/§ logzloglogz, Ve>0, x> x(e).
Thus Theorem 5.1 says,

Cp(o4it) = O(t%), (c< 1) for o > 1 — 288 jyplies

logt

Np(z) =pzr+ O <x exp{—a+/log x log log m}) :

for some p > 0, and for every a < %.
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2. For f(x) = 2 for some 6 > 0. We have h(z) = 2'*? and
h~(logz) = (log :zr)ﬁ
That is,
1 , . o
(p(1l— Tlog 07 +it) = O(t°), (c<1) implies

Np(z) = p+ O (wexp{—bllog ) 7}

_0
forsomep>0,whereb:712—+9and’yzl—c.

29



5.2 From Np to polynomial growth of (p

Our purpose in this section is to obtain a kind of converse of Theorem 5.1. That
is, we find the region where (p(o +it) = O(t°), for some ¢ > 0, if we assume that
we have a bound for the error term of Np(z). In the other words, the reason
of the following theorem is to obtain polynomial growth for (p(o + it), o < 1.
This depends on ¢ and the bound of the error term of NVp(z). We shall need to
assume a priori that (p is has an analytic continuation to the left of ¢ = 1 and

that (p(o + it) is bounded above by O(e') for 0 < o < 1.

Theorem 5.2. Suppose that for some a € [0,1), (p(s) has an analytic continu-
ation to the half plane H, except for a simple pole at s = 1 with residue p and
for o > a, (p(o+it) = O(e'), (t>0,t— o).

Further assume that
Np(z) = pr + O(ze ),

for some positive, increasing function k tending to infinity such that k'(z) = 0(%).
Then for some ¢ > 0,
CP(O- + Zt) = O(tc)7

t

for1— k(?) <o<l1l-— lngt, where t is sufficiently large.

Proof. The usual Mellin transform

Cp(s) = /1_ r*dNp(z), o>1

cannot be used directly for ¢ < 1, since the error term is not small enough to
ensure analytic continuation to o < 1. Instead we use a formula which is based
on: _
a 5 1 et W
“n_—(An)° _ _ — = —w
e = — s+ w)A “dw, 5.3
> s | TGats @) (53)

where g(s) = > 5, %, A >0, >0, and ¢ > 0, ¢ > 01 — 0, where 0y is the

abscissa of absolute convergence of g(s). (See [28] page 301.)
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We generalize equation (5.3) (with § = 1) in terms of the Beurling zeta func-
tion. The reason for doing this is to find an estimate for (p(s) for ¢ < 1. That

is, we show

1 c+ioco

/100 r7 e M dNp(z) = 5 / C(w)Cp(s 4+ w)AYdw, (5.4)

holds for A\ >0 and ¢ > 0,c>1— 0.

To see this, notice that the right hand side of equation (5.4) is equal

1 c+ioco 00
P ['(w) (/ [E_(S+w)dN77<.T>> A “dw,
1—

2mi c—100
and observe that we can invert the order of integrations by ‘absolute convergence’

since gamma is exponentially small. It becomes

(o [ et )avote) = [ i)

Note that both sides of (5.4) are entire functions.
Now we integrate by parts the left hand side of equation (5.4) and on the right
we push the contour to the left of the lines Rw = 0 and Rw =1 — 0. We get

/\/OO e M Np(z)dx + s/oo A= TING (2)dr = Cp(s) 4+ pA*TIT(1 — )
1

c —100 c —Hoo c+ioco
(/ / / ) w)Cp(s + w)A “dw,
27” c— c c +ioco

for some negative constant ¢ > —1 and ¢ +¢ > a, since the integrand of the right
hand side of equation (5.4) has singularities at w = 0 and w = 1 — s with residues
(p(s) and pA*~'T(1 — s) respectively. [The contribution from the horizontal line
(¢ 4 iy, c+iy] is

/Cﬂy I'(w)¢p(s + w)A “dw

:O(y_éexp{|y—l—t|— 5/‘}/ YN ”dx) — 0 asy — oo.

since |['(z + iy)| < e |y|x7% V27 (See [28] page 151), and |(p(0 + it)| < €.

/ D(x + iy)Cp(o + o+ iy + A+ dg

Similarly for the integral over [c — iy, ¢ — iy].] Therefore,

Cp(s) = /\/OO e M Np(z)dx + 5 /OO e M NG (2)da
1 1

| oo (5.5)
— AT (1 — 5) — —/ [(w)Cp(s + w)A “dw.

27T2 / _ioco
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As we mentioned earlier, we are interested in finding an estimate for (p(s) for
o < 1. So, we take @ < 0 < 1, and try to estimate each term in the right hand

side of equation (5.5) separately. For the first integral we have

/\/ e e Np(z)dr = /\/ e 17 (px + O(ve ™)) dx
1 1

_ )\p/ G—Axl,—s—‘rldx + O ()\/ $_0+16_(>\x+k($))d$) ]
1 1

1 00
= pANTI(2 — s5) — p/\/ e Mgy + O (A/ x"“e(’\“k(:‘”))dx),
0 1

since o < 1. Hence

A/ e*%*m%@mxsz4r@—5y+0(y/ xﬂ+%*“M“WM)+OOL
. 1

(5.6)
since fol e Mp=stldy = O(1).

For the second integral of equation (5.5) we have

s/ e M INp(x)d = 3/ e M (pr + O(ze ™)) dx
1 1

_ Sp/ G_Axl'_sd,l’ +0 (t / x—ae—(/\x—l—k(z))dl,’ )
1 1
1 oo
=spA* (1 — 5) — 5,0/ e My~ dr + O (t/ x"e(’\“k(x))dx,)
0 1

since o < 1. Hence

l1—0

s/ e e T ING (x)dr = spA*TIT(1—5)+0( )+O (t/ :E_”e_(A”k(”"))dx),
1 1

(5.7)
since ‘sp fol e"\xa:_sda:‘ =O0(t fol t=%dr) = O(+%).

1-0o

Finally, for the vertical line over [¢ — ico, ¢ + ico] we have

/ T )G (s + w)A e

/ .
—200

:L/ W5+wxﬂa+d+uy+wn*”wwﬂ
! oo ! 1 ﬂ'

= O(AC / (Jyl +1)° "zexp {Iy+t! - %} dy)

= O()\’c/e )
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From the above, equation (5.5) becomes

fo_)+O(A

(p(8) = pA° T2 — 5) + spA* T (1 — 8) — pA* T (1 — ) + O(1

+ O(/\ /00 x‘”“e_()‘”k(x))dx) + O(t /00 x_"e_(}‘“k(x))dI),
1 1

_ O()\ /OO :L‘_U+16_(>\$+k(z))dl') + O(t /’OO %" (Az+k(z )dl')
1 1

+O0(7—)+0(\ " ¢),
(5.8)

since for 0 < 1, the gamma terms cancel each other.

Our aim is to find for which o we have (p(s) = O(t°) for some ¢ > 0. So,

t

putting A = e~*, we see that the last term of the right hand side of equation (5.8)

is O(1), since ¢ > —1. We see also with A = e~* that the term
A /OO x70+167()\$+k(z))dx — O(t)
1

Indeed, we split the integral into the ranges (1, B) and (B, o) for some B > 1.

For the first integral we have

B B
/ xl—ae—(/\x—i-k(z))dx < Bl—a / e—k(x)dl,
1 1

B
< B'° (Be_k(B) +/ xk'(x)e_k(x)dx) < B¥ e kB,
1
since k'(z) = o(L). For the range (B, 0o) the second integral is

0o oo
/ iL'l aef(/\a:+k de <e k(B) / mlfaef)\xdw
B B

_ /\U—2€—k(B) /OO yl—ae—ydy
AB
< X772 HBIT(2 — g).

Therefore,

\ /OO ml_ae_()\z-l-k(ac))dx < /\B2—ae—k(B) + /\a—le—k(B)F(Z . O’).
1

Now, setting B = we get

>\7
)\/ 17 e k) g« AFehV3) 4+ X”le’k(\/%l“@ —0).
1
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logt

For1—o > 10% we see A1 < A=t = t. Therefore, the first term in the right
hand side of the above inequality — 0 as t — oo, whilst the second term is O(t).

Thus, equation (5.8) becomes

Cp(s) = O(t/ x"e(’\”k(x))dx> + O(1
1

). (5.9)

—0
To estimate the first integral in the right hand side of equation (5.9) we split it
into the ranges (1, A) and (A, o) for some A > 1.

The first integral is less than

A —k(z) 1—0,—k(A) A ! 1—0,—k(A)
/ e dr < Al=7% N 1 / zk (x) K@) gy < Al=7%
. 1l—0o 1—0o )y x° 1l—0o

Y

since k'(z) = o(L), whilst the second integral over (A, 00) is

o—k(A) oo o—k(A)
< Ay < .
=" Ao /A VI

So these tell us that
0o A1=0 o—h(A) t—k(A) —k(A) A
/ x—ae—(kz-i-k(ac))dx < € + € _ € ( + et) )
1

Choose A = (1 — )¢, equation (5.9) becomes

t 1—0 t t
(p(s) = 0( ((1—o)e') e hlimoe >) +0(—)
=O0Fexp{t(l—0)— k(1 —0)e")}) + O(t?),
since 12 < o5, and (1 =)' — L as 1 — o — 0. Therefore
Cp(o+it) = O(t°) for some ¢ > 0, (5.11)
when
exp {t(1 — o) — k((1—0)e")} <t
Certainly (5.11) holds when
k(1 —o)e') > (1 —o)t. (5.12)

Now, we have
e'logt e

) > k(?)?

k(1 - o)et) > k(
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since 1 — o > &L > 1 This shows that (5.11) holds when

o< ME)
t

Therefore, for
k(e
1 — % <og<l-— lo_gt

we have (p(s) = O(t¢) for some ¢ > 0. O

We now illustrate Theorem 5.2 with some examples (of course, in each case

we assume that (p has an analytic continuation to H,).
Examples

1. For k(z) = (log ), for some o € (0,1). This means k(<) = (z —logz)* ~

«

x®, and

T

k(%) < (1+e€)zx®, VYe>0, x> zo(e).

That is,

Np(z) = pr + O (zexp{—(logz)*}), p > 0 implies

(1+¢€)
tl—a

Cplo+it) =0(t%), for 0 >1-— and ¢ > 0.

log  log log 1 . @ log 1
2. For k(x) = ©8298988% This means k(<) ~ 29582 and

loglog x log z
e’ x loglog x

E(—) < (1 ——, Ve>0, z > .

($)_( +¢€) gz e>0, x> x(e)

That is,
log x loglog log x .
Np(z) =pr+O (zexpq — , p > 0 implies
log log x
(1+4¢)loglogt

and ¢ > 0.

(p(o+it) =O(t°), for 0 >1-— Tog
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Chapter 6

Application to a particular

example.

In this chapter we investigate a particular example of a g-prime system Py. In this
example, ¥p is given explicitly (see Definition 15) and hence gives very precise
knowledge about the asymptotic behaviour of p(x). We write Ny, 1y and 7
for the associated Beurling counting functions and (, for the associated Beurling

zeta function.

Definition 15. Let
Yo(x) =[z] =1, © > 1. (6.1)

Notice that (6.1) does not in itself give an outer g-prime system. For this we
need Iy increasing. But

Td(t] -1 1
- [0 5 L

s logn
is increasing. That is, [Ty (and o) € Sy which tells us that we have an outer
g-prime system. Furthermore, we show at the end of this chapter that (IIy, Np)
is a g-prime system by showing my € S; (i.e. 7 is increasing).
We want to investigate the behaviour of Ny(z) as © — oo. It is immediate
from Diamond’s work (see point 2 in Section 3.3) that Ny(x) ~ 7z, for some

7 > 0, so we can write

No(z) = 7 + E(x). (6.2)

66



Here E(z) = o(z). We find O—results and Q—results for F(z) as an application
of Theorem 5.1 and Theorem 5.2.

Now, equation (6.1) (which implies ¥y(x) = x 4+ O(1)) tells us that (o(s) has
an analytic continuation to the half plane {s € C : Rs > 0} except for a simple

pole at s = 1 and (p(s) # 0 in this region (see Lemma 3.2). Moreover,

_%
Go

Here, the ¢ appearing in the right hand side of the above equation is the Riemann-

0= (o) = ()~ 1. (6.3)

zeta function. This tells us that %(3) has an analytic continuation to C\{1}. Let

L(s) = g—é(s) + L5 = %—S&]ﬁf(s) We see from (6.3) that L(s) is entire, which

means it has an entire primitive H(s). This implies (y(s) = o

s—1

(some ¢) and
so (p has an analytic continuation to C\{1} (note that (y # 0). This also tells us

that log (o(s) is exists and analytic on C\(—oo0, 1].

The constant 7

It is worthwhile to point out that the constant 7 appearing in the right hand side

of equation (6.2) can be calculated numerically as follows:

We have
T dll
T=-¢ " lim exp {/ M — logloga:} ,
" v

where v is the Euler’s constant (see [26, Page 46]).

Now, dlly(v) = dfﬁ‘;(Z)> therefore

T=e¢e "7 lim exp{ Z

Thus by calculating (6.4) numerically one can get 7 ~ 1.24.

6.1 O-Results for Ny(z) — 7z

We will now find some O—results for E(z). First, using result 7 in section 3.3

(with ¢o(z) = x + O(1)), we get

No(z) =712+ 0O <x exp{—cy/log zloglog x}) , (6.5)
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for some ¢ > 0.
We can improve on this by using Theorem 5.1. The real reason which allows
us to improve on (6.5) is that (o(s) is connected to the Riemann zeta function

and we can use all the available information on ((s).
Theorem 6.1. We have
No(z) =72+ 0 <a: exp{—b(log z)3 (loglog z) %}> : (6.6)

for some b > 0. Furthermore, on the Riemann Hypothesis this can be improved

to

1 — €)log zlogloglog x

No(z) = T2+0 (x exp{ ! }) . for every ¢ > 0. (6.7)

4loglogx
Proof. Firstly, we show that (6.6) holds. We have
3
((s) < (14 %0 (log )5,

uniformly for 0 <o <2, ¢t > 2, (see (2.1) in Chapter 2 with B = 100). By (6.3)

we get

Wl

%
] s

Now, for o € (0,1), we have

3
< (14 t19°0=9)%) (log t)5. (6.8)

log (o0 +it) = — / C—(/](s)ds + log o(2 + it)

[o+it,2+it] Co

2 C/
:—/ 30 (y + it)du + O(1).
o CO

Therefore,
2 C/
R{ log (o(o + it) } =log|(o(o +it)| < / C—O(u +it)| du+ O(1). (6.9)
s 160
Using the bound (6.8) we obtain
ICoo +it)| < exp { (1 + 120 (log )5}, (6.10)

uniformly for 0 <o <2, t > 2.
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Our aim here is to apply Theorem 5.1. For this purpose we have to show for
which region (o near 1), (o(o + it) < t¢ for some positive constant ¢ < 1. So, in

order for |(p(o + it)| < t¢, to hold for some ¢ < 1, we need
3
exp { (1 4 "0 (log t)g} <t

That is, we need

1 +6100(1—J)%10gt < C(lOgt)%

This certainly holds for ¢ sufficiently large if
3 1
100(1 — o)z logt < 1 log log t.

Therefore, for

2

3

b1 loglogt 7
400 logt

we have

Co(o +1it) = O(t°), for some positive constant ¢ < 1.

Thus, we can apply Theorem 5.1. We have f(z) = (292)5  which tells us that

logx
h(z) = xg(liggﬁ)% and

310glog:c)§

h~(logx) ~ (log x)%( 2000

Thus, for this example we have
No(z) =712+ 0O <x exp{—b(log $)% (loglog ) %}> :
for some b > 0. This concludes the proof of (6.6).

Now we show (6.7). On the Riemann Hypothesis we have

(logt)?—2° —
(1 —o0)loglogt

log ((s) < + logloglogt,

for oy < 0 < 1, (see Chapter 2 on O—results). Using these bounds in (6.9) we

obtain

a(logt)?1=2) —1
1

log [Co(o +it)] < Aexp { (1 o)logloat

—|—alogloglogt},
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for some A,a > 0.

However, =1 < ¢* for all u > 0. Therefore, in order for log|(y(o + it)| <

u

clogt, for some positive constant ¢ < 1, it is sufficient to have
exp {a(log £)21=9) 4 qloglog 10gt} < Ailogt,
for some A;,a > 0. That is,
a(logt)>179) < loglogt + log A; — alogloglogt.

So, for o > 1 — %, the above holds for some suitable k; > 0, if ¢ is

sufficiently large. That is, in this region we have

Co(o +it) = O(t9), for every ¢ > 0.

Now, apply Theorem 5.1 with f(x) = —logﬁggxf 7> which tells us that h(z) =
2z log x
loglogf—kl and
hfl(logx) N log x log log log x

v 2vloglog x
where ¥ = 1 — ¢. Hence, on the Riemann Hypothesis we have

(1 —€)log xlogloglog x
4loglog ’

M(z)=12+0 (mexp{ —

for every € > 0. This concludes the proof of (6.7).

6.2 Q—Results for Ny(z) — 7z

Now we turn our attention to find lower bounds for E(x). First, we have a result

that follows from existing theory.

Theorem 6.2. We have

No(z) = 72 + Q(z'7°), V8 > 0. (6.11)
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Proof. If (6.11) is not true then Ny(z) = ro+o0(x1~?), which implies that Ny(z) =
72 + O(2'7?), for some § > 0. Thus we have a ‘well-behaved’ system (see section

3).

Yo(z) =2+ O(1)
No(z) = 12+ O(2' %), 6 >0,

By Lemma 3.3 for 1 — < 0 < 1, we have

((s)—1= —%(3) = O((logt)l_T““), Ve > 0.

This is a contradiction, since we know by Theorem 2.3 that
((o +it)| = Qexp {c(logt)'7*°}), for somec >0 and any e > 0.

[]

In order to improve the above result, we will apply Theorem 5.2. Our strategy
here is to show that the conditions of Theorem 5.2 are satisfied (i.e. (y(o + it)
has at most polynomial growth in a region just to the left of ¢ = 1). This will
force a contradiction with the knowledge of lower bounds of the Riemann zeta

function (since (yp(s) is connected to the Riemann zeta function).

Theorem 6.3. We have
No(z) = 72 + Qze™* D) for every ¢ > 1, (6.12)

_ logxloglogloglog x
where k(x) = oglogions -

Before we prove Theorem 6.3, we recall the following Proposition from Chapter

Proposition 6.4. For % <o <1 leeloelogh o pane

2loglog N
(log N)' =7
1—o0)loglogN |’

max |((o +it)| > exp {(1 +0(1)) 16(

1<t<N

for N > Ny independent of o.
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Proof of Theorem 6.3. 1f (6.12) is not true then
No(z) = 12 + O(ze~*@®) for some ¢ > 1.

We know that (y(s) has an analytic continuation to C\{1} with a simple pole at
s = 1 and (p(s) # 0 in this region. Moreover, by (6.10) we have (o(c + it) <
e, Ve >0 for A <o < 1, (some fixed \). Therefore, we can apply Theorem 5.2

as the conditions are satisfied. We obtain

Colo +it) = O(t%), for some b > 0,

et
for 1 — 1°gt >0 >1- %, (any € > 0, and t > to(€) since @ ~
%). Furthermore, (6.9) tells us that
2

log [Co(s)] < / |C(u+it) — 1| du + O(1) < logt,
since ((s) = O(logt) for 1 — 5 < 0 < 2, (any a > 0), see Theorem 3.5. in [29].
Let B(t) = w. Therefore, for 1 — B(t) < o < 2,

oglogt

log [¢o(0 +it)| < Alogt for some A > 0.

Consider concentric circles with centre ¥ + it (for some ¥ > 1) and radii Ry =
U —1+4+ B(t) — A(t) and Ry =9 — 1+ B(t) — 2A(¢), (with A\(t) = W) Apply
the Borel-Carathéodory Theorem to log(y(2), (see 9.1 in [29]). Therefore, for
o>1—DB(t)+ A(t) and t > tg, we obtain

2R Ri+R
[log (oo +it)| < R—QRﬁAlogt—FRl i !1 g Co(V +it)|

Ay D
—logt + — < logtloglogt,

— A Alt)

for some Ay, D > 0.

Now, let C' be the circle (see Figure 6.1) with centre 1 — dB(t) + A(t) + it, for
some d € (1,1) and radius R = rB(t) for some positive constant r < 1 — d. By

Cauchy’s integral formula

G 1 log (o(2)
CO() %/c:mdz for seC.
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I a 1 —dB(t) + A(t) + it ‘ f

1 — B(t) + At) + it

1 — B(a) + Ala)

A J

o] —

Figure 6.1: circle C

Therefore, for s € C, we have

G 1 _ 2
C0( )’ <= max llog (o(2)| < %logtloglogt = o(log“t).

So, this tells us that for s € C'

1 —¢€)clogloglogt
= o(log’t), f >t 6.13
However, by Proposition 6.4, for 1 — o = (1—6)1;1:1%’ with (1 —€)c > 1, we

have

{ (1+ o(l))(logﬂ”}

16(1 — o) loglog T

B (log log T)(l—ﬁ)c

= exp {(1 +o(1)) 16(1 — €)cloglog logT}

> e210g10gT (log T)

>
max |((o +it)] = exp

This is a contradiction with (6.13). O

In the previous sections we have been trying to obtain good lower and upper

bounds for NVy(x) — 7. That is, upper bounds for Ny(z) — 72 which holds for all
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sufficiently large values of z and lower bound for Ny(x) — 72 which holds for a
sequence of x’s tending to infinity [and not necessarly for all (sufficiently large)
values of z]. For the upper bound of Ny(x)—7z we have shown some unconditional

O—results and one result was conditional with the unproved Riemann Hypothesis.

Set A(z) = No(z) — 7. A comparison of the O—results and Q—results (based

on Theorem 6.1 and Theorem 6.3) of this chapter, we have shown that

1 loglog log1
Alr) = Q| xexps — co8r 0808 08 08 Y for every ¢ > 1,
log log log x

while on the Riemann Hypothesis,

(1 — ¢€)log xlogloglog x

Alr) < xexp{ - }, for every € > 0.

4loglogx

This shows that there is a small gap between these results which reflects the
great difficulty in determining the behaviours of (y(s) in the strip % <o < 1. The

interesting question is: What is the true order of this error term?
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6.3 Py is a g—prime system

We end this chapter by showing that the pair (ITp, Np) is a g-prime system. That

is, we show my € Sy, (i.e. mp is increasing).
Theorem 6.5. (I1y, Ny) is a g-prime system.

We prove Theorem 6.5 by showing 7y € S;". Writing

dala) = [ logy dmofy). (6.14)

which tells us that my € S§ < 9y € Sf. Therefore, we will show that ¥y € Sg-
and this will complete the proof of Theorem 6.5.

Now, we have
Yo(z) = o(z7),
n=1

(see definition 13 in chapter 3) and by the M&bius Inversion Formula we get
dolw) =) u(n)io(ar).
n=1

Therefore, with ¢o(z) = [x] — 1, = > 1, we have

[e.9]

do(w) =y u(n)([z7] = 1).

n=1

[Note: The above series is finite since the terms are zero for n > }ggg] The

following Proposition will complete the proof.

Proposition 6.6. Let Ug(z) =Y 7, u(n)([aﬁ%] — 1), x> 1. Then the following
hold:

(i) Yo(z) =0g(k) for E<z<k+1, keN, (ie Jy(x)="1(z]).)
(ii) Define f(n,k) = [kv] —[(k — 1)x], n,k € N. Then
k) = 1 ka =q", for some q € N,
0 if k #q",  for any q € N.
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(iii) We call k € N a perfect power if there exist natural numbers

qg>1, and n > 1 such that k = q". Then

1 if k is not a perfect power , k > 2
Jo(k) —do(k —1) =
0 if k is a perfect power .

Proof. (i) Fork<z<k+1, keN
o(@) = do(k) = > _ () (fr*] = k).

Thus, by showing [k=] < zw < [kn] + 1, we will have completed the proof
of (i) since the above sum will equal zero.

We have kn < xw < (k4 1)n, so, it is clear that zn > [zn] > [ka]. It
remains to show that = < [kn] -+ 1.

Assume that 2= > [k=] + 1, for some n, k € N. We have [k=] € NU {0}, so
we let ¢ = [k:%] Clearly ¢ < kn < ¢+ 1. That is

" <k<(¢g+1)"

Thus,
E+1<(¢g+1)" <z,
since zn > [kn] + 1 = ¢+ 1. This is a contradiction (since k < z < k + 1).

Hence dg(z) = Jg(k) for <z <k+1, k€ N.

(i) First we prove that f(n, k) is either 1 or 0. We have [kn] > [(k—1)] > 0,

so we need to show that

3=

k] — [(k — 1)) < 1.

Suppose for a contradiction that [k=] > 1+ [(k — 1)x], for some n, k € N.
Let ¢ = [(k — 1)=]. Then the assumption implies kn > [kx] > ¢+ 1. That
is,

k> (q+1)" (6.15)
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However, ¢ < (k—1)» < g+ 1. That is, k < (¢ + 1)" + 1. Therefore, as
both sides are integers

E<(qg+1)".

This is in contradiction with (6.15). Hence

3=

0< [ke] = [(k—1)

] < 1.

However [k#] and [(k — 1)%] are integers, therefore f(n, k) is either 1 or 0.

Now, for k = ¢™ for some ¢ € N, then [k%] = ¢ and

Sl=

(k= 1)) =[(¢" —1)7] < q.

Therefore, f(n,k) =1 if k=¢" for some ¢ € N.

We end the proof of (ii) by showing that f(n,k) = 0 whenever k # ¢",
q € N.

Suppose that [k=] — [(k—1)=] = 1 for some k such that k # ¢", ¢ € N (i.e.
[kn] — 1 = [(k — 1)]). We have [(k — 1)x] < (k—1)» < [(k—1)=] + 1.
That is,

1

k] = 1< (k= 1)7 < [kn].
Let g = [k’%] we get k» > g. That is,

k> q". (6.16)
However, (k — 1)% < ¢q. That is, k < ¢"™ + 1. Therefore, as both sides are

integers

k<q". (6.17)

From (6.16) and (6.17) we get k = ¢", ¢ € N. This is a contradiction.
Therefore,

f(n,k)=0 if k+#q", forsome ¢qé&N.
Remark: For the particular case when k is a perfect power, we have that

1 if n|r,

0 if nfr.

f(n,q") =
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(iii) We have from (i7) that

1 if k=¢q", for some ¢ € N,
0 itk#q¢", qgeN.

f(n, k) =
Therefore, for k is not a perfect power, we have

Do(k) — Dok — 1) = 3 p(n) f(n. k) = 1+3 u(n) fln, k) = L.

Now, for k is a perfect power, let r be a maximal natural number greater
than or equal 2 such that k =¢", ¢ > 1, ¢ € N. So, by the above Remark
we have
Jo(k) — Do(k —1) =Do(q") —Vo(¢" — 1) = Z/’L(n)f(nv q") = ZM(”)
n=1 n|r

By Theorem 2.1 of [2] we have the last sum is zero (since r > 1). The proof

of Proposition 6.6 is completed.

]

Theorem 6.5 follows as ¥y(z) is increasing. Furthermore we have the following

Corollary:

Corollary 6.7. Jy(x) is increasing step function with jump 1. In fact, the jumps

appear only when x is not a perfect power.

78



Bibliography

[1]

[10]

T. M. Apostol, Mathematical Analysis Second Edition, Addison-Wesley,
1974.

T. M. Apostol, Introduction to Analytic Number Theory, Springer, 1976.

E. P. Balanzario, An example in Beurling’s theory of primes, Acta Arith-

metica, 87 (1998), 121-139.

P. T. Bateman and H. G. Diamond, Introduction to Analytic Number Theory-
An Introduction Course, World Scientific, 2004.

P.T. Bateman and H.G. Diamond, Asymptotic distribution of Beurling’s
generalised prime numbers, J. Studies in Number Theory. Ann, 6 (1969),
152-212.

A. Beurling, Analyse de la loi asymptotique de la distribution des nombres

premiers generalises, Acta Arithmetica, 68 (1937), 255-291.

H. Diamond, Asymptotic distribution of Beurling’s generalized integers, Illi-

nois J. Math., 14 (1970), 12-28.

H. Diamond, The prime number theorem for Beurling’s generalized numbers,

J. Number Theory, 1 (1969), 200-207.

H. Diamond, A set of generalized numbers showing Beurling’s Theorem to

be sharp, Illinois J. Math., 14 (1970), 29-34.

H. Diamond, When do Beurling’s generalized integers have density?, J. Reine

Angew. Math., 295 (1977), 22-39.

79



[11]

[12]

[13]

[17]

[18]

[19]

[20]

[21]

[22]

H. Diamond, H. Mongomery, and U. Vorhauer, Beurling primes with large

oscillation, Math. Ann., 334 (2006), 1-36.

W. Ellison and M. Mends, The Riemann Zeta-function theory and applica-

tion, Actualits Scientifiques et Industrielles. Hermann, Paris, 1975.

R. S. Hall. Theorems about Beurling generalised primes and associated zeta

function. PhD thesis, University of Illinois,USA, 1967.

T. Hilberdink, An arithmetical mapping and applications to €2-results for
the Riemann zeta function, Acta Arithmetica, 139 (2009), 341-367.

T. Hilberdink, Generalised prime systems with periodic integer counting

function, Acta Arithmetica, 152 (2012), 217-241.

T. Hilberdink, Well-behaved Beurling primes and integers, J. Number The-
ory, 112 (2004), 332-344.

T. Hilberdink, L. Lapidus, Beurling zeta functions, generalised primes, and

fractal membranes, Acta. Appl. Math., 94 (2006), 21-48.

M. N. Huxley, Exponential sums and the Riemann zeta function V, London

Mathematical Society, 90 (2005), 1-41.

A. 1Ivié, The Riemann Zeta-function Theory and Applications, New
York:Wiley, 1985.

J. P. Kahane, Sur les nombres premiers généralisés de Beurling. Preuve d’une
conjecture de Bateman et Diamond, Journal de théorie des nombres de Bor-

deauz, 9 (1997), 251-266.

J. C. Lagarias, Beurling generalised integers with the Delone property, Forum

Math, 11 (1999), 295-312.

A. Landau, Neuer beweis des primzahlsatzes und beweis des primidealsatzes,

Math Ann, 56 (1903), 645-670.

80



[23]

[24]

[25]

[20]

[29]

[30]

[31]

N. Levinson, (2—results for the Riemann zeta-function, Acta Arithmetica, 20

(1972), 317330.

P. Malliavin, Sur le reste de la loi asymptotique de repartition des nombres

premiers generalises de Beurling, Acta Math, 106 (1961), 281-298.

B. Nyman, A general prime number theorem, Acta Mathematica, 81 (1949),
299-307.

R. Olofsson, Properties of the Beurling generalized prime, J. Number Theory,
131 (2011), 45-58.

H. E. Richert, Zur abschtzung der Riemannschen zetafunktion in der nhe

der vertikalen, Mathematische Annalen, 169 (1967), 97-101.

E. C. Titchmarsh, The Theory of Functions theory and application, New
York:Wiley, 1985.

E. C. Titchmarsh, The Theory of the Riemann Zeta-function, Oxford Claren-
don Press, 1986.

H. Weber, Uber einen in der zahlentheorie angewandten satz der integral-

rechnung, Nachr. Akad. Wiss. Géttingen, 1896 (1896), 275-281.

W. Zhang, Beurling primes with RH, Beurling primes with large oscillation,
Math. Ann., 337 (2007), 671-704.

81



