UNIVERSITY OF READING

DEPARTMENT OF MATHEMATICS

SMOOTH REGRADING OF DISCRETIZED DATA

*
Jaroslav Kautsky and Nancy K. Nichols

Numerical Analysis Report 1/80

¥ visiting from Flinders University, South Australia

June 1880



Abstract

Methods for producing non-uniform regradings of discrete data are
discussed. Regradings which "equidistribute” the histogram of the
data, that is, which transform it into a constant weight function,
are obtéined. Technigques for smoothing the regrading, dependent
upon a continuously variable parameter, are also presented. Num-
erical algorithms for implementing the procedures and applications

to specific examples are described.



1. Introduction

Experimental and statistical data are frequently graded into a finite

set of classes. Each class, or grade, may be represented by an integer
value, and to each data point, the value of its grade may be attached.
The histﬁgram of total occurrences of data points belonging to each grade
may also be formed, and with each grade, we may thus associate a weight

equal to its number of occurrences.

In practical applications, the original choice of grades may not represent
the required information satisfactorily, and a regrading of the data is
necessary. A regrading is essentially just a transformation from one set
of integers into another. The most natural transformation is the uniform
regrading, in which the original grades are divided as equally as possible
among the new grades. In this case, the histogram of the regraded data
is basically just a scaling of the original histogram. In some situations,
however, it 1s advantageous to determine a non-uniform regrading, such
that the histogram of the regraded data is as uniform, i.e. constant, as
possible. In this case the total occurrences of the old grades are as
equally distributed over the new grades as possible, and such a regrading

is called equidistributing. Obviously we may also consider a range of

regradings between these two extreme cases: uniform and equidistributing.
In this report we present efficient numerical procedures for determining

such regradings explicitly.



2. Statement of the Problem

We consider a set of grades represented by the integers {1, 2, ..., n}

and a set of non-negative weights {f1, fz, = fn} associated with

these grades, We define a regrading to be a non-decreasing map from the

given set of integers into another set. In particular we have:

Definition 1. If 7 = {1, 2, ..., k} is the set of integers from 1

to k, and if m, n are integers, then
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is a regrading if 1 £1i < J £ n implies
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(We represent the mapping T by the integer valued vector
(T

T T ).)
n
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For each regrading 1T, a new (transformed) set of weights {g1, Bos wrus

gm} defined by

g' = }‘- -F-J i - 1, 2, a0y m, [1]
i g e ]
J? T, =1
J
is associated with the new grades {1, 2, ..., m}; that is, the new

weights g, are the sum of all the f, for which T, = i. Denoting
i J J

n
N = z f., and M= max F., (2)
= 1gj<n 7

m
N =) g5 (3)
1
M<M = max g., (4)
T 1<i<m *
N <mM.. - (5)
T

We wish to determine a regrading in which the transformed weights are

equally distributed over the new grades. In that case, we must have,



by (3):

gy = N/m Coovi=1,2, ..., m. (8)

Unfortunately, because of the discrete character of our transformations,
we cannot expect such a regrading to be possible, except in rare cases.

In particular, if M > N/m, it follows from (4) that (B) cannot be
satisfied. We could, of course, consider regradings <t for which M

is minimal, which would give the required equi-distribution when possible.
In this paper we introduce, instead, another concept of equidistribution,
which corresponds to the theory discussed in [1] for continuous weight
functions. In section 3 we define a regrading'which is "approximately”
eguidistributing, and give a procedure for its construction. In the
following section we consider methods for smoothing the regrading, depend-
ent upon a continucusly variable parameter. In section 5 we describe
the implementation of such procedures and give results for specific
examples. A more general concept of weighted regrading is discussed in

the final section.



3. Equidistributing regradings

The grades {1, 2, ..., n} and the corresponding weights {f1, fz, -5
fn} can be represented graphically on the region [0, n]l by a piece-

wise constant function, taking values fj on the intervals (j -1, 3,
j=1,2, «u., N (This is the histogram associated with the grading).
This function may be equidistributed over m points, as in [1], simply

by finding sub-intervals (Xj—1’ xj), j =1, 2, +s., m such that the
integral of the function over each sub-interval is equal to a constant
(given by the total integral divided by m). Then by associating each

of the old grades with a specific sub-interval, a transformation is defined

which gives a regrading of the discrete data. We construct the trans-

formation explicitly as follows.

Given integer n and weights {f,, f ‘e fn}, Fj >0, v j, let F(t)

= =2y

be a piecewise-linear continucus function for t e [0, n], such that
J
F(0) =0, and F(J) = } f., 3=1,2, «uu, N, (7)
k=1

with corners at points 1, 2, ..., n - 1. Obviously F is non-decreasing
and F' is a piecewise constant function such that

F'(t) = fj for t e (J -1, 3, 3 = A, 2w oo lills

Thus F' represents the weights Fj and we consider the mid-pocints

tj = j - 1 of the intervals (j - 1, j) as points representing the
grades Jj, J =1, 2, «ue, N Now we define breakpoints Xy s k=20, 1,
., m as the largest values such that
F(xk] = kF(nl}/m. (8)
Obviously Xg = o, Xp = N and the other breakpoints Xy s K =1, 2, «us;

m - 1, can easily be determined by inverse linear interpolation, as the

function F is piecewise-linear.



By simple inspection, a regrading which equi-distributes the weights
exactly is possible if (and Dﬁly if) Xgr Xos wees X4 @are all integers.
To satisfy (B) it is then necessary and sufficient to choose

T, = k, j such that x <j-3%<x

; o (9)

K
Although the cases where the exact equidistribution is possible are

expected to be very few, (9) leads to a general procedure for constructing

a regrading which is exact whenever possible. We make the following

definition:
Definition 2. Given integers n and m, and non-negative weights
{f1, f2' G fn}, let the breakpoints X2 Xgo wees Xo be given by (8)

where F dis the piecewise linear function specified by (7). The re-

grading Tt satisfying

NI
IA
X

T, = k for all j such that x < 3 -

J k-1 k’

is sald to "equidistribute” the weights Fj, j=1, 2, «v., N

Remarks: We note that another regrading where Tj = k, for all j such
that Xk <j-45< Xy ? could equally well be defined, and our choice is
somewhat arbitrary. Similarly, if some weights fj vanish, F(t)} may be
constant over some interval and the equation (8) need not have a unique
solution. In our definition we have explicitly specified the breakpoint
to be the largest solution of (8); however, this choice is essentially
irrelevant, since the original grades in this case have no weight attached

to them and hence have no effect on the transformations anyway.

Also of interest is a uniform regrading, in which the old grades are evenly
distributed among the new grades. Such a regrading arises from equi-
distributing the weights fj =+, ¥vji=1,2, «i., N, where + 1is an
arbitrary positive constant. In this case, a simple calculation leads

to an explicit formula for the regrading constructed by Definition 2. We



obtain

i [E + (g - %J%:n': J =12, «oou (10)

where [x1' denotes the largest integer less than x. We observe that
in the case m = n, the regrading given by Defintion 2 thus gives

T, = i, j = 1, 2, ves, N,
JJ J

as we would expect. Similarly, in the case n = km, we find that
exactly k old grades are mapped into each new grade by this definition.
Finally in the case n =m + 1, we obtain a "symmetric” transformation,
which maps each old grade into one new grade, except at the centre of the
region, where two old grades are joined to form one new one. We thus
verify the suitability of our definition and conclude that the behaviour
of the equidistributing regrading given by Defin&tion 2 is reasonable in

these special cases.



4. Smoothing the regrading

Problems where the weights are extremely unevenly distributed are dif-
ficult to regrade sensibly, and any attempt to equidistribute the data
merely shifts the largest weights fairly arbitrarily into new grades.
Therefore, it is natural that we now examine procedures which smooth the
data in the extreme cases, in order to produce consistent and reasonable
regradings. The methods we aim to produce will depend continuously on
a parameter p, 0 £ p £ 1, which determines the amount of smoothing to
be applied. At one end of the scale, say p = 0, the method will give

the equidistributing regrading of Definition 2 Without smoothing, and

at the other end, p = 1, ~ it will give a uniform regrading.
To realize such procedures, we use the concepts developed in [1] and [2]

for constrained equidistributing meshes.

There are essentially two approaches for smoothing the regrading:

1) For some K1 > 1, enforce the restriction

M8, = x, )
>SS Y (11)
min . . ) 1
K "k k-1
giving a quasi-uniform distribution of breakpoints.
2) For some K2 = 1, enforce the constraint
X - X
% : xk+'-l X o Ky (12)
2 k k-1

giving a locally-bounded distribution of breakpoints.

Obviously, Ki = 1 implies the uniform distribution of the breakpoints
in either case (i = 1, 2), and thus a uniform regrading. On the other

hand, very large Ki implies no constraint on the breakpoints. In both



cases, the required constraints are enforced by a sultable change in the
data, called padding (see [1]), which is essentially a smocthing of the
welght function. We state here the necessary results and derive two

basic, parameter dependent procedures for the padding.

Padding Procedure 1

Let the vector f represent the weights {fq, {2’ .s Fn}. To enforce
restriction (11), the given weights are replaced by new (padded) weights
Pp(f}, defined by

(Pptf)]j = max(Fj, c(p)) (13)

where c(p) is taken to be

clp) = %- M =

max f.. (14)
y i

1
K1 i
For a gradual smoothing we may choose, for example,

c{p) = pM.
However, when the average value N/n of the data is high or low, this
choice may not achieve the required result. Therefore we use, instead,
an alternative definition

c(p) = p(pM + 2(1 - pIN/n), {15)
which takes into account both the maximal weight and the average weight.

We consider this choice to give a more natural dependence of the smoothing

on the parameter p.

Padding Procedure 2

In [1] it is shown that constraint (12) is enforced by replacing the given

weights f by new (padded) weights Pp(f} defined as

it

TR - 3]

(PP(i]]j = max (18)

i

where Ap satisfies



m log K2 = A

T o~13

(Pp(f_])j. (17)

p

J=1

It is not difficult to see that for Ap sufficiently large, (16) gives

P (), = ..
( p —')J J
while, for Ap = 0 (or sufficiently small)

(Pp(f}]j = mix £, 2 M

To obtain a gradual smoothing, as in Procedure 1, we may define lp as

a function of p by replacing K2 in (17) by 1/p. However, as the
sum of the (Pp[f})j is not available until after Xp has been chosen,
we also replace this sum by N = 'ﬁ fj. The effect of this replacement
is merely to shift the parameter i;;ide the interval [0, 11. The

padded data is then defined by (18) with Ap given by

i 0<p <1, (18)

ol

= 0
Ap N log

This padding procedure takes into account both the maximum of the weights,
through (16), and the average weight, through (18). We observe that

this padding is of a more sophisticated form than that of Procedure 1,

and we expect the resulting regrading to be essentially smoother and

more well-behaved.
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5. Some examples

In this section we present and discuss numerical results of the equi-
distributing and smoothing procedures for several examples. Smooth
regradings are obtained by padding the given weight function using
Padding Procedure 1 or 2 described in section 4, and then equidistri-
buting the padded weights by the method described in section 3. Solu-
tions are obtained for values of the padding parameter p belonging to
[0, 11; when p =0, the equidistributing regrading of Definition 2
is produced, and when p = 1, a uniform regrading results. The alg-
orithms are implemented in a simple FORTRAN subroutine. The program

code is given in Appendix I.

In Tables %1a, b, c we summarize the results of regrading data from 20
grades into 8 grades, where the original grades have a V-shaped weight
function given explicitly by

£y o= j - 10}, 3 =1, 2, «ves 20.

The regradings cbtained with the two padding procedures and various values
of p are shown in Table 1a. We observe that the regradings change
gradually from the equidistributing (E) to the uniform (U} distribution
of grades. The uniform grading (U4) is as uniform as possible, given
that 20 old grades cannot be equally divided among the 8 new grades. {(We
note that the particular solution obtained is a consequence of the in-
equalities specified in Definition 2, and that if these are altered as
discussed in section 3, then a different "uniform” solution is procuced,

namely: {1, 1, 2, 2, 2, 3, 3, 4, 4, 4, ceals)

The new transformed weights for the regradings of Table 1a are presented in
Table 1b, and the breakpoints used to define the regradings are shown 1in
Table 1c. The weights of the equidistributing regrading are seen to be

as constant as possible in this discrete case, while those of the uniform



regrading remain approximately V-shaped. (It should also be noted

that, except in the uniform case, the choice of inequalities in Defini-

ni=

tion 2 is irrelevant, since none of the breakpoints is equal to j -

for any j.)

In Table 2 the results of another application are summarized. For this
example the weight function is such that the equidisributing regrading
from 20 to 8 grades is exact. We observe that the weights of the new

grades are all equal and that the breakpoints are indeed integer-valued.

To demonstrate the difficulties in equidistributing extreme weight functions,

we consider some examples where the histogram of the original grades con-

tains large separated peaks. In the case of a single peak, where the
weight function is fj = chk, c>0, j=14% 2, ..., n for some Kk, a
direct application of Definition 2 shows that Ty = m/2; that is, the

regrading always places the old grade k in the middle of the new scale,
regardless of its original position. Similarly, equidistributing a
weight function with a few large peaks produces a regrading dependent
only on the relative size and order of the peaks, but independent of
their particular positions. Illustrations are shown in Table 3, which
summarizes the results of equidistributing 10 grades, with a variety of
simple extreme weight functions, into 5 grades. For a single peak the
regrading always shifts the peak weight into grade 3, and for two equal
peaks, the peak weights are always regraded into grades 2 and 4. If
there are two unequal peaks, their new positions depend on their relative
sizes, but not their original positions. Similar results are seen to

hold in the case of weight functions with three peaks.

In Table 4 we show the affect of smoothing an extreme weight function
containing three peaks. The equidistributing regrading for this func-

tion is given in the last column of Table 3. We observe that the weight
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originally in grade one is shifted into new grade 2. The smooth regradings,
however, place this peak weight, more reasonably, in grade one. As the
parameter p dincreases from zero, the padding increases, and the equi-
distributing grading is transformed into the uniform grading. The peak
weight in grade 4 is thus eventually moved into grade 5. We note that

the padding of Procedure 1 is constant between the peaks, covering the
central peak for. p = %, 2, and that with p = § the regrading is already
uniform in this case. For Procedure 2, the padding drops away smoothly
from each peak, the central peak being covered by the padding only for

p = 7, In this case the uniform regrading is only produced when p 1is

close to unity.

The difference in the behaviour of the two smoothing procedures is more
explicitly illustrated in Figures 1 and 2. A weight function with three
sharp peaks on 85 grades is regraded into 9 grades. On a scale from

[0, 1], the peak weights occur at points 0, 0.3 and .1.0. For Padding
Procedures 1 and 2, the positions of the 10 (scaled) breakpoints

0=x, <X < x_ = 1.0 are shown in the Figures as continuous functions

0 1 ™ 9
of p, for p from 0 to 1.0.

In the smoothing produced by Padding Procedure 1, (Figures 1) there are
fairly sharp changes in the positions of the breakpoints. For small p,
gach breakpoint changes very little as p increases, until the constant
padding reaches some critical level; then the breakpoint moves rapidly

into its position in the uniform distribution. By contrast, the behaviour
of the breakpoints produced by Padding Procedure 2 (Figure 2) is essentially
smoother. All the breakpoints move gradually from the equidistributing

distribution towards positions close to the uniform distribution.

With Padding Procedure 1, we alsoc observe that the uniform regrading is
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achieved fairly quickly (in this case for p 2 0.5); while with Pad-
ding Procedure 2, the character of the initial distribution of the points
is retained for fairly large values of p (p £ 0.8, herel), and the final
transition to the uniform regrading is somewhat abrupt. These charac-
teristics are accentuated by the sharpness of the peaks, and for smooth
weight functions the behaviour of both procedures is more modulated.
However, we may conclude, that for a small, smooth transition away from

the equidistributing regrading, Procedure 2 is preferable to Procedure 1.

Complete results for the examples described in this section are given in

Appendix II.



Igple 1a

New Grades
Old E Padding Procedure 1 HPadding Procedure
Grades Weights || p = 0O p=%lp=% p=%jip:% p=%“p=§

1 9.0 1 1 1 1 1 1 1
2 8.0 2 1 1 1 2 1 1
3 7.0 2 2 2 2 2 2 2
4 6.0 3 3 2 2 v i3 3 2
5 5.0 3 3 __g__ 2 3 3 3
6 4.0 3 3 3 3 3 3 3
7 3.0 4 4 3 3 4 4 3
8 2.0 4 4 4 3 4 4 4
9 1.0 4 4 4 4 4 4 4
10 0.0 4 4 4 4 4 4 4
11 1.0 4 4 4 5 4 4 4
12 2.0 4 4 5 5 4 4 5
13 3.0 4 5 5 5 5 5 5
14 4.0 5 5 5 6 | 5 5 5
15 5.0 5 5 B 6 5 5 6
16 6.0 B B 6 7 B 6 6
17 7.0 5] B 7 7 6 B 6
18 8.0 7 7 7 7 7 7 7
19 9.0 7 7 8 8 7 7 8
20 10.0 8 8 8 8 8 8 . 8




Table_ig

New Weights
New E Padding Procedure 1 IPadding Procedure 2
Grades ip =0 Ep 2 ;_lp =i|ps=2|p-=1 Ep = 1 ip = 2 ‘p
J |
1 8.0 17 .0 17.0 17.0 8.0 17.0 17.0 124.
2 15.0 7.0 |13.0 18.0 15.0 7.0 [13.0 [ 11.
3 15.0 15.0 |12.0 9.0 15.0 15.0 12.0 9.
4 12.0 8.0 4,0 1.0 9.0 9.0 4.0 1.
5 9.0 12.0 9.0 6.0 12.0 12.0 9.0 6.
6 I’13.0 13.0 [11.0 9.0 13.0 13.0 18.0 9.
7 17.0 17.0 15.0 |21.0 17.0 17.0 8.0 21.
8 10.0 10.0 19.0 |19.0 10.0 | 10.0 |18.0 19.
Table 1c
Breakpoints
E Padding Procedure 1 ||Padding Procedure 2
p=20 p-%p=%p=%ip=%p=%p=% p
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.

1.44 1.54 1.83 | 2.34 1.49 1.55 1.70 2.

3.17 3.44 | 4.25 | 4.95 3.32 3.46 3.86 5.

5.63 5.31 7.38 | 7.56 5.96 6.35 6.68 7.5

12.67 11.50 |10.50 | 10.17 || 12.07 | 11.56 | 10.94 10.
15.42 15.01 |13.63 | 12,78 15.19 | 14.97 | 14.28 12
17 .25 17.05 {16.39 | 15.38([ 17.14 | 17.03 | 16.69 15.
18.72 48.63 |18.38 | 17.831|| 18.67 | 18.63 | 18.49 17.

20.0 20.0 20.0 ‘ZD.D 20.0 20.0 20.0 20.
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Table 2
8l1d New -New
Grades Weights | Grades Weights Breakpoints

1 13.0 1 13 1.0
2 7.0 2

3 " 8.0 2 13 3.0
4 5.0 3

5 4.0 3

6 4.0 3 13 6.0
7 4.0 4

8 4.0 4

g 3.0 4

" 10 2.0 4 13 10.0

11 1.0 5

12 2.0 5

13 3.0 5

14 3.0 5

15 4.0 5 13 15.0
16 6.0 3]

17 7.0 6 13 17.0
18 6.0 7

19 7.0 7 13 19.0
20 13.0 8 13
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6. Weighted regradings

In this section we describe an application of the procedures given in
sections 3 and 4 to a more general regrading problem. In section 2 we

introduced the concept of an equidistributing regrading as a regrading

which transforms a given weight -function, or histogram, into an (approxi-
mately) constant weight function. We now define a weighted regrading as
one which transforms a given weight function into another prescribed

weight function called a reference function. The equidistributing regrad-

ing is obviously a special case where the prescribed reference function is
(approximately) constant. Generally, the reference function may be
prescribed on a different number of grades from that of the data being

regraded,

For a precise statement of the problem, let m, n g be integers, and let

{f,], =5 Fees fn} and {w,l, W

57 or v wq} be non-negative weights associated
with sets of n and g grades, respectively. Also let {wq*, w2*, 235 wdﬂ
be the set of transformed weights obtained from weights wj, j=1, 2, ..., q,
by a uniform regrading from g into m grades. We seek a regrading T
from n 1into m grades with respect to weights fj’ J=1, 2, «ouy n, such
that the transformed weights {F1*, Fz*, cees fm*} are approximately equal
to Wj*’ J=1,2, vcu, m.

To give an explicit definition of 1 we proceed as in section 3. We let
F be a piecewise linear function on [0, n] such that
F(0) = 0, F(j) = i fi’ J=1,2, ..., n. (19}

i=1
and

F'(t) = Fj for t e (j -1, j).

Similarly we define W to be a piecewise linear function on [0, gl such

that



22.

J
W(io) = 0, W(j] - X W, ,j =1, 2, «awp g« {20)
and

W'(£) = Wj for t e (-1, 3).

Breakpoints X, € [0, n] are then determined by
F(XKJ = Wlkg/mIF(n)/W(qg), K =0, 1, vou, m, (21)

and we have the following definition:

Definition 3. Given integers n, g, and m, ‘and non-negative weights

» X

{f , T, sy fn} and {Wq’ w 0 y

1 2 2’
vl xm be given by (21), where F and W are specified by (19) and (20)

oy wq}, let the breakpoints X

respectively. Then the regrading =t satisfying

1, = k, for all j such that x,_, <Jj - P <x

J [

is saild to distribute weilghts fj, j=1,2, +..., n with respect to ref-

erence weights Wj’ j=12, ..., g, and 1 1is called a weighted regrading.

A direct procedure for constructing the weighted regrading <t 1is easy to
implement, but a technique for smoothing such a regrading is less obvious
to devise. With the following theorem, however, we may transform the

weighted distribution problem into an equi-distribution problem and then

apply the procedures of sections 3 and 4 to determine weighted regradings.

Theorem. Let wj >0, =1, 2, «.., q and define

HOx) = W (FOaW) /F(n)), x e [0, nl. (22)
Then there exists gj >0, =1, 2, ..., 3n, such that
3n
Y g; ¥ 0 (23)
i=1
33-2
1 . = T i =
and 28551 + iz% gy H(J 211 j =1, 2, vau, N,

>

Let o bea 3n to m regrading which equidistributes weights gj
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J=1, 2, ..., 3n. Then ¢, given by

J=1, 2, «.., n (24)

is the weighted regrading which distributes the weights Fj, J& bp 2, vee, R

with respect to reference weights Wj' J=1,2, ..., q.

Proof: As wj > 0, the inverse function of W exists and the definition

(21) of the breakpoints x, is equivalent to

K
H(xk] = kg/m, k=20,1 ..., m. (25)

The function H 1is a non-decreasing piecewise linear function mapping

[0, n] into [0, g)] with corners at points j, j =1, 2, ..., n -1 and

at points ti where H(ti] =i, 1=1,2, ..., g-1. The weighted

regrading T of Definition 3 is uniquely determined by the relative position:

of points x and points j - i, but is independent of the actual values

K

of the breakpoints x as long as the relative ordering of the points is

k

preserved.

Thus the same regrading 1 1is obtained with the set of breakpoints Xk
which satisfy

GIBXK] = kg/m, k=20,1, 2, «.., m, (26)

where G 1s any non-decreasing function from ([0, 3n] to [0, g] such
that

G(0) = 0, G{3n) = q,
and G(3(j - 1) = H(5 - 1), 3% 1 2, vau, N (27)
In particular, if G is the piecewise linear function with corners at
points 1, 2, ..., 3n - 1 such that

G'(t) = gj, te (3 -1, 3), J=1,2, vsss 3n, (28)

then G satisfies (27) by the definition of the weights gj given in the
theorem. Furthermore, the regrading ¢ from [0, 3n] to [0, m] which

equidistributes the weights gj, j=1,2, ..., 3n is determined by break-
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points SXK satisfying (26). A direct application of Definition 2 then
s < 3 - 1 < 1 1 = 3
gives that XK—1 J 5 xK implies Tj 03j—1 kK, and hence 1

is the required weighted regrading.

The existence of the weights gj, j=1,2, ..., 3n 1s shown by explicit

construction. We may choose, for example,
g,] H(ZJJ gsn q H[n 2)
gaj—/l & 0, J B 1’ 2! veny N

835 = Bajeq = JHG + D -HE - D), 3=1,2, «.o,n -1,

and the theorem is proved.

We conclude that a generalized weighted regrading may be obtained by the
equidistributing procedure of section 3, and a variety of smooth regradings
determined by applying the padding procedures of section 4 to the weights
g., 3 =1, 2, ..., 3n defined in (23). Unfortunately the weighted
regradings cannot be determined exactly by an equidistributing regrading
from n to m grades. However, we expect that good approximations to

the weighted regradings can be obtained by equidistributing an appropriate
choice of n weights, based on the Theorem. Experiments are currently
being carried out and will be reported elsewhere. A different approach to
the problem of determining smooth weighted regradings will also be discussed

in another paper.
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The procedures described in sections 3 and 4, for finding eguidistributing

regradings, are implemented in a FORTRAN subroutine DEQUI with the follow-

ing specifications:

CALL DEQUI(N, M, F, NG, IP, P)

Parameters:

Input: N ~ number of old grades

M - number of new grades

F - array
IP - type
IP =
IP =
IP =

of

of

dimension N containing the non-negative weights
smoothing required -

+« NoO smoothing

.. smoothing as in Padding Procedure 1

.. smoothing as in Padding Procedure 2

P - smoothing parameter, 0 <P <1

P =

P =

.« no padding (as for IP = 0)

«» uniform regrading results

P is irrelevant if IP = 0

Output: NG - integer array of dimension N contaning the

regrading Tj.

Auxiliary subroutines:

S/R CORW, as described in [1] is required if

DEQUTI 1s called with 1IP = 2.

Comments: The working fields X, W, Z, must have dimension at least

N + TP, and the dimension of X must alsoc be at least M.

A complete listing of the subroutines DEQUI and CORW follows.



11

20

16

17
18

27.

SUHROUTINE-PEQUI(N,M,Y,NK,IP,P)
CIFENSION Y(N),NK(N),X(1GD),H(1OD),Z(100)
COMFON INC,%,X,7°

INC=0

Ww(1y=Y (1)

71¢1)=Y 1)

YM=Y (1)

00 1 J=2,N

Wedy=y W

IF (Y(J).GT.YN) YM=YW)
7¢I)=2¢4-1)+Y )

77=7(N) :

IF (IP.EG.C.OR.P.EG.C) GOTO 2
1F(IP.EG.T) GOTO. 5

DO 6 J=1,N

X(J+2)=J+0.%

7¢4+1)=YW)

721 =0

2(N+2)=0

x(1)==0.5

x(2)=0.5

PA=-M*ALOG(PY/II

CALL CORW (%,Z,W,N+2,PA)

INC=1

GOTO 7

INC =0

PAZP*(P*YM+Z.x (1.=PI*LZ/N)

po 3 I=1,N

IF (W(I).LT.PA) K(I)=PA
CONTINUE

2(1)=W(1+INC)

DO 4 J=Z,N

7(J)=7 (J=1)+W(INC+I)

CONTINUE

C=Z(NY/H

1=1

J=1

IF (7(1).6T.d*xp) 60TO 11

1=1+1 : E
IF (I.G6T.N) G0TO 20 !
GOTO 12 -
CONTINUE

z2=0 :

IF (I.6T.1) 22=72(1-1)
X(JY=L+(JxD=-22) /(2 CI)-11) -1
J=Jd+1

1F (J.LT.M) GOTO 12

X(M)=N

K=1

po 18 J=1,N

IF (J-0.5.L5.X(K)) GOTO 17
K=K+1

GOTO 16

NK (J)=K

CONTINUE

RETURN - S - -
END
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s i

12

13

20
21

23

%% Kk Kk

SURROUTINE CORH(X,Y,Z,N,CL)
pIMENSION X(N),Y(N),Z(N)
NTF=0D

J=0C

J=J+1

7(J)=Y (3

1F (J.GEN)D goto 20

1F (Y(J+1).fE.?(J)) coto 1
T=1.D?l(CL*(X(J+1)—X(J))+1.DDIZ(J))
IF (Y(J+1) GELT) GOTO 1

TC 1,000 ) ~ cLxX )
J=J+1

7¢3)=T .

1F (J.GE.N) cloe= 20
T=1.DG/(CL*¥(J+1)+TC)

1F (Y(J+1).aT.T) ¢oTO 1
GOTC 13

J=N+1

J=J4-1

1f (J.LE.T) RETURN

1F (2<J-1).:E.E(J>) coto 21

T=1.DUI(1.DDIZ(J) + CL*(X(J)-X(J-1)))

IF (Z(4=1) CELT) GoTo 21
7¢=1.0C/2C) ¥ CL*X ()
J=4-1

2¢)=T

IF (J.LE.1) RETURR
T=1.DOI(TC—CL*X(J-1))

1F (7(4-1) .CT.T). GOTO 21
GOTO 23

END

FINIGH

28.

E——— e




ﬁEPendix 1T

L

Example 1.

20 OLD GRADES, 8 NEW GRADES, PADDING TYPE 0, SIZE 0.00

GRADES WELGHTS PARTIAL
OLD NEW GIVEN PADDED SUMS
1 1 9.000 9.000 9.000
i @ 2 8.000 &.0090 17.000
3 4 7.000 7.000 24.000
4 3 6.000 6.000 30.000
5 3 5.000 5.C00 35.000
6 3 4.30C 4.0C0 39.000C
7 4 3.000 3.000 42,000
8 4 2.000 2.000 44_.000
9 4 1.000 1.000 45.000
10 4 0.000 0.000 45.000
11 4 1.9000 1.000 46 .0C0
12 4 2.000 2.00C 4 .G0C
13 4 3,000 3.000 51.C00
14 5 4.000 4£.000 55.C00
15 5 5.0006 5.000 60.0C0
16 6 6.C0C 6 . 000 66.00C
17 6 7.C00 7.0G0 73.000
18 7 8.C00 £.000 81.000
19 7 ?.00C %.000 90.600
2a 8 10.C00 10.000 100.000
NEW BREAK POINTS
GRADES WEIGHTS
1 9.0CC 1.437
2 15.000C 3.167
3 15.000 5.6¢5
4 12.000 12.667
gl 9.000 15.417
6 13.000 17.250
7 17.0CC 18.722
8 10.0C0 : 20.CCO

ot — o —— t — o



20 OLD GRADES, 8 'NEW GRADES, PADDING TYPE 1, SIZE 0.25

GRADES WEIGHTS PARTIAL
OLD NEW GIVEN PADDED SUMS
1 1 9.000 9.000 9.000C
2 1 8.000 8.000 17.000
3 2 7.000 7.000 24.000
4 3 6.000 6.000 30.000
5 3 5.000 5.000 35.000
6 3 4.000 4 .000 39.000
7 4 3.000 2.000 42.000
8 4 2.000 2.5C0 44 500
9 4 1.000 2.500 47.C00
10 4 0.000 2.500 49.500
11 4 1.000 2.500 52.000
12 4 2.000 2.500 54.500
13 5 3.000 Z.000 57.500
14 5 4.000 4. 000 61.5C0
15 5 5.000 5.000 66.5090
16 6 6.000 6.000 72.500
17 6 7.000 7.000 79.500
18 7 8.000 8.00C 87.500
19 7 9.000 9.000 96.500
20 8 10.000 10.000 106.50G0
NEW BREAK POINTS
GRADES WEIGHTS
1 17.000 1.539
2 7.000 3,437
3 15.000 6.312
4 $.060 11.500
5 12.000 15.010
6 12,000 17.047
7 17.000 18.632
8 10.000 _ 20.0C0



20 OLD GRADES, 8 NEW GRADES, PADDING TYPE 1, SIZE 0.50

GRADES " WEIGHTS PARTIAL
OLD NEW GIVEN PADDED SUMS
1 1 9.000 9.000 9.000
2 1 $.000 8.000 17.000
3 2 7.000 7.00C 24 .000
4 2 6.000 6.0G0 30.600
5 3 5.000 5.00C 35.GC0
6 3 4.000 5.C00 40.000
7 3 3.000 5.000 45,000
8 4 2.000 5.000 50.000
9 4 1.000 5.000 55.000
10 4 0.000 5.00C 60.06C0
11 4 1.060 5.00C 65.000
12 5 2.000 5.00C 70.000
13 5 3.000 5.C00 75.0C0
14 5 4.000 5.000 80.0C0
15 6 5.000 5.000C 85.000
16 6 6.000 6.C00 91.000
17 7 7.600 7.000 98.00C
18 7 &.00¢C 8.000 106.0C0
19 8 9.000 9.000 115.C00
20 8 10.000 10.000 125.0C0
NEW BREAK PQINTS
GRADES WEIGHTS
1 17.0CC 1.828
2 13.0CC 4,250
3 12.000 7.375
4 4,00C 10.5C0
5 9.CGC 13.625
6 11.000C 16.393
’ 15.000 18.375
8 19.0C0C 20.060



20 OLD GRADES, 8 NEW GRADES, PADDING TYPE 1, SIZE 0.75

GRADES WEIGHTS PARTIAL
OLD NEW GIVEN PADDED SUMS
1 1 9.C00 9.000 9.000
2 1 8.000 &.000 17.000
3 2 7.0G00 7.500 24 .500
4 2 6.000 7.500 32.000
5 2 5.000 7.500 39.500
6 3 4.000 7.500 47.C0C
7 3 3.000 7.500 54.500
8 3 2.300 7.500 62.003
9 4 1.000 7.500 69.500
10 4 0.000 7.500 77.000
11 5 1.000 7.500 84.500
12 5 2.200 7.50C 92.000
13 5 3.800 7.500 9¢.500
14 6 4.0C0 7.500 107.000
15 6 5.000 7.500 114.500
16 7 6.000 7.500 122.000
17 7 7.000 7.500 129.5CC
18 7 8.000C §.000 137.5C0
19 8 92.000 %.000 146 .5C0
20 8 10.000 10.00C 156 .500
NEW BREAK POINTS
GRADES WEIGHTS
1 17.000 2.342
2 18.C00 4.950
3 9.000 . 7.558
4 1.0C0 10.167
5 6.000 12.775
6 $.0C0 15.383
7 21.0C0 17.930
8 192.000 20.000



20 OLD GRADES, & WEW GRADES, PADDING TYPE 2, SIZE 0.25

GRADES WEIGHTS PARTIAL
OLD NEW GIVEN PADDED ~ SUMS
1 1 9.000 9.000 9.000
2 2 8.000 &.000 17.000
3 2 7.0C0 7.000 24 .000
& 3 6.000 ¢ .000 30.000
5 3 5.000 5.000 35.000
6 3 4,.G00 4.000 39.000
7 4 3.000 3.000 42.000
8 4 2.000 2.251 44,251
9 4 1.C00 1.801 46.052
10 & 0.000 1.501 47.554
1" 4 1.000 1.801 49.355
12 4 2.0C0 2.251 51.606
13 5 3.000 3.000 . 54.606
14 5 4.C00 4.000 58.606
15 5 5.000 5.000 63.606
16 6 6.000 6.000 69.606
17 b "7.0C0 7.000 76.606
18 7 8.000 8 .000 84.606
19 7 9.C00 9.000 93.606
20 ] 10.000 10.000 103.606
. NEW BREAK POINTS
GRADES WEIGHTS
1 9.000 1.494
2 15.00C 3.317
3 15.C00 S.9¢63
4 9.0G0 12.066
5 12.000 15.191
6 13.000 17.137
7 17.000 18.672
& 10.600 20.0¢C0



20 OLD GRADES, 8 NEW GRADES, PADDING TYPE 2, SIZE 0.50

GRADES WEIGHTS PARTIAL
OLD NEW GIVEN PADDED  SUMS
1 1 9.000 9.000 9.C00
2 1 8.000 8 .000 17.0080
3 2 7.000 7.000 24.000
4 3 6.000 6.000 30.C00
5 3 5.000 5.000 35.0C0
-6 3 4.C000 4.000 39.000
7 4 3.000 3.274 42.274
8 4 2.000 2.771 45.045
9 4 1.000 2.402 47.4646
10 4 0.000 2.120 49.5¢66
11 4 1.000 2.402 51.968&
12 4 2.000 2.771 54.739
13 5 3.000 3.274 58.012
14 5 4£.000 4.000 62.012
15 5 5.300 5.000 67.012
16 6 6.000 6.000 73.012
17 6 7.000 7.000 §0.012
18 [4 8.000 8.004 88.012
19 7 9.000 $.000 97.012
20 a 10.00Q 10.0C0 107.3812
NEW BREAK POINTS
GRADES WEIGHTS
1 17.00C 1.5347
2 7.0CO 3.459
3 15.000 6.345
4 9.0C0C 11.555
5 12.00C 14.974
6 13.000C 17.031
7 17.000 18.625
8 10.000 20.000



20 OLD GRADES, 8 NEW GRADES, PADDING TYPE 2, SIZE 0.75

GRADES . ; WEIGHTS PARTIAL
OLD NEW - GIVEN PADDED  SUMS
1 1 9.000 9.000 9.000
2 1 8.00C 8.000 17.00C0
3 2 7.000 7.000 24 .000
4 2 6.000 6.029 30.029
5 3 5.000 5.2%94 35.323
6 3 4.000 4,719 40.042
7 3 3.000 4,257 44,299
8 4 2.000 - 3.877 48.176
9 4 1.C00 3.559 51.735
10 4 0.000 3.290 55.025
1 4 1.000 3.559 58.58¢%
12 5 2.000 3.877 62.4€2
13 5 3.000 4L.257 @ 66.719
14 5 4.000 4.719 71.438
15 6 5.000 5.294 76.732
16 6 6.000 6.029 82.761
17 6 7.200 7.000 89.761
18 7 8.000 &.000 97.761
19 B 9.C00 9.000 106.761
20 8 10.000 10.000 116.761
NEW BREAK POINTS
GRADES WEIGHTS
1 17.000 1.6%99
2 13.0C0 3.861
3 12.000 6.879
4 4.0C0 10.943
5 g.0CC 14.29C
¢ 18.000C 16.687
7 £.000 18.4&9
8 19.000 20.0c0



20 QLD GRADES,

GRADES
oLD NEW
1 1
2 1
31
4 2
5 2
6 3
73
g8 3
9 4
10 &4
11 5
12 5
13 5
16 6
15 6
16 7
17 7
18 7
19 8
20 8
NEW
GRADES WEIGHTS
1 24.000
2 11.000
3 9.000
4 1.00C
5 6.000
6 9.0CC
7 21.000
&  19.000

8 NEW GRADES,

WEIGHTS
GIVEN PADDED
9.000 10.000
8.c00 10.030
7.0G0 10.000
6.C00 10.00C
5.00C 13.00C
4.000 10.000
3.000 10.0C0
2.200C 10.000
1.0C0 10.0G0
0.000 10.000
1.000 10.000
2.000 10.C00
3.000 10.60C
4.0200 1C.C00
5.000 10.000
6.000 1¢.000
7.000 10.000
8.C00 1C¢.000
9.200C 10.000

10.00C 1¢.C00

BREAK PCINTS

2.500
5.000
7.500
10.000
12.500
15.000C
17.500
20.000

PADDING TYPE 2,

"PARTIAL

SUMS

10.000
20.000
30.0060
40.00C0
50.000C
60.300
70.0C0

80.CC0"

90.00C
10C0.000
110.000
120.000
130.0C0
140.000
150.0CC
160.0GC0
17G.GCCO
1&0.000
190.0C0
200.0CC

SIZE 1.30



Example 2.

20 OLD GRADES,. 8 NEW GRADES, PADBING TYPE 0, SIZE 0.00C

GRADES WEIGHTS PARTIAL
OLD NEW GIVEN PADDED SUMS
1 1 13.000 13.000 13.00P0
2 2 7.000 7.000 20.000
3 2 6.00C 6 .000 26.000
4 3 5.000 5.000 31.000
5 3 4,000 4 .000 35.000
6 3 4 .C00 4.C00 39.000
7 4 4.000 4 .000 432,000
8 L 4.000 4.000 47.0G0
9 4 3.000 3.000 50.000
10 4 2.000 2.000 52.000
11 5 1.000 1.000 53.000
12 5 2.000 2.000C 55.0C0
13 5 3.000 3.000 5&.000
14 5 3.000 3.000 61.00C0
15 5 4.300 4 .000 65.000
16 6 6.000 6.000 71.0C0
17 6 7.000 7.000 78.G660
18 7 6.000 6.000 84.000
19 7 7.00C 7.000 91.000
20 8 13.000 13.000 104 .0GC0
NEW BREAK POINTS
GRADES WEIGHTS
1 13.0C0 1.000
2 13.000 3.000
3 12.000 6.000
4 13.000 10.00C
5 13.000 15.000
6 13.000 17.000
7 13.0GC0 19.0C0
8 13.000 20.000



Example 3.

(a) One

10 OLD GRADES,

GRADE
oLD N

O~ =

-

NEW
GRADES

[V R S BV VR

Peak.

S
EW

(VR IV, [V, IV, RV, IV RV RV, R V|

WEIGHTS

0.06C
¢.000
100.00C
0.008G

J.3CC

5 NEW GCRADES, PADDING TYPE O, SIZE 0.00

WEIGHTS
GIVEN PADDED
120.200 120.000
0.200 0.000
J.0300 0.00C
0.030 0.000
0.G0D 0.020
0.C00 ¢.000
0.000 C.003
J.000 ¢.000
0.000 0.000
0.000 6.000

BREAK POINTS

————— i — ——

10 OLD GKADES,

GRADE
oLb N

R ,
OV XNOVT NN =

NEW
GRADES

U1 SN DY =

S
EW

Viuvi WU nNn = = =

WEIGHTS

0.000
0.000
100.000
0.000
0.000

5 NEW GRADES, PADDING TYPE O, SIZE 0.00

0.200
0.400
0.600
0.800
10.000

WEIGHTS
GIVEN PADDED
0.000 C¢.000
0.200 0.000
J.000 6.000
0.000 ¢.000

100.000 106.000
0.000 0.0G0
0.200 6.0006
0.000 0.000
0.0200 0.000
0.0C0 0.000

BREAK POINTS

4.200
4.400
4.600
4.800
10.000

PARTIAL

SUMS

100.000
100.000
100.000
100.000
100.200
100.000
100.000
100.0CCO
100.000
100.000

PARTIAL

Sums

0.000
0.000
0.000
0.000
100.000
100.000
100.000
100.000
100.G00Q
100.000

38.
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10 OLD GRADES, 5 NEW GRADES, PADDING TYPE 0, SIZE 0.00

“" GRADES ' WEIGHTS PARTIAL

OLD NEW GIVEN PADDED SUMS
1 1 0.000 ¢.00C 0.000
2 1 0.000 0.000 0.000
3 1 0.000 0.000 0.000
4 1 0.000 0.00C 0.000
5 1 " 0.000 0.000 0.000
6 1 0.000 ¢.000 0.000
7 1 0.000 0.000 0.000
8 1 0.000 0.000 0.000
9 1 0.000 06.000 0.009

10 3 100.000 100.000 100.000

NEW BREAX POINTS
GRADES WEIGHTS

1 0.000C 9.200
2 0.000 9.4C0
3 100.0C0 9.60G0
4 0.000 9.800
5 0.000 10.000

e —— ——— - -—— —



(b) Two Equal Peaks.

10 OLD GRADES,

" GRADE
aLp N

NN S NN -

NEW
GRADES

Vi =

S
EY

mmuviununun S WWWND

WEIGHTS

0.0c0
100.00¢
0.00C
100.0G0
0.000

5 NEW GRADES,

WEIGHTS
GIVEN PADDED
100.000 100.00C
0.00D 0.000
0.000 0.000
0.200 0.0200
100.200 100.000
0.000 0.000
0.0006 0.0CO
0.000 0.000
0.000 0.C0D
0.000 0.000

BREAK POINTS

——— e ————— ] -

10 OLD GRADES,

GRADE
OLD N

L}
OVWNNOIAVITITDEEWUWMN =

-

NEW
GRADES

VI BN =

S
EW

[V, R, RV, V. RV, RV, RV, IV, B ¥

WEIGHTS

£.000
100.000C
0.000
1030.30¢C
0.030

0.400

0.800

4,200

4.600

13.000

S NEW GRADES,
WEIGHTS
GIVEN PADDED
100.200 100.C000
100.000  100.000
0.0072 0.C00
0.000 0.000
0.000 £.000
0.000 0.000
0.00C 0.000
0.002 0.000
0.2095 2.000
D.00C 2.000
BREAX POINTS

0.400

0.800

1.200

1.600

10.C20

PARTIAL

SUMS

100.000
100.000
100.000
100.000
200.300
206.G600
200.000
200.000
200.000
200.0200

PADDING TYPE O,

PARTIAL

sums

100.000
200.000
200.000
200.000
200.0C0
200.000
200.000
200.C0C0
200.00C
200.6C0

PADDING TYPE 0, SIZE 0.00

S1ze 0.G0C

40.



10 OLD GRADES, 5 NEW GRADES, PADDING TYPE 0, SIZe 0.00

GRADES WEIGHTS PARTIAL
OLD NEW ‘ GIVEN PADDED SuUMSs
1 1 0.000 0.000 0.000
2 1 0.000 0.000 0.000
3 1 Ul NI 0.000 0.000
4 1 0,000 0.000 0.000
5 2 '100.000  100.00C  100.000
6 4 '100.000  106.000  206.000
7 5 0.200 0.000  200.0G0
8 5 0.000 0.000  200.000
9 5 0.000 0.000  200.000
10 5 0.000 0.000  200.000
NEW BREAK POINTS
GRADES WEIGHTS
1 0.000 4L.400
2 100.00C 4.8C0
3 0.000 5.200
4 100.000 5.600
5 0.000 | 10.000

S —— e —

10 OLD GRADES, 5 NEw GRADES, PADDING TYPE O, SI1ZtE 0.00

GRADES WEIGHTS PARTIAL
OLD NEW GIVEN PADDED Sums
1 1 0.000 0.000 0.000

2 1 0.200C 5.00C - 0.000

3 1 0.000 0.000 0.0GC0

4 1 0.3900 0.C00 0.0G0

5 1 0.009 0.070 0.000

6 1 0.000 ¢.000 0.000

7 i 0.00¢0 0.000 0.000
8 1 0.200 0.000 0.000

9 2 100.300 120.000 1300.000
10 4 100.200 136.000 200.20C2

NEW BREAK POINTS
GRADES WEIGHTS

1 0.000 g8.4C0

2 10C.00C 8.800

3 c.ccce 9.2C0

4 100.000 %.6C0

5 J.000 10.0C0



(c) Two Unegual Peaks.

S e A0 B . e

10 OLD GRADES,

GRADE
OLD N

[ IV e I IEN N NEV, I N VI SR

NEW
GRADES

W NN =

S
EW

ACLRE S N AT IR P P - Bl N ]

WEIGHTS

0.000
100.000
(.00
0.000
503.000

5 NEW GRADES, PADDING TYPE O, SIZE 0.00

WEIGHTS
 GIVEN PADDED
100.000 100.000

0.020 0.006
0.200 0.000
0.00D 0.00C
0.C00 0.000
0.000 0.00¢C
0.200 c.000
0.CCO 0.000
0.000 0.200
50.000 50.000

BREAK POINTS

T ———— - —

10 OLD GRADES,

GRADE
oLD N

OMWOOONDWN LSHWN -

Ry

NEW
GRADES

N NN -

S
EW

SN D -

WEIGHTS

50.000

0.00C
¢.0CC
10G.0CC
c.o00C

5 NEW GRADES, PADDING TYPE 0, SIZE 0.00

0.300
0.6CO
0.900
9.400

10.000

WEIGHTS
GIVEN PADDED
50.000 50.000
0.002 0.000
0.000 c.o0c
0.908 ¢.000
0.500 G.00¢C
0.co0 ¢.000o
0.000 0.00¢C
0.000 0.C00
0.000 C.C00
100.002 13C.0620

BREAK POINTS

0.600
9.1C0o
9.400
9.700
10.C000

PARTIAL

Sums

100.000
100.000
100.000
190.0C0
100.000
100.0C0
100.0C0
100.000
100.000
150.000

PARTIAL

sSums

50.000
$0.000
50.000
50.000
50.000
50.000
50.0C0
50.000
50.0C0
150.3C0

42.



10 OLD GRADES, 5 NEW GRADES, PADDING TYPE 0, SIZE 0.00

GRADES WEIGHTS PARTIAL
OLD NEW GIVEN PADDED SUMS
1 2 100.000  100.000  100.000
2 4 0.000 0.000  100.000
3 4 0.000 0.000 100.000
% 4 0.000 0.000  100.000
s 5 50.000 50.000  150.000
6 5 0.000 0.000  150.000
7 5 0.009 0.000  150.0C0
8 s 0.000 0.000  150.00C0
K 5 0.000 0.000  150.000
10 5 0.000 0.000  150.000
NEW BREAK POINTS
GRADES WEIGHTS
1 0.000 0.300
2 100.000 0.600
3 0.000 0.900
4 0.000 4,400
5 50.000 10.000

- S

10 OLD GRADES, S NEW GRADES, PADDING TYPE 0, SIZE 0.30

“""GRADES T WEIGHTS PARTIAL
OLD NEW ~ GIVEN PADDED SUNMS
"1 1 50.000 50.000 50.000

2 2 0.000 n.000 50.0G0
'3 2 0.000 0.000 50.000
A 2 ~0.ooC 0.000 50,000
5 4 100.0920 100.000 150.0C0

6 5 0.000 3.600 150.000

7 5 0.000 0.000 150.0C0
e 5 OLIBING 0.000 150.000

9 5 0.000 0.000 150.0C0
10 5 0.200 0.000 15C.C00

NEW BREAK POINTS
GRADES WEIGHTS
1 50.000 0.600
2 0.000 4.100
T3 c.oce 4.4C0
4  100.000 4.7C0
5 oIkt 10.000



——— i — T . - -

10 OLD GRADES, S NEW GRADES, PADDING TYPE 0, SI1ZE 0.00

GRADES ' WEIGHTS PARTIAL
OLD NEW ~ GIVERN PADDED SUMS
1 2 100.000 100.C00  100.000
2 5 - 50.000 50.000  150.000
3 5 0.000 0.000 150.000
4 5 0.000 0.000  150.000
5 5 0.000 0.00C  150.000
6 5 0.000 0.000  150.000
7 5 0.000 0.000 150.000
8 5 0.009 0.000 150.000
9 5 0.000 0.000 150.0C0
10 5 0.000 0.000 150.C00
NEW BREAK POINTS
GRADES WEIGHTS
1 0.000 0.300
2 100.00D 0.600
3 0.00C ; 0.900
4 0.C00 1.400
5 50.000 10.000

——

10 OLD GRADES, S NEW GRADES, PADDING TYPE 0, SIZE 0.00

GRADES WEIGHTS PARTIAL
OLD NEW GIVEN PADDED SUMS
1 1 50.002 50.000 50.000
2 4 100.C02 100.0GC 150.000
3 5 0.002 0.000 150.000
T4 5 0.000 0.000 150.00C0
5 5 0.000 ¢.000 150.000
6 5 0.000 0.603 150.CC0
7 5 0.200 C¢.000 150.CC0
8 5 0.000 0.000 150.000
9 5 J.000 €c.0900 150.000
10 5 0.000 0.000 150.000
NEW BREAK POINTS
GRADES WEIGHTES '
1 50.000 0.600
2 ¢.oc0 1.100
3 0.000 1.4C0
4 10C¢.0CC 1.700
5 0.000C 10.000



10 OLD GRADES, 5 NEW GRADES, PADDING TYPE 0O, SIZE 0.00

" GRADES WEIGHTS PARTIAL

OLD NEW GIVEN PADDED SUMS
1 1 0.000 0.000 0.0C0
2 1 0.000 0.000 0.000
3 1 0.0090 0.C00 0.0C0
4 1 0.009 0.000 0.000
5 2 100.000 ~-100.000 100.000
6 5 50.030 50.000 150.0C0
7 5 0.000 0.000 150.000
& 5 0.000 0.000 150.000
9 5 0.000 0.000 150.000
10 5 0.000 0.000 150.000
NEW BREAK POINTS
GRADES WEIGHTS
1 0.0G0Q 4.300
-2 102.000 4.600
3 0.0C0 4.900
4 0.000 5.400
5 50.000 10.0060

B T T ——

10 OLD GRADES, 5 NEW GRADES, PADDING TYPE 0, SIZE 0.00

GRADES WEIGHTS PARTIAL
CLD NEW GIVEN PADDED SUMS
1 1 0.00¢C 1.000 0.000
2 1 0.300 0.03C c.Coo
3 1 0.000 0.00C 0.000
4 1 0.000 ¢.00¢C 0.0C0
5 1 50.000 50.000 '50.C000
6 4 100.008 100.000 150.000
7 5 0.002 0.033 150.000
8 5 3.000 0.000 150.000
9 5 J.300 0.000 150.000
10 5 0.000 0.00C 150.000
NEW BREAK POINTS
GRADES WEIGHTS
1 50.30C 4,600
2 J.000 5.100
3 0.0C0C 5.400
4 100.0CC 5.7C0
5 0.CoC 10.000



(d) Three Peaks.

10 OLD GRADES,

GRADE
oLD N
1
2
3
,
5
6
3
&
9
10
NEW
GRADES
1
2
3
L
5

S
EuW

(U, RV, RV NV, B R VARV P V)

WEIGHTS

¢.C00
130,020
2C.0G0
100.C570
C.00C

S5 NEW GRADES, PADBING TYPE 0,
WEIGHTS PARTIAL
GIVEN PADDED SUmS
100.700 100.00C 102.900
23. 600 20,000 12C.0C0
0.00¢ 0.000 120.000
0.200 £.002 120.5600
100,200 16G.0C0 225.0C0
"3.000 0.000 220G.00C
J. 004 R IALY 220.000
0.7200 ¢.000 2206.CG00
0.0CC 0,002 222.0G0
0.000 0,000 220.000
BRZAK POINTS
0.440
0.8&0
4L.120
4.56C
10.CGUO

- - ——

13 OLD GRADES,

GRADRES
OLD NEW

DO DNV N

-—

[ RV W, IS VN SR VARV

NEW

GRADES

Vs LN =

WEIGHTS

iy
152,000
210}, SIS
100,380
C.030

5 MEW GRADES,

WEIGHTS

GIVEN

103, 1CO
J.200
J.-CC
J..02
0.200

20,000
100.508¢
D.uCC
0.209

3.350¢

BREAK

PADDING TYPE

r
1,

PARTIAL
FADDED SUMS
121.CCC 100.C¢C0
J.000 1C0. 000
2.0C0 100.3533
C.C23 105,000
0.020 100.200
2h.COG 120.0720
13040082 22G.CC0
Cefd 222,000
2.00C 22C.0GEC
2,000 222.000
POINTS
0.1040
J.2%0
65.120
6.5872
10.000

SIZE 0.00
SIZE J.CC

46.
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10 OLD GRADES, 5 NEW GRADES, FADDING TYPE O, SIZE 0.00

GRADES WEICHTS PARTIAL
OLDd NEW GIVEN PADDED SUMS
1 2 100. 000 190.000 100.000
c 3 0.200 0.0038 100.0C0
3 3 3.000 0.000 100.000
4 3 0.400 0.CCC 10C.500
5 3 0.300C ¢.000 100.000
6 3 20.0C0 20.000 - 120.000
7 3 0.0C0 6.000 120.0C0
8 3 J3.90¢C g.c0c0 120.GC0
9 3 0.00°0 .000 120.CC0O
10 4 100.000 10C0.000 220.000
NEW BREAK POINTS
GRADES WEIGHTS
1 0.030 0.440
2 1C2.0C0 J.880
3 23.000 9.120
4 105.0380 ' 9.560
5

G.JdQ 10.000



Example 4.
/
10 OLD GRADES, 5 NEW GRADES, PADDING TYPE 0, SIZE 0.0C

GRADES - WEIGHTS PARTIAL
OLD NEW GIVEN PADDED Sums
1 2 100.000 100.000 100.000C
2 3 0.00C 0.C00 100.0C0
3 3 0.000 0.000 100.00G0
4 3 0.000 € ;00 100.CCO
5 3 0.3¢C0 0.000 100.GCC
6 3 20.000 20.C00 120.CG0
7 3 0.000 0.0C0 120.0C0O
& 3 0.000 0.G0O 120.0060
G 4 100.2CC 10C.000 220.000
10 5 0.3¢G0 0.C00 220.GCO
EREAK POIHNTS .
0.440 C.&80 8.120 8.560 10.C00

T ——— o ——— -

10 oLD GRALES, 5 NEW GRADES, PADDING TYPE 1, SI2t 0.25

GRADES WEIGHTS PARTIAL
OLD NEW GIVEN PAGDED SUmS
1 1 100.208 100.000 100.00¢C
2 2 0.CCC 14 .500 114.5080
3 2 0.cCe 14 .500 129.C00
4 3 0.3C0 16.53C 1643,.5C0
5 3 0.000 14 500 158.0C0
6 3 20.¢00 20.0G0  -178.0C0
7 3 0.6G0 14.500G 192.5G0
8 4 0.000 14 .500 ¢07.0C0
9 4 1€5.Ce0 100.C0D 307.CCD
10 5 0.350Q0 14 .500 321.5¢CC

BREAK POINTS
0.643 2.972 7.028 &.502 10.000



- ——

10 CLD GRADES,

5 NEW GRADES, PADDING TYPE 1, SIZE 0.50

49.

GRADES WEIGHTS PARTIAL
OLD NEW GIVEN PABDED SUMS
1 1 100.2000 100.000 100.000
2 2 0.000 36 .GCO 136.000
3 2 0.000 36.0C0C 172.000
4 2 0.000 36 .000 208.000
5 3 0.000 36.000 244,000
6 3 20.600 36.000 280.C0C0
4 4 0.0G0 36 .000 316.0C0
& 4 0.0CO 36.CC0 352.000
9 5 100.000 10C.CCU 452.0G0
10 5 0.000 36 .000 482.000
BREAK POINTS
0.976 3.644 6.356 &.384 10.000

o ——— —  —— . ———

10 oLD GRADES, S MEW GRADES, PADDIMG TYPE 1, SYZE J.75

G

RADES

OLD NEW

-

QOO NOAWNSNWN =

VIS NN = =

BREAK
1.670

WEIGHTS PARTIAL
GIVEN PADDED SUMS
100.000 100.C0GC 100.0C0

0.0C0C 64 .500 164 .50C
0.C0C 64.500 229.G50C
0.00C 64 .5CO 293.500
0.0GD 64.50C 358.000
20.0C0 64,500 422.5C0
0.0GnD 64,500 487.000
0.000° 64.50C 551.500
100.6G00 190.000 651.500
0.000 64.500 716.000
POINTS
6.110

3.890

8.213

16.00C



10 OLD GRADES, 5 MEW GRADES, PADDING TYPE 2, SIZE 0.25

GRADES WEIGHTS PARTIAL
OLD NEW. . GIVEN PADLRED SUMS
1 1 100.000 130.000 100.000
2 2 0.000 24 .093 124 .063
3 2 a.000 13.€96 137.7¢&9
4 3 0.000 G.568 147.356
5 3 0.000 12.266G 159.625
6 3 20.9000 20.000 179.625
4 3 0.00¢C 13.696 163.221
8 4 0.£09D 26 .092 217.414
9 4 100.0C0 10C .000 317.414
10 5 0.0Ce 24 .093 3471.506

BREAK POQINTS
0.683 2.913 7.481 8.558 10.200

e ——————— i ——

10 OLD GRADES, 5 NEW GRADES, PADDING TYPE 2, SI1Zf 0.50

GRADES WEIGHTS PARTIAL
oLD NEW GIVEN , PADDED SUNMS
1 1 100.300 103.000 100.6GCA
2 2 0.000 3e .830 136.830
3 2 0.000 24,093 162.922
4 3 0.00C0 17 664 120.387
5 3 0.3000 15,208 195.595
6 3 20.200 2C.0C0o ¢15.595
4 3 0.00C 24 .C93 239.687
8 4 0.000 38,830 2r8.517
9 4 120.500 130.30G6 378.517
10 5 0.200 38,830 L17.347

BREAK POINTS
0.835 3.23C 7.276 8.554 10.0090



—— o S S

170 OLD GRADES, 5 NEW GRADES, PADDING TYPE 2, SIZE 0.75

GRADES WEIGHTS PARTIAL
OLD NEW GIVEN PADDED SUMS
1 1 100.000 100.000 .100.0CQ
2 2 0.000 6C 666 160.466
3 2 0.00¢C 432,334 203.800
4 2 0.000 33.767 237.567
5 3 0.000 27 .660 265,227
6 3 20.000 335.767 295£.995
7 3 0.200 £3.334 362,329
8 4 0.000 6C 466 602.795
9 5 100.GCC 130.C00 502.795
10 5 0.0G0 6CG.466 563.261
BREAK POINTS
1.209 2.637 6.899 E.478 10.C00

. —— - — -

10 OLD GRADES, 5 NEW GRADES, -PADDING TYPE 1, SIZE 1.00

GRALES WEIGHTS PARTIAL
OLD NEwW GIVEN PADDED SURS
1 1 100.000 13C.000 100.000
2 1 0.00C 1C0.60C 200.000
3 2 0.000 100 .000C 3006.GC0
4 2 0.60¢ 105.0060C 4C0.000
5 3 0.200 16C.CCO0 500.CC0
6 3 20.200  .102.000 60C.0CO0
7 4 0.000 150.000 706.0CC
8 4 0.caoe 100 .20C £00.000
9 5 1C0.C0C 100.000 ?00.C0CO0
10 5 0.200 1086.00C 100C.0CC
BREAK POINTS :
2.000 4.CGI 6.CCO 8.000 10.00C



