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Abstract

In this paper we study generalised prime systems for which the integer counting function
Np(z) is asymptotically well-behaved, in the sense that Np(z) = px + O(2?), where p is a
positive constant and 8 < % For such systems, the associated zeta function (p(s) has finite
order for o = Rs > 3, and the Lindeldf function pup (o) may be defined.

We prove that for all such systems, up(c) > ug(o) for o > 3, where

1 .
{ 5—o0 ifo<

po(o) = 0 if o >

N[ | =

Introduction
A generalised prime system (or g-prime system) P is a sequence of positive reals p1,pa,ps,. ..
satisfying

I<pi<pa<--<pp<---

and for which p, — oo as n — oo. From these can be formed the system A of generalised
integers or Beurling integers; that is, the numbers of the form

al, a2

ag
P1 Py - Dy

where k € N and ay,...,a; € Ng.2

Such systems were first introduced by Beurling [3] and have been studied by many authors
since then (see in particular [2]).

Much of the theory concerns connecting the asymptotic behaviour of the g-prime and g-
integer counting functions, 7p(z) and Np(z), defined respectively by>

mp(z) = Z 1 and Np(z)= Z 1.

pEP,p<z neN n<z
The methods invariably involve the associated Beurling zeta function, defined formally by
1 1
) === (1)
P n
pEP neN

In this paper, we shall be concerned with g-prime systems P for which
Np(2) = pz + O(a?), (2)

for some (§ < % and p > 0. (For example, for the rational primes when N' = N, this is true with
B=0and p=1.)
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*Here and henceforth, N = {1,2,3,...}, No = NU {0}, and P = {2,3,5,...} — the set of primes.
SWe write pcp b0 mean a sum over all the g-primes, counting multiplicities. Similarly for D onen-



For such systems, the product and series (1) converge for s > 1 and (p(s) has an analytic
continuation to the half-plane Rs > 3 except for a simple pole at s = 1 with residue p. Indeed,
writing Np(z) = pz + E(z) with E(x) = O(z?), we have for Rs > 1,

- > Np(x) * pa + E(z)
CP(S)=/1_:L‘ SdNP(m)ZS/l o] dx:s/l e
_ s = E(z)
—8_1+s i dx.

The integral on the right converges for $s >  and is an analytic function for such s.

Furthermore, (p(s) has finite order for Rs > 3; i.e. Cp(o + it) = O(|t|4) as |t| — oo for
some constant A for ¢ > [ (indeed, in our case this is true with A = 1). We can therefore
define, as is usual, the Lindelof function pp(o) to be the infimum of all real numbers A such that
Cp(o+it) = O(|t])). Tt is well-known that, as a function of o, up (o) is non-negative, decreasing,
and convex (and hence continuous) (see, for example, [5]). Since up(c) = 0 for o > 1, and (from
above) up(o) <1 for o > 3, it follows by convexity that

l—0
1-p

For P = P (so that N/ = N), the Lindelof Hypothesis is the conjecture that up(c) = uo(o) for
all o, where

pp(o) < for <o <1

MO(U):{ %—a if o<

0 if o>

D[N0 =

In this paper we prove that for all g-prime systems satisfying (2), up (o) must be at least as
large as po(o); i.e.
pp(o) = po(o)  for o > .

This is, of course, trivial for o > %, so we shall only concern ourselves with § < o < %
For the proof we employ the same methods (but strengthened) as those used in [4], where
(essentially) it was shown that up (o) > 0 for any o < %, in order to prove that for such systems

we have ¥p(z) —x = Q(a:éf‘s) for every 6 > 0%,
Main result

Theorem 1
Let P be a g-prime system for which

Np(z) = pz + O(2"),
for some [ < % and p > 0. Let up(o) and uo(o) be as defined above. Then for o > (3, we have

pp(0) = po(o).

Proof. As mentioned above, we need only consider § < o < %
Suppose, for a contradiction, that we have up(o) < % — o for some o € (3, %) Then we can

write 1
NP(U) = 5_0-_57

“Here 1p (z) is the generalised Chebychev function: ¥p(z) = > pk<epep ken 108 P (counting multiplicities).



for some § > 0.

Let (n(s) = >, <y n°, where the sum ranges over n € N (for clarity, we shall drop the
subscript P throughout this proof). By identical arguments as those used in [4], we find that
there exists constants ¢, co > 0 such that for R > ¢V,

R 2r—1
S /0 Cy (o + i) dt > ey REN'27. (3)
r=1

Also, writing s = o + it, and following the arguments in [4], we have

1 c+iT N¢ leo 1
CN(S):M/. Cp(s+ww) dw +O(T(C+0_1))+O< - > |n_N|>,

c—iT 8 <n<2N
neN

for [t| <T,c>1—0cand N ¢ N.

Now push the contour in the integral to the left as far as Rw = —n, where n > 0, picking
up the residues at w = 0 and w = 1 — s (since |t| < T'). Here, 7 is chosen sufficiently small
such that 0 —n > § and pp(oc —1n) < % — 0. This is possible since up(-) is continuous. Thus
C(ploc —n+it) = O(\t\%f"f‘;,) for some ¢’ > 0.

The contribution along the horizontal line [—n + iT', ¢ + 4T is, in modulus, less than

Ny\Cp oc+y+it+1))

1 /
dy = O(N°T— 279",
Py TR T y=0( 27777

Similarly on [—n — ¢T, ¢ — iT]. For the integral along ftw = —n, we have
—n+T w -n T _ :
1./ ¢p(s +w)N dw‘ <N / ¢p(o 77+1(t+y))|dy
2me 2 J_p Vn? + 2
T s—o—0'
T2
o [ T )
-7 /1% + y?

= O(N*”T%*”*‘y logT).

—n—iT w

The residues at w = 0 and w = 1 — s are, respectively, (p(s) and pN1=%/(1 — 5) = O(%)

Putting these observations together and letting c =1—0+ @ (so that N¢ = eN'=7), we have
3 N'=e l-op—L1—0-¢ —npi—o—¢
Cn(o +it) = Cp(a+zt)+0<|t| )+0(N =377 4 O(N"T37 1og T)

N'=%log N Ni=o 1
+0(=— >+O<T 2. |n—N|)’ @

¥ <n<oNn
nenN

for [t| < T and N ¢ N.

Fix a € (O,ﬁ), and let N — oo in such a way that (N — a,N + a) NN = (. This is
possible for if not, then n’ < n 4 4« (where n and n’ are consecutive g-integers), which leads to
N(z) 2 £z — a contradiction as & > p.



For such N, we can bound the final sum in (4) as follows. We have

1 1 1
bR s D DR e RS m—n oW

R NN NSRS E
= O(N(N +VN) = N(N = VN)) + O(N\%V)> +0(1)
= O(VN),

using N(z) = pz + O(zP+¢) with 8 < 5. (In fact, the better estimate O(N”*¢) is possible by
splitting the sum over smaller ranges, but O(v/N) suffices for our purposes.) Hence (4) becomes

1—0o 1—0o N%—O‘

N 1 !
—nps—0—4§
|t|+1)+O<T§+0+5’>+O(N T3 logT)—l—O(

Choosing T = N'*" makes the last three O-terms all O(N %7"77) for some 1’ > 0. Using the
hypothetical bound (p(o +it) = O(|t|%7"75/), (5) becomes

Cn(o+it) = Cp(a—l-it)—i—O( ) (5)

Nl—a
[t] +1

(n(o+it) :O(]t|%*"*5')+0< >+O(N;fafn/)'

Using the Cauchy-Schwarz inequality, we have
2r—1 ) 2r—1 120 —25" 2r—1 N272O’
Z/ (o +it)| 2 dt = <Z/ t dt) +O<Z/O Ty dt)

R or—1 )
+ O(Z / N1=20=21 dt)
r=1 0

_ O(R3—20—25/) + O(RN2—20) + O(R2N1_20_2n/).

Taking R to be of slightly larger order than N, say R = N log N, the RHS becomes o( RZN'1727),
which contradicts (3).
]

Remark. The result is best possible — at least if we assume the Lindelof Hypothesis. If P =P,
then (2) holds with 8 = 0 and, on the Lindelof Hypothesis, up = pg. However, it is conceivable
that the result might be subject to further improvements if (2) holds with 5 > 0. The example
below shows this is not the case — again on the assumption of the Lindel6f Hypothesis.

Let 8 € (0, %) and denote by P the g-prime system made up of p and p'/? where p varies
over all the primes; i.e.

P:Pu{p% :p € P}
For this system, Np(z) satisfies (2). Indeed,

W)= [l = X [ + SU(E)] -

n<xh n<aP n<b



A

for any ab = x (see [1] for such manipulations). Putting a = 2%, we obtain

1 1
Np(@)=2 Y —z+a’ > W—WH—MO(WHOQH)

n<azA /o n<zl—X
= w(c(;) - fﬂx—w(é—l) n O(x—wg)))
+a’ (x(ll/\—)(lﬂm +¢(6) + O(x_(l_k)@ — 2= L 0@ + Ot
- C(;)x +¢(@2” +0@E) + 0.

Choosing A = ﬁ so that A3 = 1 — X\ minimises the error. This gives

Np(w) = ¢(5)2+ (B + 0.

The associated Beurling zeta function is ((s)((s/3). On the Lindeléf Hypothesis, it follows that
pe(.yp) (o) =0 for o > g Thus pp(0) < 2 — o for B < o < . By Theorem 1, we must have >
as well, so in fact there is equality; i.e.

1
for g <o < 3.
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